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1. Introduction

Decay is inherent in all composite matter, and the spacetime
structure employed in physical modeling should reflect this fact.
Here, we consider tachyonic wave propagation in a dissipative
spacetime, the physical manifestation of the all-pervading aether.
The aim is to quantify the effect of absorption on the spectral de-
cay of radiation densities, to develop the general formalism and
work out a specific example, dissipative tachyonic Cherenkov radi-
ation [1-9], and to probe the decaying energy flux by performing a
spectral fit to the y-ray emission from an ultra-relativistic plasma.
For the latter, we consider the shock-heated electron population of
a supernova remnant.

To this end, we start with the complex Lagrangian of a
Maxwell-Proca field coupled to dissipative permeability tensors,
manifestly covariantly in a frequency-space representation. In con-
trast to non-dissipative real permeabilities, the complex dispersion
relations unambiguously determine the retarded/advanced Green
function without epsilon regularization. We derive the energy con-
servation law for the dissipating radiation field, and identify the
spectral densities of field energy and Poynting vector by time av-
eraging. In this way, we can also quantify the energy absorption
induced by the complex permeabilities and the complex tachy-
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onic mass-square in the field equations. The attenuation lengths
defining the damping factor in the classical tachyonic Cherenkov
densities differ for transversal and longitudinal radiation. We aver-
age these densities over a relativistic electron gas and put them
to test by performing a spectral fit to the supernova remnant
RX J1713.7 — 3946, whose y-ray flux has been measured by the
Fermi satellite [10] and the ground-based atmospheric imaging ar-
ray HESS [11,12]. The spectral fit covers five frequency decades,
the GeV range up to 100 TeV.

In Section 2, we introduce the tachyonic Maxwell-Proca La-
grangian in the absorptive spacetime aether described by complex
frequency-dependent permeability tensors. We explain the mean-
ing of the complex Lagrangian and the manifestly covariant action
functional, and derive the field equations and the constitutive re-
lations, manifestly covariantly and also in 3D. In Section 3, we
derive the continuity equation for the field energy in the aether
defined by homogeneous and isotropic permeabilities, and extract
the spectral energy flux by time averaging. In Section 4, we sep-
arate the transversal and longitudinal components of the tachy-
onic radiation field to obtain explicit formulas for the dissipating
transversal/longitudinal energy and flux densities.

In Section 5, we derive the dispersion relations from the wave
equations for the transversal and longitudinal vector potentials, as
well as asymptotic formulas for the complex transversal/longitu-
dinal wavenumbers by ascending series expansion in the imagi-
nary parts of the permeabilities. In Section 6, we discuss spherical
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wave propagation in the aether, employing transversal/longitudi-
nal Green functions in space-frequency representation. In contrast
to a non-absorptive spacetime, the Green function, retarded or
advanced, is already determined by the imaginary part of the dis-
persion relation, without the use of epsilon regularization of pole
singularities prescribing residual integration paths. We use the re-
tarded Green function in dipole approximation to obtain the atten-
uated radiation fields at large distance from the localized source.

In Section 7, we calculate the classical tachyonic Cherenkov
densities of an inertial subluminal charge in the dissipative aether.
There are two different ways to derive the Cherenkov effect. In Fer-
mi’s approach, one considers the radiating charge moving along an
infinite straight line, solves the field equations in cylindrical coor-
dinates, and calculates the flux streaming orthogonally through a
cylinder around the particle trajectory [3,4]. A preferable method
due to Tamm is to consider the trajectory within a finite time
interval, so that the current distribution is compact. The time-
averaged asymptotic flux through a large sphere is then calculated
in dipole approximation, and the averaging period is finally ex-
tended to infinity to remove the bremsstrahlung contribution oc-
curring at the end points of the truncated trajectory [13,14]. This
bremsstrahlung vanishes with increasing averaging period and is
not to be confused with photonic bremsstrahlung which can arise
in the weakly coupled plasma of the remnant [15-17]. The asymp-
totic spherical symmetry of Tamm’s method is better adapted to
the radiation problem studied here than an infinite cylindrical ge-
ometry. In Section 8, we average the transversal/longitudinal radi-
ation densities over an ultra-relativistic thermal electron gas and
perform a tachyonic Cherenkov fit to the y-ray emission of SNR
RX J1713.7 — 3946. In Section 9, we present our conclusions.

2. Maxwell-Proca Lagrangian in an absorptive spacetime

Throughout this article, we use a frequency-space representa-
tion of the real Proca field A, (x,w) = ff’ooo Au(x, t)eltdt, suit-
able for dispersive and dissipative permeabilities [18-21]. Time
Fourier transforms are denoted by a hat, and the reality condition
is A* X, w) = A,L(x —w). We start with the formally manifestly
covarlant Maxwell-Proca Lagrangian

v JTATEA

L1, sa 1
L:_—F;ng 8F Faﬂ"‘zmt u8a

A
2 v

1 - ~ ~ N

JIATRe JTAvEe
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where I:',”(x, w) is the Fourier transform of the field tensor F, =
Ay — Ap,v. Time differentiation in Fourier space means to mul-
tiply with a factor —iw, e.g. A,L,o = —ia);\ﬂ and A:},O = ia);\; for
conjugated fields. Greek indices are raised and lowered with the
Minkowski metric n,, = diag(—1,1,1,1). The permeability ten-

v . . c e

SOIS gy k., ](w) are homogeneous and isotropic, satisfying the re-

ality condition gA F. ](a)) gA (o) like the complex perme-
abilities (gg(w), Mo(a))) (e(w), u(w)) and £2(w) defining them,

sl
00 ij
g = —¢&op, g =
A A~ o
. sl
00—‘“ gg = W, (2.2)

and g§ ; =0. The tensor g"(w) =n""/R2(w) is conformal to the
Minkowski metric and amounts to a frequency-dependent coupling
constant. All permeabilities have a positive real part, and principal
values are assumed for roots. We use the Heaviside-Lorentz sys-
tem, so that e = g9 =1 and u = o =1 in vacuum. The complex
frequency-dependent tachyon mass m¢(w) in the Lagrangian sat-
isfies m¢(—w) = m{(w), with positive real part. The mass-square

can be scaled into gﬁ”(a)), cf. Section 3. The external current is
conserved, f”v =0 (that is j’?n - inA'0 =0) and satisfies the real-
ity condition. Lagrangian (2.1) is real only if the permeabilities and
the tachyon mass are real, in the absence of absorption

We define the inductive fields H*f = gwgﬁ Fuy and CH =
gA YAy, as well as the dressed current ]Q = g] Y iy, which are the
manifestly covariant constitutive relations in the absolute space-
time. Euler variation of the Lagrangian with respect to AZ gives

the field equations I:I“f’v —mCH = jg Differentiation followed
by contraction leads to the Lorentz condition C’; =0, as the cur-

rent is conserved. Variation of the Lagrangian with respect to AM
results in a different set of field equations, where the permeabil-
ity tensors and the mass-square are replaced by the conjugated
quantities, gﬁ’vﬁj(a)) — g:’f;J(w), m¢(w) — m{ (®). The imaginary
parts of the permeability tensors and the tachyon mass deter-
mine whether the Green function is retarded or advanced, cf. Sec-
tions 5.2 and 6.1. (In contrast to real permeabilities, there are no
poles on the real axis to be circumvented by epsilon regulariza-
tion, that is, by an infinitesimal + sign(w)i¢ or =+ig insertion in the
denominator of the Green function in momentum space, cf. Sec-
tion 6.) For any given frequency w, either (gﬁ_‘}’],mt) or the con-
jugated quantities (g:’f ; J,mf) define retarded wave propagation,
and we use the corresponding wave equation at this frequency.
For the sake of definiteness, we will consider a frequency interval
in which ( gf:_”ﬁ J»M¢) gives retarded propagation.

If the permeability tensors and the tachyon mass are real and
constant (frequency-independent), we can use a spacetime repre-
sentation of the Lagrangian,

1 1 .
L:_ZFWHWJFEmEAMcMrA,Ug, (2.3)

resulting in the action S = [ Ldxdt = (27)~! [ Ldxdw, with L in
(2.1). In the case of complex frequency-dependent permeabilities,
we employ the second identity to define the action. S is real since
Lx, —w) = L*(x, w) and does not change if we replace Lagrangian
(2.1) by its complex conjugate, which means to replace (gﬁ,”F’], me)
by (47 1 m7).

The 3D field strengths are l:-“k = Fko = iwAr + Ao and Bk =
ekiff:ij/Z = Ekij;\j,i’ and inversely I:‘ij = eijkf?k, where kU is the
Levi-Civita 3-tensor. The 3D inductions are defined by the consti-
tutive relations D' = A% = ¢E' and H; = eq ¥ /2 = Bi/p, as well
as Cm = Am/,uo and Co = 80A0 for the potential, cf. after (2.2). The
charge densities p —] and pgo = ]_Q of external and dressed cur-
rent are related by po = /2, and the respective 3-currents by
f’;z = fk/Q. The 3D inhomogeneous field equations read
R oDt — 2l =7k, DL -m2C0=70.  (24)

The homogeneous Maxwell equations follow from the above
potential representation of the field strengths, and we also men-
tion conservation of the dressed current and the Lorentz condition,

e E,  —iwB'=0, Bl =0,

iwj% — %, =0, iwC® - =0. (2.5)
The rising and lowering of the zero index is accompanied by a
sign change, as we use the sign convention diag(—1,1,1,1) for

the Minkowski metric.
3. Tachyonic Poynting vector and dissipative energy density

To derive the energy conservation law in an absorptive space-
time [22-25], we employ the inhomogeneous field equations (2.4),
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the homogeneous equations, current conservation and Lorentz con-
dition in (2.5), as well as the constitutive relations stated before
(2.4). We consider these equations at a fixed frequency w and the
conjugated equations at a different nearby frequency «’,

iw' D** —m

ity - o=y Dl -mpeo =y,
eMEr  +iw'B* =0, B =0,
i0'j% + 1%, =0, i/ 4+l =0. (3.1)

Thus the fields in (2.4) and (2.5) refer to w, e.g. I:Ij(a)), e(w),
mt (w), whereas the conjugated fields satisfying (3.1) are taken at
o', e.g. H*(w) e*(w), m *(a)’) unless indicated otherwise.

We multiply the first inhomogeneous equation in (3.1) with Ey
to find

Shx jkl 7 Ikj £y
jéEkz—SJCH?EM—(S <]H7El<),l

i/ D B — m2 e By (3.2)

We then multiply the first homogeneous equation in (2.7) with I:I;",
si”kl:l*fi Kk + ia)I:I B =0, which we substitute for the first term.
We also substltute Ey= 1a)Ak + AOk into the C**E, term and use

i/ CO* + Cl}* =0. In this way, we can write (3.2) as
& E =iwH B — (e ’ij:I}‘}A:"k)’l — i/ D**Ey,
my* (iC** Ay + i/ C¥* Ag + (C** Ag) ). (3.3)

Here, we substitute the conjugated constitutive relations, cf. before
(2.4),

lik gj* A% A
e*BI*E AfA
b= (S @) )

u* () Hp(@)

. éi*éi 2%, A?:Ak )
+'w(u*<w/) m (w)uz;(w/)

i/ (6 (@) BB — (@) (@) Asho).  (34)

We conjugate this equation and mterchange w < ', so that the
con]ugated fields are again taken at «'. Finally we consider ] Ek +

]Q %» and expand the permeabilities at o' = w in linear order,
¥ () = D¢ (w) (o' — ),
w o' 10} w ,

— = - —Dy(w) (0 — w),

we(w) —w (we(w) — we*(w)) —

ww')  p(w) wiw) pw)
" / (wp*(w)) 1 1
D = ., Du= - . (35
(e @) FE TR @) a7

Identical expansions hold for the rescaled permeabilities &y = mfso
and 1o = pco/mf. This rescaling just means to absorb the tachyonic
mass-square in the Lagrangian into the permeability tensor gﬁ Y cf.
(2.1) and (2.2). Thus we find, up to terms of O((w' — w)?),

. 1
Si+i(e —w)p= 2( sE 4+ 7S ED) —i], (3.6)
where the flux vector §' = T} reads
. 1 /gkigig,  eE*BI
$(w,0) = _< LI
2\ pu*(w) w(w)

m&*(@') 5, n  MEW) 4, n
L Af A+ A3A,>.
Ho(@) Ho(w)

The conjugated fields are taken at o', cf. after (3.1). The density
p =T in (3.6) is identified as

N =

plw, o) = [(a)e*(w))/l:fl’jfk

((a)u*(w))’+ 1 )éi*éi
W2 (w) ) p*(w)

. P (wif(w))
— AXAn — ([ =207
(wEG(w)) AjAo < A2 @)

+

1 1 \ays
) ArA. (3.8)
Ro(@)  fip(w)
where &y =m?ep and fip = pto/m?. The energy absorption in the
aether is quantified by the source term

~ 1 A
J(w, o) = 5|:(a)8*(a)) — we(w)) EZEx

( w w >A1*Ai
- ——)B™B
w(w) p(w)

—m?(wed(w) — weo(w))AjAo
+ 2< ©__ @ >A*A } 3.9
T @ oty ) 59

which vanishes for real non-absorptive permeabilities. To obtain a
continuity equation, we multiply (3.6) with i@~ and write the
second term on the left-hand side as time derivative (ﬁe“w"w)t),t.
In the case of constant (frequency-independent) real permeabil-
ities and tachyon mass, the conservation law (3.6) can be stated in
spacetime representation as S', + pr = —j¥, Ex, where [5]

Slx, t) = Th = e H jE + m2Cl Ao,

1 m?
px,t) =T = E(D"Ek + HyBY) — 7t(c’<Ak +CoAo).  (3.10)

We use Fourier transforms A, = (27)~" [%°_ A, (x, w)e * dw to
write the Poynting vector in (3.10) as
—+00

SI(X, t)y= (2;)2 / |:81kj%3j*(w/)ék(w)

—00

2 o
+ %A,* (w’)Ao(a))]e‘(‘“ O dpdw’. (3.11)
0

Since S'(x,t) is real, we can conjugate the integrand and inter-
change the integration variables, w <> w’. By taking the average,
we find

+o00
/ §l(a), o) el @ = dopda,

—00

slx,t) = (312)

1
@2m)?

with §’(a), ') in (3.7) and real constant permeabilities. In contrast
to frequency-dependent permeabilities, expansion (3.5) leading to
(3.6) is void in this case, so that @’ need not be close to w.

We perform a time average of the flux vector (3.12), (S!) =
(1/T)f+TT/22 Sl(x, t)dt, to obtain

o0
/ §l(a), ")), 1(0w — @')dwdw’,

—00

1

(s!) = S (313)

where the time integration has been replaced by the limit defi-
nition 8,1 (w) = (2w)~ ]f+TT/22 el?tdt of the Dirac delta function,
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8(1),T>oc (@) = 8(w). The mollifield distribution §(1) 7 is real and
symmetric, (1), 7(®) = 8¢1),r(—w). In radiation problems, the flux
vector S!'(w, ') depends on the averaging period T as well, as it
contains a product of the mollified delta functions 81),7, cf. (6.11)
and (7.3). The 1/T factor in (3.13) is then needed to make this
product well-defined in the limit T — oo, by virtue of a second
limit definition of the delta function, §2) 1(w) = (Zn/T)S(D r(w),
8(2),T—» 00 (@) = §(w).

Since 8(1),7—»o0(@w — @') in (3.13) converges to the delta func-
tion, we can replace $'(w, ') by $'(w, ®). Thus this calculation
of the averaged flux (S!) also applies to dissipative complex per-
meabilities, as we only need the limit §’(a),a)/ — w), cf. (3.7), to
perform a time average (with T — oo) of the Poynting flux vector.
Analogously, we find the time-averaged energy density (o) by re-
placing §’(a) ') in (3.13) by the spectral kernel p(w, ') in (3.8).
These time averages are real, since p*(w, @) = p(—w, —®') and
analogously for Sl(w, '), also see Section 4.

4. Transversal and longitudinal flux and energy components

We split the vector potential and the current into a transver-
sal and longitudinal component, A(x, w) = AT + Al with divAT =0,
rotAl =0, and analogously the dressed current jg x, w) =j:'§2 +j'_;2
cf. Section 2, writing A for Ay etc. We use current conservation,
iwpo — divj_q =0, jQ = (ﬁg,j_q) cf. (2 5), to split the charge den-
sity accordmgly, ,0Q =0, 1w,052 = le_]S2 The Lorentz condition,
divA + la)é‘opL()Ao =0, is employed to separate the transversal and
longitudinal components of the scalar potential, AT =0 and Ag =
—leAL/(la)&‘o/Lo) The polarized field strengths are ET = iwAT,

= iwAl + VAL and B! = 0, BT = rotAT.

The flux vectors of the transversal and longitudinal field com-
ponents read, cf. (3.7),

1
ST (x, w) = (ET“) x BTU* — 4 c.c.>, (41)
2 w*

oL 1/mE o ey
S (x,w) = —5 FA Ag+c.c. ), (4.2)
0

and the corresponding energy densities (3.8) are

IO ) = 2 [(wg*)/ﬁﬂﬁ*ﬁw

N ((wu;‘)’ L)ﬁm)*ﬁw)
e M w
< (0)/1«0) L 1 )AT(])*AT(])j| (4.3)
/Lo fo /1‘0

. 1 (o) 1 1T \aran
L L 0 Lx 4L
X, w) = [a)e A * A +( - + — - = )A A
P 2 ( 0) 0 ;L32 o g

_ (ws*)’l’::L*l’::L]’ (4.4)

where & = m?go and jig = po/m?. The index j labels two
transversal degrees of freedom, cf. (6.8), and we have performed
the limit @’ — w in (3.7) and (3.8). We have also changed the
sign of the longitudinal flux vector and energy density, to obtain a

positive time average (p"), cf. (3.13),
1 o0
(ST, T = — / SOE pTON &, w; Tydw.  (45)
2n T
—00

In the spectral densities, we have indicated their dependence on
the averaging period T — oo, cf. after (3.13). STU-L(x, w; T) is real

and symmetric in @, and pTW-*(x, w; T) = pTOL(x, —w; T), so
that we can replace pTU)L by Re pT)- L in the integrand of (4.5).
We can also replace the lower integration boundary by zero and
multiply the integral by a factor of two. In this way, we identify
the spectral flux densities as STW:L(x, w; T)/(T) and the asso-
ciated spectral energy densities as Re pTU)L(x, w; T)/ (7w T), to be
understood in the limit T — oo.

5. Dissipative wave equations for the tachyonic vector potential
5.1. Transversal and longitudinal dispersion relations
Substituting the potential representation of the field strengths

into the inhomogeneous field equations (2.4), we find the wave
equations

(A—i—mt >A0+la)d1VA——pQ, (5.1)

(A +k3)A —iwepuVAg — VdivA = —pijg,

K%(w)_sua) +mf M, (5.2)
Mo

where KTz(a)) is the transversal dispersion relation. We make use
of the Lorentz condition and current conservation, cf. Section 4, to
decouple the fields and to find the longitudinal dispersion relation,

1, €0
(A—i—/cL)A =EP.Q’ Kf(a))_souow +mf = (5.3)
"
(A+K?)A+ fr_y VdivA = —je. (5.4)
&0 Ho

The wave equations (5.3) and (5.4), subject to the Lorentz condi-
tion and current conservation, are the basic evolution equations;
Eq. (5.4) and the Lorentz condition lead to the scalar equation
(5.3).

Transversal wave solutions of (5.3) and (5.4) are defined by the
condition divAT = 0. The scalar component Ag =0 follows from
the Lorentz condition. A transversal solution can only exist if the
current is transversal, ding = po =0, cf. Section 4. Longitudi-
nal wave solutions are defined by rotAl = 0. Applying the rotor
to the vector equation (5.4), we see that longitudinal solutions
can only exist if the current is longitudinal, rotJ_Q = 0. Condition
rotAl = 0 implies VdivAl = AAL, so that Eq. (5.4) can be writ-
ten as (A + KL)AL —(80Mo/s)m. and A0 is obtained from the

Lorentz condition, 1a)80u02\5 = —divAL.
5.2. Complex wavenumbers

We consider the complex squared wavenumbers K%L(a)) in
(5.2) and (5.3), where & = gge + i€1m, Mt = Mt Re + iM¢,1m, etc., with
positive real parts of the permeabilities and tachyon mass. We split
K%L(a)) =ar, + ibyL and expand in the imaginary parts of the
permeabilities and mass; ar,. then contains even powers and bt
odd ones. The transversal and longitudinal dispersion relations /cTz L
are related by the 1nterchange £ < Lo, U <> &9. We introduce the
rescaled tachyon mass iy,

M¢ Re,Im = w7 (5.5)

+~/M0,Re€Re

and find in lowest order KTZ,L =ar, + ibr,L, where

ar ~ Ereplre (W® +Mie), AL~ WoReEore(®? + Mige), (5.6)

up to terms quadratic in the imaginary parts of the permeabilities,
and
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& .
br ~ SReMReKﬂ + Mlm>0)2 + ’"f,Re(Mﬂ - —M0’1m>

ERe  MRe MRe  MoO,Re
+ th,Remt,lm:| B
H0,Im €0,Im 2 A2 €0,Im €Im
by ~ Mo,Re8o,Re[< +—— o + Mg | —— — —
HO0,Re €0,Re €0,Re ERe

+ 2T,f'lt,ReTht,lm] 5 (5-7)
linear in the imaginary parts. The principal root 7 = KT,LRe +
ikt L im of the squared wavenumbers K%L is given by KT LRe ~
JatL and KT,Lim ~ bT,]_/(Z\/(T,]_). KT.1im is thus linear in the
imaginary parts of the permeabilities in lowest order (up to cu-
bic terms in an ascending series expansion). The wavenumbers
are defined by kr (w) = sign(xt,L,im)KT,L, see Section 6.1, and T,
satisfies the reality condition K}"L(a)) = kt1,L(—w) like the perme-
abilities.

6. Retarded spherical wave propagation in the spacetime aether
6.1. Reduction to scalar transversal and longitudinal Green functions

We consider the scalar Green function satisfying

(A +K2(@))G(x, 0) = —A(@)8(X), (6.1)

with complex k%(w) and A(w) subject to the reality condition
Kk*(w) = k (—w). Residual integration in momentum space gives

A /‘ ell*dk A
2m)3 )] KR —k2(w) 4nur

where K = ke + ikm. The Green function is unambiguously deter-
mined if k2 in the wave equation is complex, irrespectively of the
sign of the root «, and G*(x, ) = G (X, —w). The real part of the
exponent gives the damping factor exp(—|kim|r). The convention
for Fourier time transforms is G(x,t) = (27)~! f@(x, w)e @ldey.
Thus, to obtain outgoing waves, the signs of kge and xyy, must
coincide for positive frequencies and differ for negative ones. If
the signs of xge and kyy differ for positive frequencies, one has
to switch to the second set of field equations defined by the con-
jugated permeability tensors, see before (2.3) and Section 5.2, oth-
erwise one obtains incoming spherical waves, that is an advanced
Green’s function in space-frequency representation. If both kge and
Kim are positive for positive frequencies, we can replace sign(kim)
by sign(w) in (6.2).

The wave equations for transversal and longitudinal radiation
fields read (A + K%L)AT‘L = —AT4EE with AT = and Al =
goMo/¢, cf. Section 5.1. The corresponding Green functions are de-
fined by (A + K%L)GT'L(X, ) = —ATL§(x), and wave solutions are
found as

ei sign(/qm)/(r’

f?(x, w) =

(6.2)

At ) = [ E7Hx—x. )i (X, @)dx.

T,L

Gl x, ) = ——
@)= 1

elkrLix|

(6.3)

The wavenumbers are kr 1 = sign(xkT,Lim)KT,L, SO that k1 (—w) =
—k3 | (w), in contrast to the reality condition for permeabilities.

6.2. Asymptotic tachyon fields
In the Green function GTr(x — X, @) in (6.3), we put n=x/r

with r = |x| and |X'|/r « 1, and expand [x—X'| =r(1 —nX'/r+---),
to obtain the dipole approximation

A )\.T’L : _ /
CT’L(X _ X/, a)) ~ e‘kT»Lre ikt 1 ReNX ,
Amr

VxG L~ niky  GTL. (6.4)

By substituting this into the integral representation (6.3), we find
the asymptotic wave fields

T,L
AT’L(X, a)) ~ l )\'_

6.5
2 4nr (6.5)

eikT_]_T/efikTL_RenX/jT,L(x/’a))dx/’
and note divA" ~ ikinA, V divA' ~ —k?A" and rotA” ~ iktn x AT.
The transversal and longitudinal current components, cf. Section 4,
are defined with regard to the radial unit wave vector n, so that
an =0, and n x j* = 0. We will use the current transform

Jkr,Lre) = / dx'j(x', w) exp(—ikr.Lge(@)nX'), (6.6)
projected onto a triad of orthonormal polarization vectors &1 2(n)
and n,

X, 0)=ej(edkrre),  JHx, @) =n(njkyre)).

Here, n = x/r is the unit wave vector of the spherical wave iden-
tified as longitudinal polarization vector, and &1, are transversal
polarization vectors defining two degrees of linear polarization. To
settle the angular parametrization of the polarization vectors, we
use the Cartesian coordinate unit vector es as polar axis, nes =
cos6. (In Section 7, es will be identified with the unit velocity
vector vg of the radiating inertial charge.) As for the polarization
triad, we use two real transversal polarization vectors €1 3, so that
€1, €2 and n constitute a right-handed triad. We choose &1 or-
thogonal to n and es3, and place &; into the plane generated by n
and es,

(6.7)

e3; xn e3 — n(nes)
1= — &) =

V11— (ney)?’ V1—(nes)?’

so that n= e x &3, cyclically, and e1e3 =0, €;e3 = sin6. Accord-
ingly, cf. (6.5),

(6.8)

ATO)L 1AM o
AV x, w) ~ = —e" TV (x, w),

6.9
2 4nr (6.9)

with AT =, AL = gopo/e and n x JTO = g5 (e1J(kr.ge)), n x JT@ =
—&1(82) (k1 Re))-

As pointed out in Sections 4 and 5.1, the transversal fields
are Ag(j) =0, ET0 = jwATD, BTW) = rot AT, and the longitudinal
ones read A](; = —divAl/(iweg o), B =0, and E' = iwAl + VA(L)
with VAL = —AAL/(iweo/Lo), so that, by way of the dispersion re-
lation in (5.3),

2 2
VAL~ KL A g M AL
1WEQ o 1wMo€
The asymptotic energy flux is found by substituting these fields
into Egs. (4.1) and (4.2),

(6.10)

e~ 2km’ Re(uk®)w
@nn?  Qo*

e~ 2kuim" Re(m#*ejky)
(4mr)2 wee*22*

§T0) (x, @) ~ n(j' x, 0)J"V* (x, »)),

St (x, w) ~ n(Jtx, )" (x, ), (6.11)
valid at large distance r from the source. The spectral energy
densities pTW)'L(x, w) in (4.3) and (4.4) can be expressed analo-
gously. The time-averaged flux vectors are obtained as (STW-l) =
I STOL(x, w; T)dw/(rT) in the limit T — oo, see after (3.13),
(4.5) and (7.1).
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7. Dissipative tachyonic Cherenkov densities

We consider a subluminal particle xq(t) moving in the vicin-
ity of the coordinate origin and carrying a tachyonic charge q.
The charge and current densities are j© = p = g§(x — Xo(t)) and
(X, t) = qXod (X — Xo(t)), so that the current transform (6.6) reads

+T/2
/ exp[—i(kr,LrenXo(t) — wt)]dxo ().  (7.1)
-T/2

JkrLre; T) =4

The time cutoff T — oo has been introduced as a regularization
to make squares of delta functions appearing in the flux vectors
well-defined. In this way, the current transform depends on the
averaging period T in (4.5), and so do the flux vectors ST (x, w; T)
in (6.11).

We specialize to uniform motion X(t) = vt, where v is the
subluminal speed v < 1, and use v as polar axis, v = ves, nv =

v cosd, cf. (6.8), to obtain
+T/2
J(kr Lre: T) = ques / exp[—i(kr,L reV COSO — w)t]dt.  (7.2)

—T/2
The time integral is a limit definition 8(1),7(w) of the Dirac func-

tion stated after (3.13). The polarization components (6.7) then
read

O x, 0; T) = 2rqué (1), 1kt Re U COS O — W)€ (€ j€3),

JLx, w; T) = 2mqud (1) 1 (kL Re U COSO — w)n(NE3). (7.3)

Thus JT® =0, since e1e3 =0, e,e3 = sind, ne; = cosh, cf. after
(6.8), so that the transversal radiation is linearly polarized in the
€, direction. By substituting (7.3) into the flux vectors (6.11) and
replacing 8(21” — Té@),1/@m), cf. after (3.13), we find the time
averages (defined after (6.11)):

ST~ 2 v?n

(ann? (& 3)
w
* / ei2kT'Imr%3<z>,r(kT,R«eUCOS@ - w)do,
0
2 2
L qv
(s )~2(4 )2(1183)
r Re(m¥*&jky)
—ZkL.ImrLEOL —
8 /e vee o d@.1kLRev c0sO — w)do.

0
(7.4)

Performing the limit T — oo, we can replace 8¢t by the delta
function, 8(2),r — 8. The Cherenkov emission angle between par-
ticle velocity v and radial wave vector kr gen is thus cosér =
/(kr.LReV). The transversal flux is (ST) = (ST@) since (™M) =0
(in the classical limit). The radiant power is obtained by integrat-
ing the normal projection of the flux through a sphere of large
radius r, PTL ~r2 [(ST1)nds2, where d2 is the solid-angle ele-
ment. Thus, PTL ~ 2712 ﬂ](ST'L)ndy, with cosf = y in the flux
vectors (7.4). We extend the integration boundaries to infinity by
substituting the Heaviside step function @ (1 — |y|) into the inte-
grand and perform the dy integration:

pTNqLU/ekan o) Re(,uk)(l_ w? )

4 krre $282* k2 2. U2
0 :

w
NEC) (1 - >da),
kT rev

oo
pL q? / ki@ Re(m?* EOkL)()(]_ 1) >da).
4 kLRe R2*ee* ki rev
o ,

(7.5)

In the exponential, we expand krm in the imaginary parts
of the permeabilities, retaining only the leading order, which
is linear in the imaginary parts, cf. after (5.7). The attenua-
tion length 1/(2kr 1 m) differs for transversal and longitudinal
modes. All other terms in the integrands only depend quadrat-
ically on the imaginary parts of the permeabilities, which we
neglect, Re(juky) ~ [LreKT Re, Re(mt ggke) ~ mg ReSO.RekL,Re- For in-
stance, in the photonic case, we put m; =0, £2 =1, and substitute
Kkt Re ~ /EReMRe® and 2KT im ~ (Eim/MURe + UImERe)®/ /ERe hRe INtO
PT, cf. Section 5.2; the power longitudinally radiated vanishes. The
permeabilities differ for tachyons and photons, as well as the re-
spective fine-structure constants, cf. after (7.8) and Ref. [19]. By
means of (7.5), we identify the spectral densities determining the
power Pl = [ pTl(w, y)dw measured at large distance d from
the source particle as

p'(@,y)
:q2 2lemdl’LReM—%a)< 2_1_a)_2)LDE)
ar 22, w? + M2 MZ2) y/y? =1
%2 L
(w )= 4 -2k imd Eo,ReMORe Mige® YO (Dy) (7.6)

Qi.ere W2+ ME Y21
Here, we parametrized the particle velocity with the Lorentz factor,
v =+/y%—1/y, and introduced the generalized real mass-squares

M% = (ERe[MRe — 1)(1)2 + makegReMRe,
M{ = (€0 Refbo.Re — 1)@ + I{ g0, Re /L0, Re- (7.7)

where ¢ ge = Mt Re//0.ReERes Cf. (5.5), so that the real part of

the wavenumber is kr [ re ~ ,/®? + M%,L in leading order, cf. (5.6).
The argument in the step function in (7.6) reads

Nz
DM@, y) = Jo? + M%’LVT ~w. (738)

The constant q?/(4mfic) = ayo in (7.6) is the tachyonic coun-
terpart to the electric fine-structure constant e?/(4mwhc) = 1/137,
and 202* ~ .QI%e (w) is the scale factor of the frequency-dependent
tachyonic fine-structure constant o¢(w) = Otto/Q]%e(w). cf. after
(2.2) and Ref. [9]. DI’L(a),y) can only be positive if the mass-
square M2 TL is positive, which is thus a radiation condition. More-
over, condition M2 L/m « 1 has to be satisfied, where m is the
mass of the radlatmg charge, otherwise the classical radiation den-
sities have to be replaced by the quantized ones; the latter depend
on the particle mass m and converge to the classical densities
in the limit m — oo, see Ref. [26] for tachyonic quantum densi-
ties (with non-absorptive real permeabilities) and their limit cases.
We solve DE"L(a),y) =0 for y to find the minimal Lorentz fac-

tor yri(w) =,/1+w?/M2, for Cherenkov emission; a frequency

w can only be radiated by a charge whose Lorentz factor exceeds
yrL(w).

8. Cherenkov spectral fit to supernova remnant
RX J1713.7 — 3946

We average the tachyonic Cherenkov densities (7.6) over a rel-
ativistic thermal electron distribution, dp(y) = Age™#7 /2 — 1 x
ydy, parametrized with the electronic Lorentz factor y. Ag is the
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normalization constant, 8 = m/(kgT) the temperature parameter
and m the electron mass. The differential energy flux FZ;L and
number flux dNTL/dw read

FI.L :deT’L _ (p"h)
dw 4d?’
o
b= [ P e, (1)
yr.L(@)
where (pTly are the averaged transversal/longitudinal Cherenkov

densities (7.6), d is the distance to the source, and yri(w) =

1+ w?/M?, the minimal Lorentz factor, cf. after (7.8). The to-
T.L

tal energy flux is thus wFLt[GeVem™2s71] = w(FY + FL) with
polarization components

T M —2kr 1m (w)d ﬂ

© (a)) Y (w) @ )
wFL = QthRe £0.Re/0.Re Tt Re e—2kLind ) e fn
“ Q% retre  M? W (@)

x (2+27+ B*y7). (8.2)

The flux amplitude is a; = o Ag/ (4 d?B3) with ar = ¢%/(4n).
We specify the permeabilities as &reftre = €0.Refb0.Re = 1, and
put their imaginary parts to zero, so that the permeability ten-
sors (2.2) are conformal to the Minkowski metric. The transver-
sal/longitudinal dispersion relations in (5.2) and (5.3) are then
identical, and we drop the subscripts T and L of the wavenum-
bers k = kre + ikim, which are complex because of the imaginary
part of the tachyon mass, cf. Section 5.2. The minimal Lorentz fac-
tor yr.L(w) in the flux densities (8.2) can be replaced by ymin(®) =

J1+ w?/id ., since M3 | =i, cf. (7.7). We rescale the tachy-

onic fine-structure constant o = Olto/-QRe, cf. after (7.8), with the
magnetic permeability, & = afige, and specify the frequency de-
pendence of & and the rescaled tachyon mass g ge in (7.7) as
power laws: &i(®) = G’ and figge(®) = Mpw”. In the flux
densities (8.2), we substitute

aglre(@)  Ar  Aguoring
Re(®) Mg

Finally, we consider a frequency interval where the energy of the
radiated quanta is much larger than the tachyon mass, rﬁf Re Jw? &

1 (to be satisfied in addition to mt Re/m <« 1, where m is the elec-
tron mass, see after (7.8)), and approximate the minimal Lorentz
factor by Ymin(®) ~ w/MtRe, SO that BYmin ~ Bw!' =P, with g =
B/mo. The unpolarized flux (8.2) thus reads

wFL ~ AFe_Zklm(“’)dw”e_Bwl_p 4+ 4w’ P + (,3(1)1_”)2),
(8.4)

with exponent n = o + 2p, cf. before (8.3). This approximation
holds uniformly in a finite frequency interval (defined by the data
sets) if the tachyonic mass amplitude 1y is sufficiently small. The
spectral fit to SNR RX J1713.7 — 3946 in Fig. 1 is performed with
flux density (8.4). Since myy is small and ﬁ is moderate, cf. the
caption to Fig. 1, the electronic temperature parameter 8 is small
as well, cf. before (8.1), so that the radiating electron plasma is
ultra-relativistic.

The imaginary part of the wavenumber in the first exponen-
tial of flux density (8.4) is ki ~ it refMtim/@, cf. after (5.7) and
(6.3). The scaling relation i jm (@) = My wX for the imaginary part
of the tachyon mass (analogous to the frequency scaling of the

real part, see before (8.3)) gives kim(w) ~ My wP™*~1. In the
spectral fit, we assume the tachyonic attenuation length 1/(2kim)
in the considered frequency interval to be much larger than the
source distance d ~ 1kpc and put exp(—2kind) ~ 1. The second
attenuation factor exp(—ﬁa)l*p) in (8.4) causes the subexponen-
tial Weibull decay [9,26] of the spectral tail depicted in Fig. 1. The

tachyonic group velocity vgr = 1/kp, (with kge ~ [w? +ﬁsze, cf.
(5.6) and Ref. [27]) reads vgr(w) — 1~ (1/2 — p)w?P =%, valid
in the limit M2 tRe Jw? <« 1, which is the approximation used in flux
density (8.4). In the case of SNR RX J1713.7 — 3946, the velocity
of the tachyonic y-rays is subluminal due to the scaling exponent
p ~0.75 of the tachyon mass, see the caption to Fig. 1.

9. Conclusion

We have developed a practically viable formalism to treat
tachyonic Maxwell-Proca radiation fields in the absorptive space-
time aether [28-31], in particular, to identify the spectral flux and
the associated energy density. In Section 3, we discussed the dis-
sipating energy flux, and the stress tensor can be dealt with anal-
ogously; to derive the conservation law for the field momentum,
one starts with the Lorentz force, f?;‘f’m + 8m,']'f§f§§j, instead of

f’gf:'k in (3.2). Because of dispersion and energy dissipation mani-
fested by the absorption term in the energy conservation law, the
time averaging explained in Section 3 is necessary to extract the
spectral energy and flux densities intrinsic to the radiation field.
The spacetime aether is defined by homogeneous and isotropic
permeability tensors, cf. Section 2. Therefore, it is crucial to unam-
biguously identify the intrinsic field energy subject to persistent
dissipation, since it is not possible to deal with energy by strik-
ing the balance between asymptotic fields (in- and out-states) in
non-dissipative vacuum regions, as the latter do not exist.

The complex Lagrangian (2.1) in space-frequency representation
allows for a manifestly covariant formulation of the field equa-
tions and the constitutive relations, avoiding intricate time con-
volutions defining the inductions. In an absorptive spacetime, the
complex dispersion relation rather than the choice of a residual in-
tegration path determines whether the Green function is retarded
or advanced, cf. Sections 2 and 6.1. As transversal and longitudi-
nal modes admit different dispersion relations, cf. Section 5.1, the
Green functions for transversal and longitudinal propagation differ
as well.

The dissipative tachyonic Cherenkov densities (7.6) determine
the power measured at large distance from the radiating source.
The radiation conditions for Cherenkov emission are the positivity
of the generalized mass-squares M%L in the dispersion relations, cf.
(7.7), and the positivity of the argument DI’L in the Heaviside fac-
tor of the radiation densities (7.6). Condition DE’L > 0 just means
cosOr <1, where 6y is the transversal/longitudinal Cherenkov
angle, cf. after (7.4). The effect of the real part of the tachyon
mass is evident in the mass-squares MT L» Which remain positive
even if the real parts of the permeabilities satisfy egeiire = 1,
&o,ReMo.Re = 1, cf. after (8.2), in which case photonic Cherenkov
radiation is forbidden.

To highlight the difference between photonic and tachyonic
Cherenkov radiation further, we consider the transition from the
classical to the quantum regime [26]. In the spectral fit of the su-
pernova remnant, we used the classical spectral densities (7.6). The
condition for the applicability of the classical densities is a small
mass ratio M | (w)/m? < 1, where M%L are the transversal/lon-
gitudinal mass-squares (7.7) and m is the mass of the radiating
electron; the quantum Cherenkov regime is realized in the oppo-
site limit [26]. For photonic Cherenkov radiation, this condition
simplifies to /ereftre — lw/m < 1, as the tachyonic mass term



2922 R. Tomaschitz / Physics Letters A 378 (2014) 2915-2923
T'TTTT T I T TTTTT T T IIlIIII T IllIIIII T T TTTTT T T T TTTTI T
L SNRRXJ1713.7-3946 -
O Fermi-LAT
O HESS
T 100 - . —
o i i
£
(&) — -
>
m — —
o
m n _
T
zZ L _
P
L
- /‘ -
T
K
/
/
7,
I/ ‘
1079 IIl')I/l 1 | IIIlII| | l IIIIIII | 1 | IIIIII 1 1 | IIIII| 1 | III‘\I\I‘
10° 10' 102 16° 104 10°
E [GeV]
1_IIIII T T IIIIIII T T lIIIlIl T T T IIIII[ T T T II[III T LI IIIIII l_
wg C SNR RX J1713.7-3946 O ]
: B ]
S - = . O O T DY N i
o o O i
) C O ]
—1 _IIIII 1 1 llIIlII 1 11 IIIIII 1 11 IIIII[ 1 11 IIIIII 1 11 IIJIII l_
10° 16? 102 107 104 10°
E [GeV]

Fig. 1. Tachyonic y-ray flux of supernova remnant RX J1713.7 — 3946, radiated by the shocked ultra-relativistic electron plasma. Data points from Fermi-LAT [10] and HESS
[12]. The solid curve T+ L depicts the unpolarized tachyonic energy flux EFf ™" = E2dN"*L/dE, cf. (8.1) and (8.4), obtained by adding the transversal flux component EF}
(dotted curve, labeled T) to the longitudinal flux EF,E (dashed curve, L), cf. (8.2). The transversal radiation is linearly polarized. The error band defined by the dot-dashed
curves indicates the upper and lower 1o (68%) confidence limits of the least-squares fit (28 dof, x2 & 37.4). The fine-structure scaling exponent o =1 — 2p ~ —0.98 is
inferred from the scaling exponent of the tachyon mass, p = 0.751 4 0.059, and from the exponent 7 =0.520 £ 0.17 determining the slope of the initial power-law ascent
of flux density (8.4). The fitting parameters are 7, p, the Weibull decay exponent 3[GeV~']=0.614+0.51 and the flux amplitude Ar[GeVcem™2s!]=(5.83+1.8) x 1010,
cf. (8.4). The Weibull shape parameter determining the subexponential decay of the spectral tail is 1 — p ~ 0.25. The mass scaling exponent p lies above 1/2, implying

subluminal group velocity of the y-rays, cf. the end of Section 8.

in M% vanishes, so that the energy of the radiated photons must
be much smaller than the electron mass for the classical photonic
spectral density (see after (7.5)) to apply. As pointed out after (7.8),
positivity of the mass-squares M%’L(w) is a necessary condition for
Cherenkov emission at the respective frequency, so that &geige > 1
is required in the photonic case, a refractive index exceeding one.
In contrast, a tachyonic Cherenkov density is employed in the
spectral fit of the SNR shown in Fig. 1. Instead of dropping the
tachyonic mass term in M%L. we consider permeabilities satisfying
ERe/Re ™~ £0.ReM0.Re ~ 1, SO that the first term in the mass-squares
(7.7) vanishes. The condition M%L/m2 <« 1 for the classical limit
then amounts to a small tachyon-electron mass ratio rﬁf’ke /m? « 1.
Thus, if this mass ratio is small and the real parts of the permeabil-
ities are close to one, the classical spectral densities (7.6) can be
used to calculate the energy flux, cf. (8.1) and (8.4), even if the en-
ergy of the radiated quanta (GeV and TeV y-rays emanating from

the remnant) exceeds the electron mass, in contrast to photonic
radiation which requires w/m <« 1 for the classical limit to apply.
Another marked difference to photonic Cherenkov emission is the
longitudinal radiation component, which can even overpower the
transversal radiation, see Fig. 1. The emitted tachyonic quanta can
be superluminal, depending on the scaling exponent of the tachyon
mass, cf. the end of Section 8, whereas the radiating electron gas
is subluminal. Electromagnetic radiation from superluminally ro-
tating light spots and accelerated superluminal particles has been
studied in Refs. [32,33].

The tachyon mass in Lagrangian (2.1) is complex like the per-
meabilities. In the Cherenkov densities (7.6) and the averaged en-
ergy flux (8.2), the imaginary parts of the permeabilities and the
tachyon mass generate the attenuation factor exp(—2kr r m(w)d),
where kr,1,im is the imaginary part of the transversal/longitudi-
nal wavenumber and d the radial distance of the detector from



R. Tomaschitz / Physics Letters A 378 (2014) 2915-2923 2923

the localized radiation source. At a distance of a few kiloparsecs
from a Galactic source, this exponential factor is still close to one,
otherwise the signal would have dissipated away. For the attenua-
tion length 1/(2kt,L,im) to be of the same order or larger than the
source distance d, the imaginary parts of the permeabilities must
be tiny. Linearization in the imaginary parts of the permeabilities
and tachyon mass (starting with the dispersion relations defining
the wavenumbers, cf. Section 5.2) is thus amply justified in the
Cherenkov densities (7.6).

Apart from the attenuation factor quantifying the absorption by
the aether, there emerges a second decay factor in the spectral
flux densities (8.4), the Weibull exponential exp(—Aw!~*), where
p is the frequency scaling exponent of the tachyon mass and /§
the decay exponent inversely proportional to the temperature of
the radiating electron plasma. This decay factor results in subex-
ponential (0 < p < 1) spectral tails as found in the y-ray spectra
of pulsars [9,26] and supernova remnants, cf. Fig. 1. Subexponen-
tial decay approximating power-law decay seems to be a common
feature of y-ray spectral tails and has also been detected by the
AGILE satellite [34] in the MeV spectra of terrestrial y-ray flashes
[35,36] at thundercloud altitudes.
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