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Abstract—The chaoticity of classical world lines in extended Robertson—Walker cosmologies is
pointed out and related to the fractal limit set of the covering group of the spacelike slices. We
investigate the possible existence of tachyons (faster-than-light particles) in this context. The cosmic
time and the 3-space co-ordinates comoving with the galactic background provide a distinguished
frame of reference. With respect to this comoving frame the causality of tachyonic events can be
unambiguously defined, contrary to Minkowski space. We study the dynamics of tachyons and show
that tachyonic world-lines are chaotic in the center of the spacelike slices. Copyright © 1996 Elsevier
Science Ltd.

I. INTRODUCTION

One of the basic problems one faces in cosmology is that Einstein’s equations do not give
any hint on the global topological structure of the Universe. This fact, that we do not know
the boundary conditions to be imposed on cosmological solutions, was pointed out by the
mathematician F. Klein soon after Einstein proposed his first cosmological model, in which
the 3-space is closed and has positive constant curvature. Einstein assumed that the
topology of the 3-space is that of a 3-sphere, but it can as well have the topology of
projective 3-space, without being at odds with the field equations and the homogeneity and
isotropy postulates, which are observationally fading today.

It was, however, not until much later that the global behavior of world lines in these
topologies was studied, cf. Refs. [1] and [2]. At the end of the fifties general relativists got
acquainted with more sophisticated algebraic topology, and in the review [3] it was
suggested to try Seifert fiber spaces as spacelike slices in Robertson—-Walker (RW)
cosmologies. This is essentially what we will do in Section II of this paper.

In the seventies and eighties there was a flurry of activity concerning quantum
mechanics, semiclassical mechanics [4], and second quantization [5] on multiply connected
manifolds. The spaces considered were mainly toy models of low dimensionality and
constant curvature, e.g. Riemann surfaces, or closed Euclidean cosmologies with 3-tori as
space sections. The newly emerging field of quantum chaos, in particular Selberg’s trace
formula on compact Riemann surfaces [6, 7], and the chaoticity of geodesic flows [8, 7]
found a great deal of attention.

Interestingly, in this period general relativity stayed largely unaffected by these develop-
ments, though there were some studies on chaos in mixmaster cosmologies [9-12] and on
the mixing of geodesic flows in cosmologies with compact hyperbolic 3-slices [13]. The
reason for that was perhaps that nonlinear dynamics is based to a large extend on
Hamiltonian formalism, whereas general relativity is based on the principle of general and
manifest covariance, and it is not always easy to find a common denominator for this. So,
for example, the very definition of Lyapunov exponents, which defines the degree of
instability in Hamiltonian mechanics, is ambiguous in general relativity, because it is not
covariant, it crucially depends on the choice of the time variable. Moreover, I will point
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out in Section II why other well established descriptions of chaoticity in Hamiltonian
systems, like mixing or ergodicity, are not really suitable for the problems one faces in
cosmology.

Nevertheless, in the nineties it has become more widespread to apply concepts of
nonlinear dynamics to general relativity, though I think that the interface of these two
disciplines is as yet very little explored. A recent review on the present state of the art in
this borderline field is Ref. [14]. Studies of chaos in the gravitational field of charged black
holes can be found in Refs. [15] and [16]. In Ref. [17] fractal geometries were investigated
in connection with the microscopic structure of spacetime, Banach—Tarski theorem and
conjugate complex time.

Let us come back to Seifert fiber spaces as possible candidates for the space sections. As
mentioned, Einstein’s equations do not determine the topology of the 3-slices, if they are
open or closed or their connectivity. We do not even know the local curvature, because we
do not know the energy-momentum tensor of the matter content of the Universe. But what
we do know is that the galaxies are more or less equidistributed, and that suggests that we
should look for a mechanism to create chaos. This in turn suggests that we assume the
3-slices as locally hyperbolic, because hyperbolicity creates instability [8, 6]. The curvature
of the 3-space we choose as constant. We are interested in the evolution of the Universe on
a global level, and local inhomogeneities of the metric are assumed to be averaged out.
The practical reason to do so is that there is just no way to determine a 3-space metric of
lesser symmetry, because the energy momentum tensor is unknown. If we agree to take
hyperbolic 3-manifolds as spacelike slices it still remains to settle the topology. The
question here is not so much what is the topology of the 3-space, but rather how does it
evolve. The 3-space should be able to undergo global metrical and also topological
deformations, as schematized in Fig. 1, without changing locally the curvature, apart from
a rescaling of the curvature radius with the expansion factor (extended RW cosmologies,
cf. Refs [18-23]. This requires that the space sections are open — since closed hyperbolic
3-spaces are rigid, they cannot be metrically deformed (Mostow rigidity theorem [24]).
Moreover, closed hyperbolic 3-manifolds have rather bizarre topologies [24-26], and it is
difficult to motivate why the 3-space should have acquired, once and for all, one in
particular of these topologies [13, 27]. Universes with closed multiply connected 3-slices
seem also to be at odds with topological censorship ideas [28].

It seems to me much more natural to assume that the Universe is open (i.e. infinite),
and dynamically evolving, with transitions from one topology to another. We do not know
the laws that determine this cosmic evolution or the current topology, but we can try to
find physical effects of a multiply connected topology and of metrical deformations.
Evidently we should do this whenever possible without reference to a specific type of
topology. So, for example, global metrical deformations of the 3-space create particles in
quantum fields and backscattering of electromagnetic waves [29]. They create angular
fluctuations in the temperature of the microwave background radiation [22], and the
multiple connectivity of the 3-space causes self-interference in wave fields and CP violation
[30]. I have recently written reviews on these effects [23, 31], and I shall not report on
them further here. As a prerequisite for the tachyonic chaos discussed in this article, I shall
give in Section II a sketch of chaos in extended RW cosmologies, and how it relates to the
equidistribution of the galactic background.

Sections III-VI are devoted to new endeavors. We shall study faster-than-light particles
(tachyons) in the context of the cosmology outlined in Section II. In Refs [32] and [33]
tachyons were studied in Minkowski space, and they were found to violate the causality
principle. In the theory presented, causality is strictly retained. The cosmic time and the
3-space coordinates comoving with the galactic background provide a distinguished frame
of reference. In this frame one can unambiguously define the causality of tachyonic events,
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as well as a positive definite energy for tachyons. Observers, which are moving in
coordinate frames in which the cosmic time and the comoving 3-space coordinates are
mixed up, may see the time order of events inverted, as an artifact of their frame. We
show, cf. Section V, that a geodesically moving tachyon can reach within a finite time the
boundary at infinity of the spacelike slices, provided the expansion factor has turning or
inflection points. A tachyon can likewise get trapped in the chaotic nucleus of the 3-space,
and its trajectory is dense there within a finite time. In Section VI we sketch some open
research problems.

II. THE CHAOTIC NUCLEUS OF AN OPEN UNIVERSE

As pointed out in the Introduction, there are three conditions to be satisfied that the
3-space admits a dynamical evolution by global metrical deformations, and that space-time
itself provides a mechanism to generate chaos, which can account for the uniform galactic
background. The 3-space must be open, multiply connected, and locally hyperbolic.
Hyperbolicity is necessary to generate the instability of geodesics, and infinite volume and
a multiply connected topology are necessary to allow evolution by global deformations, cf.
Fig. 1. These deformations of the 3-space do not affect locally the curvature. They do not
create local inhomogeneities in the metric. Finally, the multiple connectivity is necessary to
confine the unstable world lines to a finite region, so that they can get chaotic there.

I want to outline here, without going into technicalities, why the chaotic nucleus appears,
and how one can qualitatively analyze the global behavior of trajectories in the multiply
connected 3-space, cf. Refs [34] and [35].

The starting point is the RW line element ds?= —c*dz? + a*(1)do?, with a(r) the

(a)
]

© (d)

Fig. 1. (a-d) Global metrical deformations of the 3-space do not change the local curvature. The depicted

boundaries are at infinity, unattainable within a finite time for a particle or ray moving with a uniformly bounded

speed. In particular the distances indicated by double arrows are infinite. In Fig. 1(d) a bubble (of infinite volume)
peels off, leaving behind a cusp singularity, cf. Problem 5 in Sec. VI.
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expansion factor, and do? the line element of hyperbolic 3-space H*> in some coordinate
representation, cf. Section V. The multiply connected 3-space is represented in H* (the
covering space) as a non-Euclidean polyhedron F, whose faces are lying on hyperbolic
planes or on the boundary at infinity of H*. The polyhedral faces on hyperbolic planes are
identified by elements y; of the invariance group of H®, the Lorentz group. The y; and
their inverses generate a discrete subgroup I, the covering group of the 3-space, acting on
H?. If we apply T to the polyhedron F we get a tiling ['(F) of H* by polyhedral images.
This tiling has accumulation points on the boundary at infinity of H>, cf. Fig. 2, which
constitute the limit set A(I') of the covering group. This fractal limit set is of crucial
importance in studying geodesic motion on the 3-manifold, since it determines the chaotic
center of the 3-space.

Geodesics in the multiply connected 3-space are obtained by projecting H>-geodesics
into the polyhedron F by means of the universal covering projection. If an arc s; of the
covering geodesic lies in a tile y,(F), then s; is mapped into F by the inverse of y,. Thus
the trajectory in the 3-space (F, I) is a collection of arcs y,~'(s;). The end points of these
arcs, lying on the faces of F, are identified by the face-pairing transformations. In this way
one gets a smooth trajectory, geodesically looping in the 3-space.

If the covering trajectory has its initial and terminal points in the limit set A(T'), then its
projection consists of infinitely many arc pieces y, !(s;), because it intersects infinitely
many tiles y,(F) which accumulate at its end points. These arc pieces are confined to a
finite domain in the 3-space. This domain can be geometrically defined as the covering
projection C(A\T of the hyperbolic convex hull C(A) of the limit set A(T) in H>. This
confinement and the instability caused by the hyperbolicity of the metric make these
trajectories chaotic in the center C(A)\I" of the 3-space.

If the terminal point of the covering trajectory lies outside A(T'), then the trajectory will
leave the center C(A)\I', and tend to the boundary at infinity of the 3-space, cf. Fig. 1. If
neither the initial nor the terminal point lies exactly in A(T'), but very close to it, then the
covering trajectory will intersect a finite but very large number of tiles, and its projection
will shadow chaotic trajectories in C(A)\I, till it finally leaves the center. This shadowing is
a typical feature of hyperbolic dynamical systems [36], with the covering space construction
one can make it very explicit and quantitative here.

The center C(A)\I' is a finite domain, uniquely determined by the topology of the
3-space. It is itself not a differentiable manifold, its surface is infinitely pleated, because
A(T) is fractal. Such domains are studied by mathematicians for long [37], computer
graphical studies of them are not known to me, cf. Problem 1 in Section VI.

Chaoticity is a convincing explanation for the uniformity of the galactic background, but
the actual problem is to explain the large-scale inhomogeneities in the galactic distribution.
The key to this lies in my opinion in the time evolution of the galactic world lines, and on
the shadowing of regular trajectories by chaotic ones. The time parametrization of the
world lines depends on the expansion factor, which defines the length unit on the 3-space,
like in the traditional text book examples of Robertson—Walker cosmologies, but then also
on the metrical deformations that the 3-space undergoes. An explicit analytic example of
such deformations can be found in Section 5 of Ref. [23]. Ergodic concepts like mixing and
the Bernoulli property, which are commonly used in Hamiltonian dynamics to describe the
degree of chaoticity, do not reflect the time-evolution of the system. They are based on the
geometric shapes of trajectories of infinite length. Here the question is more what happens
in finite times, and with trajectories of finite length. There are also many regular
trajectories which enter the chaotic center of the 3-space, and which are shadowed there by
chaotic ones. These trajectories will not be dense there, but they may come close to every
point, before they ultimately leave the center. The question here is how much time it takes
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Fig. 2(a) and (b). Caption overleaf.
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Fig. 2. (a—c) The horizon at infinity of the Poincaré half-space H3. A spacelike slice (F, T) is realized in H? as a
polyhedron F with face-identification. The face-pairing transformations generate a discrete group I" which gives, if
applied to the polyhedron, a tessellation I'(F) of H3 with polyhedral images. This tessallation induces by
continuity a tiling on the boundary of H? which is depicted here. The qualitative structure of the fractal limit set
A(T') depends on the topology of the 3-slices, which is in turn determined by the covering group. For
quasi-Fuchsian groups [26] like here, the limit set is a Jordan curve (not self-similar). In all three examples the
3-space fibers over an open interval, with Riemann surfaces (g = 19) as fibers. The depicted tilings correspond to
3-slices which are globally non-isometric, but have the same topology and curvature. They make deformations as
schematized in Fig. 1(a—c) quantitative. For example, the polyhedral tiling of H3 is obtained by placing
hemispheres onto the circular arcs. The colors label generations in the tiling procedure [34]. The chaotic
trajectories in the 3-space have covering trajectories with initial and terminal points in A(T). If the end points are
not in A(T) but close to it, then the trajectory is regular, but it can shadow a chaotic trajectory over a long time.
The convex hull C(A) of A(T) is the intersection of all hyperbolic half-spaces which contain A(T). Projected into
(F, T) it constitutes the center C(A)\T of the 3-space, see Ref. {29] for an explicit example of this projection.
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to create a reasonably uniform distribution, inhomogeneities will always remain in a finite
time, cf. Problems 1 and 3 in Section VI.

III. SUPERLUMINAL SIGNALS-CAUSALITY-RELATIVITY

In the sixties, several authors started to scrutinize whether faster-than-light particles can
be implemented into the theory of special relativity, cf. Refs [32] and [33], and the review
[38]. It is in fact very straightforward to adapt the basic formulas of relativity to this
situation, one has just to change some signs in the standard equations. However, in doing
so one realizes very soon that there is also a price to pay, for causality is violated.

It is easy to see how this comes about in Minkowski space. Consider two events which
are separated in one coordinate frame (x, T) by space and time intervals Ax, Ar. In a
second frame (x',t’) with a relative velocity u <c the time separation is At =
At(1 — vu/A)(1 — u?/c?)~"2, with v := Ax/AT.

If the two events correspond to the emission and reception of a superluminal signal,
moving with a speed v > c?/u in frame (x, 7), then A1’ is negative. This means that in
frame (x’, t') the reception occurs before the emission, and that the time order of cause
and effect is inverted, or if one prefers, that cause and effect are interchanged. This is in
flagrant contradiction with our traditional conception of causality, namely that every effect
has a cause, that the cause precedes the effect, and that the decision what is cause and
what is effect can be unambiguously made, i.e. independently of the observer.

Note that the sign change of the time interval is not a proper relativistic effect. It may
occur for arbitrarily small relative speed u, if the signal is sufficiently fast, v > c¢*/u. In fact,
the Lorentz boost above does not have a uniform Galileian limit, A7’ = A7, for u— 0,
since v is not bounded from above. Assume an observer who is at — always approximate —
rest with respect to two events A, B, which are connected by superluminal signals whose
transmission speed is approaching infinity. Then unavoidable statistical fluctuations in his
position with respect to the two events will change the time order in his observations. He
will not be able to decide whether the signals move from A to B or vice versa.

To sum up, if a superluminal signal moves in one frame from A to B, in other frames it
will appear to move from B to A, and in some frames it will even not be possible to decide
on the initial and terminal point. So, for example, if A presents a car accident, and B
obsequies, one observer will see the car accident first, and a signal emitted at A that
triggers the obsequies when received at B. A second observer will see that time-inverted,
like a movie running backwards, namely at first the obsequies at B, and a signal emitted
from B which seems to trigger the car accident later on at A. According to the principle of
special relativity, no observers are preferred, all observations in uniformly moving frames
have equal physical reality. Therefore, it is not possible to attach in Minkowski space an
observer-independent meaning to the statement that event A causes event B by means of
the transmission of a superluminal signal, which according to our conception of causality
implies that the emission happens prior to the reception at B.

It was suggested in Ref. [39] that it would not be logically inconsistent to relax our
traditional conception of causality, and to admit that effects can also precede their causes. I
think that it is possible that our conception of causality, which is presumably based to a
large extend on experience, can break down in extreme limits. If, e.g., signals approach
infinite speed, then causality is effectively undecidable even in an individual frame, as
pointed out above. But otherwise a simple classical theory of superluminal signals should
be in accord with causality, and should not conflict with established laws of physics. Note
that in this section we do not make any assumptions about the physics of the signal
transfer. Therefore, coming back to our example of car accident and obsequies, a criterion
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is necessary, that the second class of observers that see the car accident caused by the
obsequies can convince themselves that their observation is an illusion, an artifact of their
frame. The first class of observers, which see the car accident prior to the obsequies,
should likewise be able to check that their observations correspond to reality. The
introduction of such a criterion obviously violates the principle of relativity, according to
which all observers in all uniformly moving frames share equal physical reality.

Apparently, superluminal signals, causality, and the relativity principle do not fit
together. At least one of them must be dropped. Einstein excluded the possibility of
superluminal signals and kept causality and relativity. The authors in Refs [32, 33 and 39]
dropped causality and retained superluminal signals and relativity. In the next section we
will drop relativity in a cosmological context, by introducing an absolute, universal frame of
reference defined by the galactic background. In this way, we retain causality and the
possibility of superluminal particles.

IV. SUPERLUMINAL SIGNALS-CAUSALITY-COSMOLOGY

In this section we study superluminal signal transfer in the context of an absolute cosmic
frame of reference, which is provided by the galactic background and the cosmic time
parameter in the expansion factor, which sets the length unit on the 3-slices.

Let us discuss at first how this universal cosmic frame relates to the principles of
covariance and general relativity. The principle of general covariance states that all physical
equations must be covariant under general co-ordinate transformations, and can, therefore,
be written in a form-invariant way, in all co-ordinate frames on the Riemannian
4-manifold. On a multiply connected Riemannian manifold this principle is actually a
mathematical necessity. As long as one considers a single co-ordinate chart one can write
on it any equation one likes, but if the manifold is multiply connected, it cannot be covered
by one single chart, and in this case a differential equation on the manifold must be
covariant, otherwise it is ill-defined. So, if we want to use differential equations to describe
physical laws in a multiply connected cosmology, they must be covariant to be consistent.

However, physical laws go beyond mathematical equations, and this is what makes the
difference between the principles of relativity and covariance. The principle of general
relativity states that the same physical laws hold in every co-ordinate frame. With physical
laws we mean, for example, Maxwell’s equations, but then also that a closed physical
system has a well defined energy, that this energy is bounded from below, or that the
causality of a physical process is unambiguous.

A space which is homogeneous and isotropic is a mere mathematical abstraction. In
reality space can only be perceived by its inhomogeneities. Space in cosmology is the
continuum, the vessel, which our imagination builds around the discrete and rather
inhomogeneous grid of receding galaxies. But this grid is the essence of space, not the
space-time continuum in which we conveniently embed it. It is this unfortunate conception
of space as a vessel, which tempts us to assume that the Universe is closed.

General relativity is based on the hypothesis that the metric defining space is in turn
determined by the contents of space. But the metric is only a means to make our
perception of space and time quantitative, like the coordinate axes of elementary
geometry. There is, for example, no reason to define an energy functional for its evolution.
Despite being itself a tensor field, the metric is so fundamentally different from real objects
like electromagnetic fields, which propagate in the space that it defines.

Now, as long a space is generated in our imagination by rectangular coordinate frames,
essentially void, apart from a couple of observers and interacting mass points, a relativity
principle seems to be quite natural. However, this type of space is more a category of our
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thinking, a geometric abstraction. In reality, space is not empty, and it is its content which
defines it. In the cosmology sketched in Section II it is much less obvious that all frames
should have the same physical reality. For example, it is easily possible to define a positive
definite energy functional for quantum fields in the galactic frame comoving with the
center, cf. Ref. [30]. But there are also frames in which the cosmic time and the comoving
spatial coordinates are mixed up, and where we cannot extract from the energy-momentum
tensor a quantity that comes even close to energy. Accordingly it is difficult to consent that
frames in which we can unambiguously define a positive definite energy functional, and
other frames in which we cannot, should be physically equivalent.

Therefore, it seems to me quite natural to introduce an absolute, universal frame of
reference, namely the frame in which the observers are comoving, in statistical equilibrium,
with the galactic background in the center. General covariance is retained as a mathemat-
ical necessity, cf. the preceding discussion. In this frame the laws of physics, in particular
causality, are supposed to be valid, it is the frame that exhibits absolute cosmic reality.
Observers in other frames obtained by applying arbitrary coordinate transformation to this
universal cosmic frame, may well see a distorted cosmic reality, like causality violation or
negative energies, just as an artifact of their particular frame of reference which mixes the
cosmic time and comoving 3-space coordinates of the universal frame. It is this galactic
frame of reference in which we must be able to define unambiguously physical quantities,
in which physical laws hold universally true, and in which physical processes evolve
causally.

By the introduction of this universal frame every observer has the possibility to evaluate
the reality of his observations, just by connecting his frame to the absolute cosmic frame by
a coordinate transformation. In particular he can compare the time order of events in his
frame to the flow of cosmic time. For example, every observer can introduce a locally
geodesic frame in his neighborhood. If a second observer moves uniformly within this
neighborhood, then their frames can be approximately linked by a Lorentz boost. Each of
the observers can also link his frame to the universal cosmic frame, and has so a criterion
to assess the reality of the time order in his frame, cf. the end of Section III.

Remark. In Ref. [33] it was attempted to design a quantum field theory of tachyons in
Minkowski space. The vacuum state in this theory is not Lorentz invariant, compare also
the discussion in Ref. [40]. In the cosmology presented here the vacuum could be defined
with respect to the universal galactic frame of reference without conflicting with general
covariance.

V. TACHYON DYNAMICS IN COSMOLOGY

Is there any reason to study tachyons [32, 33], hypothetical, superluminally moving
particles? If we assume that the Universe is open, then there are indeed reasons to
speculate on the existence of faster-than-light particles. In an infinite universe, the
existence of a uniform bound on the speed of signal transfer means in a sense that one
moves always infinitely slowly, and it is difficult to imagine a Machian network of
communication. Moreover, one can question the physical relevance of an open universe on
the grounds that we will not be able to verify what is happening at infinity. The existence
of tachyons, however, would give us the possibility to literally look at infinity, as we will
demonstrate now.

In the following we will define the classical mechanics of tachyons i.e. of superluminal
particles in the cosmology introduced in Section II. At first we define tachyons in the
universal covering space, and choose there coordinates which give, if projected onto the
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multiply connected 4-manifold, a coordinate representation of the universal frame of
reference which is comoving with the galactic center of the multiply connected 3-slices. The
formalism is of course covariant, but quantities like energy or velocity we define only with
respect to this universal cosmic frame.

As a coordinate representation of the cosmic frame in the covering space we use
R X H?, where H® denotes Poincaré’s half-space representation of hyperbolic space (with
metric y; = t"R%§;;, rectangular half-space coordinates x; = (x1, x;, ), t>0; R is the
curvature radius, H* has constant negative curvature —1/R?). The metric g,, on R x H* is
then of the Robertson-Walker type, go = —¢%, g; = a*(7)yy, 8o = 0; a(7) is the expansion
factor, 7 denotes the cosmic time [22, 30].

Next we define the dynamics of tachyons in this covering space. As in the case of
geodesically moving subluminal particles, we may start with the Lagrangian L = g,
dx*#/dsdx*/ds. We have then immediately an integral of motion, c*(dz/ds)? — g,
dx™/ds dx"/ds = €. We may choose the constant € as £1 or 0, by rescaling the parameter
5. Now, € =1 corresponds to subluminal particles, € = 0 to light, and it turns out that the
choice € = —1 corresponds to tachyons.

For tachyons and subluminal particles alike, we define the energy-momentum vector as
p* = mcdx*/ds =: (¢c2E, p). Clearly we have p*p, = —em>c?, and we define the velocity
v in this frame as usual by parametrizing this hyperboloid, p = moy(€), E = mc*y(e),
with y(e€) := (e(1 — p%/c?))""2, and ©v®=gv'v/. In particular we have for tachyons
E ~mc’|v|™, if |v|—> . From the equations of motion we have (dr/ds)®=c %¢+
v’a™*(tr), with a positive integration constant * related to the energy, E =
mc¥(e + *v2a~(1))2. It follows that a?(t)p? = m*c*v? and |v| = c(1 + ec 2v~2a%(7))™?
Clearly, a tachyon can only exist (interact) as long as its energy is positive.

Remark . This definition avoids the introduction of an imaginary or negative mass [32, 33,
38]. If we apply a coordinate transformation to the 4-momentum p*, it may happen that its
first component ¢ 2E changes its sign if € = —1, i.e. in the tachyonic case. The fact that
the energy is not bounded from below in all frames is a matter of great concern when
tachyons are studied in the context of the principle of special relativity [32, 33]. It was
suggested, borrowing an idea of quantum mechanics, that tachyons with negative energies
moving backwards in time should be reinterpreted as having positive energy and moving
forward in time [32]. We do not adopt this point of view here. First of all, this
reinterpretation does not solve the causality problem. Secondly, this antiparticle concept is
totally foreign to classical mechanics, and I think that it is important to develop a theory of
tachyons in close analogy to subluminal particles, given that the very assumption of their
existence is highly speculative today. As was pointed out above, the introduction of the
comoving galactic frame as universal frame of reference renders the fact that in other
coordinate frames energy cannot be reasonably defined irrelevant.

It is sufficient to study a trajectory perpendicular to the complex plane, all other
trajectories we obtain by applying to it some transformation of the invariance group of H>.
Its time parametrization is given by #(7) = exp [+cR™[ dra~!(z)(1 + ec2v2a%(1))"12]. We
consider now only tachyons, i.e. € = —1. We assume that a(7) is increasing in an interval
[75, 7], and that a’(7,) = 0. The integration constant v which determines the energy we
choose as v=c'a(t,). We have #(7) ~ const. |1, —7|*%, |v| ~ ¥Ra(r.)|t. — 7|7, for T —
T., With a = cR7!a"(1,)a(t.)|” Y. If in addition a”(t.) =0, we obtain #(r) ~ const.
exp (£28|1. — 7|7, |v| ~ BRa(1.)|7. — 1|72, with B := 32cR!|a® (1, )a(z.)| 2.

Let us discuss that a little. If a(7.,) is a turning or inflection point, and if we choose the
initial energy as Eq = mc*(a®(t.)a 2(15) — 1), then we have #(7.,) = 0 or . This means
that the tachyon, starting at some point in the interior of H® reaches within a time
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At = 1, — T, the boundary at infinity of H>. In other words, the tachyon can reach within
a finite time At every given point in the covering space, however remote from the starting
point, and it arrives with a finite fraction of its initial energy there. At any rate it can
transfer signals. The same holds true for the 3-space. In this context, a remark on the
energy transfer particle-tachyon is appropriate. We do not know the interaction, and
therefore the simplest thing is to assume elastic head-on collisions, which are entirely
determined by energy-momentum conservation. Interaction is of course only then possible
if the energy of the outgoing tachyon is positive, and the energy of the outgoing particle is
larger than its rest energy. So, for example, if the incoming momenta of tachyon and
subluminal particle are directed against each other, and p > mc, p the incoming particle
momentum, m, the tachyon mass, then interaction is always possible. If the energy of the
incoming tachyon approaches infinity (and therefore its velocity the speed of light), then
almost all the tachyon energy is transferred to the outgoing subluminal particle. On the
other hand, if E, approaches zero, then a fraction of the energy of the particle is
transferred to the tachyon, so that both particle and tachyon slow down. In fact, a tachyon
looses energy if it speeds up, which is reasonable, for an infinite velocity means in a sense
that it can be everywhere at the same time, and then it should not carry energy.

Assume now that a covering trajectory has its initial point somewhere in H?® and its
terminal point in the limit set A(I') of the covering group I' of the multiply connected
3-space, cf. Section II. The tachyon reaches this limit point within a finite time Az. We
project this trajectory into the 3-space, as sketched in Section II. The projected arcs inherit
the time parametrization of the covering trajectory. The projected trajectory enters the
center of the 3-space, and becomes dense there within At. The hyperbolicity of the metric
and the confinement to a finite region make the geodesics chaotic there.

The difference between geodesically moving sub- and superluminal trajectories is in their
time parametrization, not in their shape, at least as long as we neglect global deformations
of the 3-space within Atr. The world-line of a subluminal particle in the center has of
course only a finite length within A, it can come close to every point, but it is not really
dense there.

VI. CONCLUDING REMARKS, AND SOME OPEN RESEARCH PROBLEMS

I have explained in the Introduction my approach to cosmology, and the reasons to study
a cosmology whose spacelike sections are open, and whose evolution is very different from
the traditional cosmological solutions of Einstein’s equations. I have likewise pointed out in
Section V the motivation to consider the existence of superluminal signal transfer in the
context of an infinite universe. I conclude with a critical comment on the utility of
Einstein’s equations in cosmology.

If one compares the two reviews [3, 41] on theoretical cosmology, separated by thirty-five
years, one can only be surprised by the change of emphasis and style, because in this
period there have not been any major changes in the foundations of Einsteinian cosmology.
Whilst the authors of Ref. [3] tried to establish a coherent cosmic world view, the trend
today goes to classify cosmological solutions of Einstein’s equations like species in zoology.

If one speaks about cosmological solutions one must keep in mind that these are not
solutions of a givern system of equations. One starts with a more or less symmetric metric,
calculates the Einstein tensor, and defines so a more or less isotropic and homogeneous
energy-momentum tensor. In this way there are many cosmological solutions known, and
classified according to their symmetries. None of them is particularly distinguished, and
their predictive power is according to their construction poor. The trouble with this
approach to cosmology is, like with the many-worlds interpretation of quantum mechanics,
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that there is only one Universe, only one World. Even if the 3-space is disconnected, one
would have to regard its components as a unity. A good cosmology has to provide a basis
for that, and to explain how it came about, and what are the consequences for the
individual components.

In the following, I indicate several open research problems in extended RW cosmology,
their context is discussed in Section II. With each topic I will roughly indicate the technical
steps to be carried out.

1. CHAOS IN THE CENTER OF AN OPEN AND MULTIPLY CONNECTED RW COSMOLOGY:
FORMATION OF INHOMOGENEITIES IN THE GALACTIC BACKGROUND

I discuss at first the static case, i.e. the topology and the metric of the 3-space is time
independent, apart from a rescaling of the hyperbolic 3-space with the expansion factor. No
global metrical deformations take place. The problem is here to explicitly study the time
evolution of world lines in the center of the 3-space, and to investigate the mixing in a
finite time. One has to study how long it takes to become a trajectory effectively dense,
and if islands appear which are never or rarely crossed by the trajectory. Likewise, one
must ask how efficiently are regular trajectories shadowed by chaotic ones over a finite
time. If one starts with an arbitrary asymmetric distribution of mass points, and if one
chooses initial conditions which result in chaotic or nearly chaotic trajectories, then these
mass points will tend to become at first nearly equidistributed in the center, but ultimately
they will start to diffuse out into the open 3-space. This diffusion takes place in practice,
because in order to confine a trajectory to the center for all times, one has to choose the
initial conditions with infinite precision. One has to study the time evolution, and to figure
out which inhomogeneities (clusters, voids) appear, when they appear, and on which
scales.

This is essentially a numerical, computer graphical problem. It is quantitatively solved by
means of the covering space construction. The covering group and its limit set have to be
calculated. Then one calculates the convex hull of this set in the covering space, and finally
one projects this convex hull into the 3-manifold with the covering projection. One obtains
so the center of the 3-space. The most complicated step here is to obtain the convex hull of
the fractal set. One uses as covering space the Klein model of hyperbolic geometry [42],
because Euclidean convexity coincides with hyperbolic convexity there. In studying the
chaoticity of trajectories one slices the 3-space into 2-sections similar to Poincaré sections in
Hamiltonian dynamics, but this is real space here. Some computer simulations which give
an impression of the efficiency of the mixing mechanism on compact Riemann surfaces can
be found in Ref. [7].

2. THE INFLUENCE OF GLOBAL METRICAL DEFORMATIONS ON THE GALACTIC
DISTRIBUTION AND THE BACKGROUND RADIATION

We have two time scales to take into account. Cosmic time is defined by the expansion,
which is the relevant time of an observer comoving with the galactic background. The
second time scale is that on which metrical deformations take place. In fact, only if this
second scale is much larger, if the deformations are sufficiently adiabatic, can one properly
speak of a uniform expansion. If these scales approach each other, the expansion of the
3-space will become inhomogeneous, though the 3-space stays constantly curved. As to
world lines, a deformation of the 3-space will influence both their geometric shape and
their time parametrization, but modestly, if the deformation is adiabatic. In the case that



Tachyonic chaos 765

expansion and deformation happen on the same scale, this will not change the chaoticity of
trajectories in the now time dependent center, but it will change their shape and their time
parametrization. The mixing, which occurs merely because the trajectories are unstable and
confined, will always tend to create an equidistribution, but now no longer a statistical
equilibrium.

If one technically realizes a global deformation, one has to take care that the 3-space
stays of constant curvature and the 4-manifold stays a 4-manifold. In order that the second
requirement is satisfied, the covering group of the 3-space must be time-independent. Only
the metric in the covering space may vary in time, otherwise one cannot attach a time-axis
to the 3-manifold. The 3-space should stay constantly curved. So the time variation is
generated by a time-dependent coordinate transformation of the hyperbolic metric in the
covering space. But this diffeomorphism of the covering space must be chosen so that it is
compatible with the covering group. If the diffeomorphism is applied to the covering
group, the transformed group must stay the covering group of a hyperbolic manifold, or
better of a sequence of time-parametrized hyperbolic 3-manifolds, cf. Problem 5 below.
This is a strong restriction on possible deformations, they can be parametrized by a finite
number of parameters if the genus of the fibers of the 3-manifold is finite, cf. Ref. [43].

Further restrictions on the size of this parameter space can be obtained by Einstein’s
equations. In the static case, cf. Problem 1, Einstein’s equations on the multiply connected
manifold are the same as in the simply connected covering space, because the covering
group is a subgroup of the invariance group of the hyperbolic metric, and the energy-
momentum tensor depends only on the expansion factor and the hyperbolic metric of the
3-space. The question is now if global deformations can render the pressure or the energy
density negative. If so, this would give restrictions on the size and speed of possible
deformations. So, for example, this could prevent the 3-space from breaking apart, from
getting disconnected, cf. Problem 5. However, Einstein’s equations would not give a
reduction of the dimension of the parameter space, because sufficiently adiabatic deforma-
tions result only in an analytic perturbation of the energy-momentum tensor, which will not
change the positivity of pressure and energy. (The energy-momentum tensor is of course
defined here by the metric and the Einstein tensor.)

By means of the eikonal equation one can obtain semiclassical frequency shifts of
photons, which are induced by adiabatic deformations. They cause angular variations in the
temperature of the background radiation [44, 22, 31, 45], and it would be of great interest
to have quantitative estimates relating the time evolution of deformations to the size of
these now observable angular fluctuations [46].

3. CLASSICAL DISPERSION IN EXTENDED RW COSMOLOGY

The task is to develop a probabilistic continuum description of the geodesic chaoticity. In
Ref. [47] the concept of a horospherical geodesic flow of expanding bundles of parallel
world lines was introduced in a cosmology with a simply connected open 3-space. The
world lines are unstable there, but not chaotic. An invariant measure and a covariant
evolution equation for the probability density on which this expanding flow acts was
constructed, and the dispersion of the density was studied. In Hamiltonian dynamics this
instability of the world lines is expressed by Lyapunov exponents, which give the degree of
local exponential separation of neighboring trajectories. Lyapunov exponents depend
heavily on the time parametrization of the trajectory, which is determined by the expansion
factor if we take cosmic time as the relevant time variable. It would be highly desirable to
have a geometric and covariant characterization of the geodesic instability, which does not
involve time. The point here is that, depending on the expansion factor, the separation
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need not be exponential at all in the cosmic time. As a consequence we found that the
dispersion of the density on which the geodesic flow acts can be rather slow, far from being
exponential in time. What I suggest now is to study dispersion in the center of the 3-space,
where the flow acting on the density is chaotic. On the other hand chaoticity does not
depend on the time parametrization of trajectories, but on their geometric shapes in
3-space, see the end of Section II. Due to the mixing mechanism dispersion will be much
more rapid there. The dispersion will not be confined to the center, for reasons which I
indicated in Problem 1, the density will start to diffuse out of it. After a short time it is in
the asymptotic regime, which will be largely independent of the initial distribution, because
mixing took place. It would be interesting to study which kinds of inhomogeneities appear
in the distribution.

4. CHAOS IN GRAVITATIONAL WAVES IN THE CENTER OF THE 3-SPACE

The typical problem of quantum chaos is to relate, basically by semiclassical approxima-
tion techniques, wave fields to chaotic trajectories. Analogously, I suggest to study classical
linearized gravitational waves, and how they relate to chaotic classical rays via the eikonal
approximation. In other words, how the geodesic chaoticity manifests itself in the evolution
of linearized gravitational waves. Such problems are fairly difficult to study in Hamiltonian
mechanics [6], here it is much simpler. The dynamics in the covering space is integrable,
the chaoticity is generated by the projection into the 3-space. This projection is easy to
carry out, algorithmically, by periodizing solutions of the wave equation with the covering
group, cf. Ref. [23]. A very interesting problem in this connection is also to study the
second quantization of free gravitational waves in the multiply connected open 3-space. It
would be interesting to investigate whether the Planck distribution is the only possible
equilibrium distribution of gravitational radiation, because there is not only one obvious
way to carry out the thermodynamic limit (box-quantization), if the space is multiply
connected, cf. Ref. [22].

5. TOPOLOGY CHANGES

The task here is to model topology changes quantitatively. This can be done in two
steps. First we study topology changes of the 3-space as a manifold in its own right. The
second step is then to represent these changes in a way that one can extend the 3-manifold
to a 4-manifold, by attaching a time axis. As to the first step, topology changes are a result
of global metrical deformations. The polyhedron representing the 3-manifold in the
covering space undergoes time variations, and so does the covering group. Let us try to
model a situation in which the genus of the fibers of the 3-space changes. Such changes can
be implemented by topological surgery on the fibers, the difficulty here is to do that
continuously. So, for example, if the fibers are Riemann surfaces with a parabolic
puncture, then one breaks up the parabolic cusp, and inserts a hyperbolic cycle. On the
polyhedron in the covering space this means that one separates the two hyperbolic planes
which are tangent and represent the cusp singularity, and inserts four polyhedral faces,
which present a topological handle. The whole has to be done continuously, the radius of
the base circles of the inserted hyperbolic planes increases continuously in time, starting at
zero. Some glimpses on this can be found in Ref. [35]. The hyperbolic metric on the
covering space remains unchanged and is induced onto the polyhedron. In order that this
sequence of hyperbolic 3-manifolds, parametrized by time, can be used as spacelike slices,
one has to transfer the time dependence of the covering group and the polyhedron to the
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metric by means of a diffeomorphism of the covering space, as explained in Problem 2.
This is the second step.

This is also a good example of how topological singularities can emerge on the 3-space
by global deformations. Note that the metric stays constantly curved on the whole 3-space,
the singularity is at infinity. In this case a topological handle is contracted into a topological
cusp singularity. Such singularities also appear when the 3-space disintegrates, then the
handle does not disappear, but peels off, and gets itself an open hyperbolic 3-manifold with
a cusp singularity. It would be interesting to study what happens to quantum fields in this
situation. Topology changes have also been considered from a quantum theoretical point of
view in Ref. [48].

If one does cosmology in the context of a Riemannian space, one has to deal with its
global structure, i.e. with the dynamics of its topology. As mentioned in Section I, we do
not know the laws of this dynamics. What we point out here, and what we want to make
explicit is that in cosmology the topology itself is a dynamic object, like the metric in local
problems of general relativity.
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