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Abstract

A statistical quantization of superluminal (tachyon) radiation is introduced. The tiny tachyonic
fine structure constant suggests to depart from the usual quantum field theoretic expansions, and
to use more elementary methods such as detailed equilibrium balancing of emission and ab-
sorption rates. Instead of commencing with an operator interpretation of the wave function, we
quantize the time-averaged energy functional and the energy-balance equation. This allows to use
different statistics for different types of modes. Transversal superluminal modes are quantized in
Bose statistics, longitudinal ones are turned into fermions, resulting in a positive definite Hamil-
tonian for the radiation field. We discuss the absorptive space structure underlying superluminal
quanta and the energy dissipation related to it. This dissipation leads to an adiabatic time variation
of the temperature in the bosonic and fermionic spectral functions, gray-body quasi-equilibrium
distributions with a dispersion relation adapted to the negative mass-square of the tachyonic
modes. The superluminal radiation field couples by minimal substitution to subluminal matter.
Adiabatically damped Einstein coefficients are obtained by detailed balancing, as well as emission
and absorption rates for tachyon radiation in hydrogenic systems, in particular the possibility of
spontaneous emission of superluminal fermionic quanta is pointed out, and time scales for the
approach to equilibrium are derived. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Superluminal radiation fields have never been properly quantized, despite of various
attempts, most notably in Refs. [1-3]. Here we carry out a purely statistical quanti-
zation, suggested by the very weak coupling of superluminal radiation to subluminal
matter, some eleven orders below the electric fine structure constant. An elementary
approach, avoiding propagators and field theoretical expansions, is quite sufficient to
describe superluminal quantum effects such as the spontaneous emission of tachyons.
The interaction of tachyonic quanta with matter will be settled by detailed balancing
of emission and absorption rates, along Einstein’s arguments, and the statistics of the
superluminal modes will be determined by positivity requirements on energy.

The field theoretical second quantization of superluminal radiation has failed for two
reasons. In a relativistic context, there is an insurmountable causality problem [4—12],
and one also quickly runs into a positivity problem with regard to energy, accompanied
by a variety of inconsistencies, such as the violation of unitarity and unstable ground
states. In this paper, we focus on the statistics of modes rather than fields, on spec-
tral distributions rather than propagators, and interactions are settled by equilibrium
balancing rather than renormalization. Instead of prescribing commutators or anticom-
mutators for the wave function, our starting point will be the operator interpretation of
the time-averaged energy functional. The algebraic relations between the Fourier modes
are chosen in a way to turn the indefinite classical energy functional into a positive
definite Hamiltonian. This is achieved by using commutators for transversal modes, and
anticommutators for longitudinal ones. The transversal modes resemble photons with
a negative mass-square, but the third degree of freedom is subjected to the exclusion
principle, the longitudinal modes being fermions.

The crucial point is to use Bose as well as Fermi statistics for one and the same
field. This is in fact very unusual, as second quantization in three space dimensions
is customarily set up by an operator interpretation of the classical wave function.
The statistics, either Bose or Fermi, is then determined by the spin-statistics theorem
[13], which, however, only applies to subluminal fields. The quantization here carried
out turns the superluminal radiation field into a mixture of transversal bosons and
longitudinal fermions. The tachyonic spectral functions are gray-body Fermi and Bose
distributions in quasi-equilibrium (due to the energy dissipation discussed below), with
a negative mass-square in the dispersion relation. For equilibrium to be reached, one
has to admit emission and absorption processes, so that the particle numbers cannot be
prescribed, and accordingly there is no chemical potential, even not for the fermionic
modes. Superluminal quanta couple by minimal substitution to subluminal matter, and
transition rates will be obtained by detailed balancing.

Tachyon radiation cannot be understood in a relativistic context, because of causal-
ity violation [12], it requires an absolute space, tantamount to a medium of wave
propagation. Hence, when discussing statistical distributions of superluminal quanta,
we have to reckon with the substance of space, the ether [15]. The absorptivity of
the ether results in energy dissipation affecting the spectral functions. Superluminal
radiation is thus gray- rather than black-body, provided the dissipation is sufficiently
adiabatic for equilibrium mechanics to be applicable. This depends on the permeability
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of the ether and can be made quite quantitative. The derivation of the energy dis-
tributions of the bosonic transversal modes and the longitudinal fermions is centered
at the time-averaged energy-balance equation, a Poynting theorem in Fourier space,
relating the field energy and the energy flux to the dissipated energy. The indefinite
classical energy functionals (of field energy and dissipated energy) become positive
definite operators by quantizing transversal and longitudinal modes in different statis-
tics as mentioned. In the spectral distributions, the refractivity of the ether enters by
the dispersion relation, and its absorptivity generates an adiabatic time variation of the
temperature. As an example, we will discuss the cosmic tachyon radiation, in particular
how equilibrium can be reached by interactions with subluminal matter.

In Section 2, the tachyonic counterpart to Maxwell’s equations is introduced and
all that goes with it, such as tachyonic field strengths, inductions, permeabilities and
material equations, and the time-averaging of the superluminal energy flux is discussed.
In Section 3, we study the energy-balance and the dissipation effected by the absorp-
tivity of the ether. The statistical interpretation of the energy-balance equation is given
in Section 4 for transversal and in Section 5 for longitudinal modes. We derive the
spectral energy densities, the Einstein coefficients, the emission and absorption rates for
bosonic and fermionic tachyons, as well as tachyonic ionization cross sections. In Sec-
tion 6, we present our conclusions. In the appendix, we calculate the thermodynamic
variables and the equations of state for the fermionic modes.

2. Tachyons in a permeable spacetime
Tachyons emerge as an extension of the photon concept, a sort of photons with
negative mass-square [15,16], satisfying the Maxwell equations

divB=0, rotE+c¢ '0B/ot=0,

divD=p — ¢ 'm*Cy, rotH —c 'oD/ot =c 'j+ m?C. (2.1)

Tachyonic E and B-fields relate to the vector potential by E =c~!(VA4y — 0A/t) and
B =rot A. The inductive potential (Cy, C) enters via the tachyon mass and connects to
the vector potential by

+00 +oo
Co(t):/ e(tHAo(t —¢')dr', A(t):/ u(@)C@t—t)Hdt . (2.2)
This complements the familiar material relations
+00 +oo
D(t):/ et YE(t —t')dr, B(t):/ u(fHYH(t —¢)H)dt, (2.3)

where ¢(¢) and p(¢) denote the dielectric and magnetic permeabilities, respectively. The
tachyon mass my has the dimension of an inverse length, and is meant as a shortcut
for myc/h. The signs of the mass terms in (2.1) are chosen in a way that m? >0
is the negative mass-square. We find mi/me ~ 1/238, estimated from Lamb shifts
in hydrogenic systems [17,18]. The tachyon field couples by minimal substitution to
subluminal matter. In the case of a classical subluminal particle, the charge density and
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the current in (2.1) read p = ¢d(x—x(¢)) and j=¢vo (x—x(t)), where ¢ is the tachyonic
charge carried by the particle; quantized interactions will be discussed in Sections 4 and
5. Tachyonic and electric fine structure constants relate as ¢?/(4nhc) ~ 1.0 x 10713 ~
0.660°, again an estimate from Lamb shifts. We will not consider electromagnetic fields,
so that we can use the notation so suggestive in electrodynamics without the risk of
confusion. The mass term breaks the gauge invariance, and the tachyon potential (4y, A)
becomes observable, resulting in a new set of material equations and an induction
(Cp,C). In (2.2) and (2.3), one may substitute &(¢) = 6 (¢) + k(¢) (0 stands for the
Dirac function) and u(¢) =9 (¢) + x (¢), the susceptibilities x (¢) and y (¢) are required
to vanish identically for negative ¢, as the response of the medium cannot happen prior
to its exposure to the field.

Defining the Poynting vector as S = cE x H + m?4,C, we obtain from the Maxwell
equations and the material relations

. aD B ! 0Cy 0A .
leS-‘rE'E-FH'E—mt <02A05t+cat> ——]'E.

If ¢ and p are constant and j=0, we may write divS + dpg/0t =0, with the indefinite
density

pe=2E -D+H-B)— Imi(c?4oCo+ C-A). (2.5)

24)

The energy of the transversal and longitudinal modes can be extracted from (2.4) by
time averaging. To this end, we turn to the plane wave decomposition of the spatial
component of the vector potential,

3
A1) =LY " (Ak)exp (ikx — io*t) +cc), AK) = e d(k,2),
k A=1
(2.6)

with k :=27n/L. The summation is over integer lattice points n in R*, corresponding to
periodic boundary conditions, so that the L~/ exp (ikx) are orthogonal and complete
in a box of size L. The damping of plane waves is described by a complex frequency
= wr+iwy, with oy > 0, and w* denotes the complex conjugate. The amplitudes A(k)
(which are not really Fourier due to the damping factor, though we will name them so)
are composed with arbitrary real unit vectors g ; and €, (linear polarization vectors)
orthogonal to g 3 :=ko=Kk/|k|, so that the g ; constitute an orthonormal triad for every
n. The amplitudes d(k, A) are complex numbers. In (2.6) we depart from the standard
electromagnetic formalism in a permeable medium, assuming a real wave vector k
and an exponential damping factor exp (—wj?), generated by a complex frequency. The
amplitudes of the time component of the real vector potential are defined as in (2.6)
with (A,A) replaced by (Ag(x,t),/fo(k)), and the same holds for the field strengths
and inductions.
The Maxwell equations (2.1) (with p =0, j=0) read in Fourier space

A

k-B=0, kxE—ow¢c'B=0,

k-E=ic 'm?4dy, kxB+c o do)i(w)E = —im?A . 2.7)
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The Fourier coeflicients of the field strengths and the vector potential relate as E (k)=
ic ' (k4o(k) + 0*A(k)) and B(k) =ik x A (k). The permeabilities read in Fourier
space

+oo
é(co):/ e()e” dr, é(w*)=E(—w), (2.8)

— 0o

and the same for fi(w) and u(r). Clearly, for (4o, A) to be a solution of the field
equations (2.7), the dispersion relation,

K =c 2w (") a(w*) + m? (2.9)
(with real k:=|k|) as well as the Lorentz condition,

2o é(@)i(0)dy+k-A=0, (2.10)
must hold, which is also sufficient. As k% in (2.9) is real, ®*(k) = wr — iwy satisfies

W24 (") (") = 08 (0") i ("), 2.11)

&"(w*) denotes the complex conjugate of &(w*). Equation (2.9) is to be solved for
(complex) w(k), and Eq. (2.10) defines the Fourier coefficients /fo(k) of the time
component, once the A(k) are chosen. As the solution w (k) is not unique, a further
summation in (2.6) may be necessary, so that the coeflicients A(k,i) and a(k,/,i)
depend on a further index i labeling the branches w;(k). However, we will consider
permeabilities where this branching does not occur. In any case, the coefficients A(k)
can arbitrarily be prescribed for each branch, that is, the amplitudes d(k, 1) in (2.6),
and then the zéfo(k) are determined by (2.10) and (2.9). The Fourier coefficients of the
inductions D, H, C and C; are obtained from the material relations (2.2) and (2.3),

Dk)=4(w")EKk), B=pH A=3C, Co=2, (2.12)
the argument in the permeabilities is @™, unless stated otherwise.

The vector potential can be split into a transversal and longitudinal component,
cf. (2.6) and (2.10),

2ka(3)

w*éfl

A=Y wd(), Ag=0, A'i=kod(3), Ay =-
i=1,2

: (2.13)

this decomposition is unique, as there is no gauge freedom. (We will frequently drop
the argument k and/or the polarization index 4 in the Fourier coefficients; the same
holds for the argument w* in the permeabilities.) The field strengths read accordingly

2

* im;c

~T w

B =i A", B =ikxA, B =-"xa3), B =o0, (2.14)

c w*éfl
where we used the dispersion relation (2.9). The inductions are then obtained from
(2.12). Both the transversal and longitudinal components independently satisfy the field
equations (2.7), with arbitrarily prescribed amplitudes a(k, 1), A=1,2,3.

We consider time averages over a period of 2m/wg; on this scale the variation of
exp (—omit) is assumed adiabatic. It is also understood that wgr + iw; = w(k) solves the

dispersion relation (2.9). We denote by Y(x,¢) and &(x,¢) any of the fields A, Ay, E,
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B, or the inductions (2.12), all defined by series of type (2.6). 'f’(k) and @(k) are the
corresponding Fourier coefficients, such as A(k), E(k), etc. The time average of
the product [,, Y@ dx is readily calculated as ([ Y®@) =", e 201 P(k)d (k) + c.c.
The integral sign refers to the spatial integration, and the averaging has been carried out
mode by mode in the product series of [ P®dx, cf. (2.6), and has as effect that terms
containing ¥(k)d(—k) and 'f’*(k)q%*(fk) drop out. The damping factor exp (—wjt)
is regarded as constant within the averaging period 27/wg. For instance,
AL A~ Lx

</E2> =2 Ze—Zwle(k)E*(k) EE =R'E” + BB, (2.15)

AT T* _ ~ Ak Lx _ _ _ .
= 2|w| > aat, = mic|o| 7282 2a3)a*(3) . (2.16)
=1,2

The same relations (2.15) hold for the averaged square of B (BX=0) and the inductions,
cf. (2.12)—(2.14), with

DD = lgPEV R, BB = [aPAAT = ad”. (2.17)
I=1,2
Relations of type (2.15) also apply to the vector potential and the induced potential,

to their spatial components as well as 4y and Cj, with (2.16) replaced by

AT ~Tx ~L ~Lx AT, L AT,Lx ~T,L ~T,Lx
AA = aa*, AAT =4(3)a*(3), € C T =|aPA AT,

)=1,2
Aody = 1872 CoCo = c*I%|oo| 2|8 72| 72a(3)d" (3) - (2.18)
The argument in the permeabilities is w*=wgr —iw;, and  is a solution of the dispersion

relation (2.9), so that (2.11) holds. As for the Poynting vector defined before (2.4),
we find the spatially integrated and time averaged flux

</ > Ze—2“1f( ExB +u AoA +cc). (2.19)

The crucial point here is that the interference term of the transversal and longitudinal
field components, cEX x H + m?4,CT, has vanished in the averaging procedure, and
we arrive at

</s> = </ST> + </SL>, ST:=¢E" xH, S“:=m?4,C". (2.20)

The flow components can be made more explicit by (2.13) and (2.14),

</ST> =2 Zke‘zm"Re eap Z ack, )a*(k, 1),

</SL> —2mlc 2Zke—2f*’”|u(w )| "% Re A*( *)a(k,3)d*(k,3). (2.21)

The meaning of this decomposition into a transversal and longitudinal flux will get
apparent in the next section, when we discuss the corresponding splitting of the energy
density and the energy dissipation in the ether.
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3. Energy balance for superluminal radiation in a refractive and absorptive
space—time

To identify the energy density of the transversal and longitudinal modes as well as
the dissipated energy, we derive at first the time average of the conservation law (2.4),
with the external current dropped. We start with the E - dD/d¢ term in (2.4), write

% (D(K) exp (—iw*1)) = —iw*é(w*)e ™ E (k)e ' | (3.1)

and use a standard expansion [19] in the imaginary part of the frequency w* := wg —iwy,

o0

. . R ; ir q” B
@B = onf (o) g e (32)

which implies adiabatic damping compared to the harmonic time variation. We so find,
by means of the time averaging defined after (2.14),

</ £l a’> =3 (2or mé (@r)ERE (k) e

k
+Re(a)Ré(a)R))’;(E(k)ﬁ*(k)e2‘”")) + O0(w?).  (3.3)

This also holds with the replacements (E,D,¢) — (H,B, i), (C, A, i) and (4o, Co, é),
respectively, and thus we may write the time average of (2.4) as

(Jors=o{fmf ).

with the averaged energy density
< / pE> =3 e 72" Re (wpé (wr)) (BE" — m2c?4yAy)
k
+3 " e Re(wpji(wr)) (HA — m?CCT) + 0 (0}), (3.5)
k

and the same for the dissipated energy per unit time, ([ gs), but with Re (wré)’ and
Re (wr i)’ replaced by 2cwg Im é(wr ) and 2wg Im fi(wr ), respectively. We will identify
(J pe) with the field energy, and ([ I4s) with the dissipated energy, but to do so we
still have to disentangle the transversal and longitudinal components like in (2.21).

The preceding time averages as well as the flux components (2.21) can be further
simplified by performing the wi-expansion in the dispersion relation (2.9). To this end
we assume Im(&(w*),&’, i, i') = O (wy), so that

Reé(w*)=Reé(wg) + O (),

Imé(w*) =Imé(wg) — wrRe é'(wr) + O (w), (3.6)
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and the same expansions hold for fi(w). By substituting this into (2.9), we easily obtain
k* = wic ?Reé(wr)Re i (wg) + m? (3.7)

Reélm i+ IméRefi
o1 = R o nh . (3.8)
Re(wré) Re i + Re(wr i) Reé

In (3.8) the argument of the permeabilities is wg, calculated via (3.7) as a function of £.
The solution o (k)=wgr +iw; of (3.7) and (3.8) also solves the dispersion relation (2.9)
up to terms of O(w? ), and we see from (3.8) that our assumption Im(&, &', fi, i’ )=0 (wy)
is self-consistent. We may now write in (2.21)

—2m;it WR A Ak
</ST>:2¥ke 2 @;le’zaa,
</SL> _ zzk Cowy4(3)A°(3) (3.9)

wg Re? [iReé’

up to O(w?). If not otherwise indicated, Reé&:=Re(é(wr)), Imé:=Im(é(wr)),
Reé’:=Re (&' (wr)), and the same for fi; the prime just means ordinary differenti-
ation. If we write £ and 4 without explicit indication of its real or imaginary part,
we always mean £(w*) and fi(®*), as in Section 2. Analyticity properties, Kramers—
Kronig relations, and the fluctuation—dissipation theorem for tachyonic field strengths
and inductions will not be discussed in this paper. It is also understood that wg (k) and
wy(k) depend on the wave vector, being solutions of (3.7) and (3.8).

In the averages ( f pg) and ( f ILgis), cf. (3.5), we rewrite the products of the Fourier
components by means of (2.16), (2.17), (2.9) and (2.11), and then carry out the
wr-expansion as done in (3.6)—(3.9),

A Ak oA Ak w R m ~ Ak
EE —mtzc 2A0A0 = 75 Z aa — ma(?’)a (3)—|—O(a)12),
=1,2
A A A A R A Ak
AR — 2o = et 207240 A3) + O (o). (3.10)
Re i

. AT AT o AT A
The A-summations stem from the transversal components E E " and HA" —-m?C C

respectively, and the d(3)a"(3) term can be identified with the longitudinal components
L~ Lx . .
EE  —mic 2AOA0 and —m; C C . In this way we can unambiguously separate the

contributions of the transversal and longitudinal modes, ([ pe) = ([ pt) + ([ pE) and
([ Laisy = ([ I}) + (J I%.), where the transversal averages are

2 R
T\ _ WR 20t A ~v Reé A pk
()b )y
k =1,2
i Reé .
</1$s>:2Zch§e 2“”( Reu) aa* | (3.11)
k J=1,2
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and the same holds for ([ pk) and ([ I%.), but with w}/c? replaced by —m?/(Re éRe fi),
and the A-sum over the transversal polarizations is replaced by d4(3)4*(3). This is valid
up to terms of O(w?), like the corresponding decomposition (3.9) of the flow, and
the argument in the permeabilities is wgr. Both wg and w; depend on the wave vector,
being solutions of (3.7) and (3.8). Moreover, ([ pp™) = O(1), (fSTF) =0(1), and
([ 15) = O ().

The positivity of the energy averages ([ pf) and ([ Ij) is ensured by requiring

Re(wré(wr)) >0, Imé>=0, ReéRefi>0, (3.12)

and the same with é and [ interchanged. Under the same conditions, the longitudinal
components are negative definite. In Section 5, we will quantize them in Fermi statis-
tics, effecting an overall sign change of ([ pg), ([ I%), and (J S"). The transversal
modes will be quantized in Bose statistics, which does not affect the positivity of the
transversal energy. In this way we will obtain a positive definite Hamilton operator for
the transversal as well as longitudinal modes, so that we can identify ([ pg) as field
energy, and ([ Igs) stands for the energy per unit time dissipated into the ether.
The conservation law (3.4) holds for the transversal and longitudinal components
individually.

As a consistency check, we consider a single mode k in the series (3.9) and (3.11),
and find, with vy :=ko dwr/dk,

/ST’L _ /pT’L v d(l)R _ 202](
. E /T dbk or(Re(wré) Refi + Re(wrfi)Reéd)’

(3.13)

where the group velocity is determined by the dispersion relation (3.7).

To prepare the second quantization in Sections 4 and 5, we introduce rescaled Fourier
coefficients a(k,Z) in the preceding time averages, so that a(k,A)=:a"a(k, 1) for
2 =1,2, and d(k,3)=:a"a(k,3), with the normalization factors

ARef
. cy/hRe fijor L— PR /ReiRepa’. (3.14)

o = o
AN/ ~ AN/ A 1 2’
R 2)'R R t
( e(a)Rs) eu+ e(wRu) Rea)/ mcC

The square of the transversal normalization factor relates to the group velocity in (3.13)
via dog/dk = ko™ /(AiRe [1). We introduce the adiabatically varying frequency

A(k,t):=or(k)exp(—2wi(k)t), (3.15)
so that the energy density in (3.11) gets a familiar shape,
</pg> =4y @Y a(k a*(k, i), </p{§> =—hYy da(k3)a"(k,3).
k=12 k
(3.16)

The frequency w(k,¢) is determined by (3.7) and (3.8); conditions (3.12) also leave
wy positive (or zero, in the limit of real permeabilities). In the normalization (3.14),
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the averaged energy flux reads, cf. (3.9) and (3.13),

< / sT> =S v 3 a(k Ak, 4),
k

i=1,2

</SL> = - vghda(k,3)a"(k,3), (3.17)
k

valid up to terms of O (w?) like (3.16). The energy per unit time dissipated by transver-
sal and longitudinal modes is found as, cf. (3.11) and (3.8),

</1;S> =20 d »_ a(k Da*(k,2),
k

=12

</1c]ﬁs> =-2h Y widak,3)a"(k,3), (3.18)
k

again up to O (w?).
As for the microscopic structure of the ether, we consider a classical oscillator model

[15], which gives fi~ 1 and

§(w) = 1+ ag(w), go)=(w; -’ —ipao)™", (3.19)
with o ::Noq(z)mo_ ! and y0 > 0. Here, wy is the free oscillator frequency, y, the damp-
ing constant, Ny the number density, m the mass, and ¢g¢ the tachyonic charge of
the uniformly distributed oscillators constituting the ether. We assume a narrow line
breadth, yo — 0, and real w. The maximum of Im & is Im & (wmax ) ~ %/(Yo@o), located
at Wmax ~ wg. In the vicinity of the resonance, we find the Lorentzian
%Yo 1
4o (@ — o) + (70/2)*
The real part of £(w) — 1 has apparently a zero at @y and one or two extrema,

A oo 1
min/max — =+ > Reé 'min/max —-l=F— 3.21

Omin/max = V/ @0(@o £ 70),  Re & (Wmin/max ) T 200 w0 £ 7072 (3.21)
The Drude formula (3.19) is meant as a power series expansion in oy. As mentioned,
A(w) =~ 1, and thus the positivity conditions (3.12) are satisfied. For w — oo, we find
Reé ~ Re(wé) =14+ 0(w?) and Imé ~ oppow 3. If @ — 0, Reé ~ Re(wé) =1+
%o/} + O (w?) and Im & ~ oo, ‘o, so that in the respective limits, cf. (3.8),

%Yo %Yo 2
~—=, )~ ——""———wr . 3.22

w(wr — 00) 20% wi(wr — 0) 2(1 + a0/ )R R (3.22)
Accordingly, wj(wg) is uniformly og-small in the whole frequency range. We will
return to these limits when discussing tachyonic gray-body radiation, cf. (4.7), oy
determines the adiabatic time variation of the temperature in the spectral distributions.

Imé ~ (3.20)

4. Transversal tachyons in Bose-Einstein statistics

We quantize in occupation number representation. The Fourier coefficients a(k, 1)
in the time averaged transversal energy density (3.16) are replaced by operators a;,
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and their complex conjugates a*(k,1) by the adjoints a;. Bose statistics is defined
by the commutation relations [a,,a 1=9yj, lai,a;]=0 and [af .4 1= 0; the indices i
and j stand for the modes (k,A), k =2nn/L, n€ Z3, /. = 1,2, as defined after (2.6).
Orthogonal transversal states do not affect each other, and the longitudinal degree of
freedom can likewise be treated independently, cf. Section 5, as operators in different
orthogonal subspaces are supposed to commute. Therefore, to save notation, we will

drop the polarization index A, that is, quantize modes of a given linear polarization,

A =1, say.
The number operators N, :=a; a; are Hermitian and commute. We consider the basis
vectors |ny,...,n;,...,s0) (shortcut |n), e.g. |0) for the vacuum state). The occupation

numbers n; are non-negative integers indicating the number of particles in state i.
In each basis vector, only a finite number of the n; are non-zero. A scalar product
is defined by (n|n’) = 0, u ... 0n.n_. Operators satisfying the above commutation
relations are readily found,

Ainn, e Ry o) = AR — 1 R
atlng,....ni...one) = /mi+ Uni,...oni +1,...,n%) , (4.1)

and a;|n) =0 (zero-vector) if n;=0. Hence, (a; n|n') = (n|a;n’), as well as N;|n)=n;|n).
We so find the Hamilton operator of the g ;-polarized modes in (3.16) as

< / pg1> =4y da"(k, Da(k,1), (4.2)
k

and the same for the & ,-modes. The partition function and the internal energy of
modes of a given transversal polarization is calculated in the usual way,

<n ! n>:E(n1,...,noo):Zﬁcbin,-,
i=1

Z= Y exp(—BE(n.....nx))= [ D exp(—phax|k|. 2 0)]), (4.3)

N ey Hoo =0 k /=0

Pt

logZ = — 1 1— —phd 4.4
og ij og (1 — exp(—fha)), U= Z - ﬁﬁw) (4.4)
In the thermodynamic limit [20], >, — L*/(2n)* [ dk, we find
o0 ~ N2
U _ L/ RO dk (4.5)
V.oo2n? ), exp(Phd(k)) —1

where @ = wg exp (—2wit), cf. (3.15), and ko :=myc/h is the smallest possible value
of k:= k|, attained for w = 0 according to the dispersion relation (3.7). w; depends
on k via wr(k), cf. (3.8). We will frequently write o for wg, and replace in (3.7) my
by myc/h, see after (2.3). To account for two transversal degrees, we have to multiply
log Z as well as U by a factor of two, so that the spectral and internal energy densities
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of transversal tachyonic gray-body radiation read

_ 1 hok?>()k'(w) 5 2o Ur [T
prio)= 5 0 GO Bkn=pe S = [ oo,

(4.6)

k(w) is defined in (3.7), and k'(w) = dk/dw coincides with (3.13). We have here
expanded (i.e., dropped) the damping factor exp (—2w;(k)t) in the nominator of the
integrand in (4.5), and in the denominator we have scaled this factor into the tempera-
ture variable, appealing to small w; and adiabatic variation on time scales t < 1/(2wy),
otherwise the use of an equilibrium distribution would not be justified. As pointed out
in (3.22), one may assume wy(k) small in the whole frequency range. The cosmic
tachyon background also requires a conformal time scaling of the temperature with the
cosmic expansion factor, = a(t)/(kT).

We derive some limit cases of the density (4.6), with permeabilities as in (3.19).
k(w) and k'(w) are explicit in (3.7) and (3.13). In the high frequency limit, we find
k ~ w/c. For @ — 0, we may approximate k ~ m; and k' ~ wm;lc*Z(I + op/@}),
see after (3.21). Hence, for high frequencies and with permeabilities as suggested in
(3.19)—(3.22), pr (w) converges to the Wien limit of the photonic Planck distribution,
and in the Rayleigh—Jeans limit we find a linear frequency scaling,

my

ﬁa)3 -
pr(e — 00) ~ ——=e P pr(w — 0) ~ — (1 + /). (4.7)
mec m2chfi,

Here we defined Boc,O = fe2! | with the limits wi(w — 00,0) substituted, cf. (3.22).
In the limit £ = 4 =1, that is op — 0 in (3.22), we recover from (4.6) the spectral
energy density of tachyonic black-body radiation [14,18],

f @\ @? + (mct/h)? 4.8)

23 exp(fhow) — 1

pr(w) =

We turn to the coupling of the tachyon field to matter, and study a subluminal,
non-relativistic and spinless quantum particle carrying tachyonic charge g. We start with
the Schrodinger equation for an attractive Coulomb potential V', coupled by minimal
substitution to the tachyon field,

ko4 (P Zer 1 m Z%e*

-0y = —V'V' -V —E , V=——-o - Ey="s —,

oy <2m o)V ar 0T 2R (4ny

01:=0, —ig/(hc)dy, V=V —iq/(hc)A, (4.9)
so that the tachyonic charge density in (2.1) reads p = qy*y. If 4, =0, we find the
discrete hydrogen-like spectrum E, = (1 — 1/n*)E,. The ionization energy E, has been
inserted in (4.9) to define a zero ground state energy Ej. In this section we consider

transversal fields AT, so that 4o = 0, cf. (2.13). The interaction Hamiltonian can be
readily extracted from (4.9),

ig h
h =20 [T Tyax (4.10)
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where we dropped terms quadratic in AT. The bound states of the unperturbed Coulomb
problem are expanded as Y=Y b,u,e £/ with time-separated normalized eigenfunc-
tions, f Uiy, dX = 0,,,, resulting in a bound state energy functional H()=>", E,b;b,.
As above, we substitute for the Fourier amplitudes b, statistical operators, writing b;F
for the adjoint (instead of b). These operators may satisfy Bose statistics as above, or,
equally well, the anticommutation relations of Fermi statistics, [b,-,bj*] +=0ij, [b;,b;]1,=0
and [b;”,bjf] +=0. We will consider a single subluminal particle, and so the statistics
does not matter. The particle number operators N, :=b;'b; are in either case Hermi-
tian and commute. As for the fermionic occupation number representation, the n; are
restricted to 0 and 1, and the Fermi operators are defined by

bilny, ..oty o) = (=)"milnn, . 1 — nyy e B0
bilnt,..ooniy. i) = (=)'<"(1 —n))|n, .o, 1 — iy nog) (4.11)
with n.;:= Zj;ll ng, so that the anticommutation relations are satisfied and N;|n) =

ni|n). It is assumed that the statistical operators a; of the tachyon field and their ad-
joints commute with the bEH. The interaction Hamiltonian (4.10) can be represented
in the tensorial product of the vector spaces used in (4.1) and (4.11). The statistical
operators are extended to the product space by b7 ®id and id ® ai", so that these
two sets commute.

We study induced tachyon radiation and spontancous emission of tachyons, based
on the interaction (4.10). The initial and final states for absorption read

|i>abs: |O,...,1i,...,0j,...> X |n1,...,nk,...,noo> s

[flabs =10,...,04,..., 1.0 @ n,...ome — 1,...,n00) (4.12)

The first factor represents a single subluminal particle, and the second a set of tachyons
distributed over some energy range. As for emission,

[Dem =10,...,00.... L) @ |11, Hgy oo Bso)

[flem=10,...,15,...,05..) @ |0y, + 1, ns) (4.13)

The first factor in (4.12) and (4.13) is a basis vector for Bose or Fermi statistics. In the
second factor (bosonic), £ = (k, 4) labels the tachyonic occupation number diminished
or augmented when passing from the initial to the final state. As at the beginning of
this section, we drop the index / and consider a linearly polarized tachyon field, so
that we can identify & with k in the subsequent summations.

We substitute the tachyonic and subluminal statistical operators into the interaction
Hamiltonian (4.10). The transversal tachyonic wave operator of linear polarization A is
defined by (2.6) and (3.14),

AT =173 (gl apen €570 4 he)) (4.14)
k
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with aff) as in (4.1). The bound state wave operator V is defined after (4.10). Using
the hermiticity of iV in (4.10), we find the interaction operator as

igh ; C
HY =12 2N pipolap [ ulte, - Vi dxel@—oeir
int J k j K,
mc “ =
L,/

R B / Wit - Ve ™ dxel@ oo (415)
i,j,k

The summation index k stands for k, and the polarization only enters via g ;. [In
(4.12) and (4.13), the indices i, j and k are fixed and should not be confused with
summation indices.] We so find, cf. (4.1), (4.11)—(4.13) and (4.15),

<f|Hi§t‘i>abs = <T;£)s>ei((""_w"_“’; )’,

igh oc,f
me L3/

(e = (T~ =0,

f
(TX):= iqh a" v+ 1 /u &, Vuje " dx (4.17)

<Ta]£ys> =

N / wiey, - Vue™ dx (4.16)

me L32

These matrix elements are independent of the statistics used in defining bg”, since
the subluminal factors in (4.12) and (4.13) are one-particle states. n; is a tachyonic
occupation number in Bose statistics.

The transition rate for induced absorption, with a given linear polarization A, i

obtained by a standard procedure,

it g Sl gtorson |

WEi=w; — w; — R, o = wr(k)+io(k). (4.19)

(4.18)

(The same formula also applies to transitions effected by longitudinal fermionic tachyons,

cf. Section 5, so we do not indicate here the T-superscripts in wy™ and TJ} .) For
arbitrary real numbers wg |,
t 2 2
1 / eitortiont 4| ﬂe—wlz sin’(wgt/2) + sinh®(w1#/2) — Flog o) |
t 0 t U)E + wl
(4.20)
+o00
/ F(wg, wp)dog = 2me™ " sinh (wt)/(wit) , (4.21)
— 0o

and we assume oy = 0, t>1, o1t <1, so that F(wg, o) is strongly peaked as a function
of wg, with maximum F(wg ~ 0,w;) ~ t. Due to dissipation, cf. Section 3, energy
conservation is only approximate, Re w; ~ w; — w;, hence wg ~ 0.
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Like in (4.4) and (4.5), we replace the box-summation in (4.18) by the continuum
limit

dk 27,1
an (2n)3 / i K=Kk (or)dor d2, (4.22)

with dQ =sinfdfde as solid angle element. Explicit formulas for k(wgr) and its
derivative are given in (3.7) and (3.13). The wg-integration in (4.18) is then carried
out by steepest descent, at wj; 1= w; — w;,

a1 @ 1 Ko e isinh(wnt)
abs 7 4 h2c2 eftio — 1 ort

2

h .
w — / wie ;- Vue dx| dQ

=: IBL(—k, D)pr(w;)dQ . (4.23)

oy is by virtue of (3.8) a function of wg, positive and uniformly bounded, cf. the
end of Section 3, so that the restrictions mentioned after (4.21) are satisfied over
the whole integration range. The steepest descent procedure boils down to (4.21);
oy is taken at wp = wy;, likewise the remaining wg-dependent factors in (4.18), and
@ = wjiexp (—2mwi(w;;)t), cf. (3.15). The direction of the tachyonic wave vector k
is specified by the angular variables in dQ, and its magnitude by k(w;;), cf. (3.7).
The coefficient o in (3.14) is likewise taken at wr = wj;. The spectral density pr is
defined in (4.6). In short, w;rt;;nd in (4.23) is the transition probability per unit time
for an electron to be moved from an initial state w; to an excited state w; by the
absorption of a transversal tachyon (k, 4).
The transition rate for emission is

1 T
Wem ~ thizzk:KTemHz Ae i(wg 1col)tdt

with wg | defined in (4.19). (w; is now the excited initial state and «; the final state.)
Like in (4.18), we have dropped here the T-superscripts of wl and T, cf. (4.17).
The time integration gives the same result as for absorption, cf. (4.20), and thus the
g -integration in the continuum limit (4.22) is the same as in (4.21). The crucial differ-
ence to absorption is the n; + 1 factor in |< em>|2 contrary to the ng-proportionality of
(TE ), cf. (4.17) and (4.16). We split wl, :=whind 1wl where whin denotes the
contribution of the ng-proportional terms in (4 24), responsible for induced emission.

A procedure completely analogous to the foregoing gives

g 1@ 1 KAl e ™ sinh (wir) | A
W o~ = - —
em 7 4w h2c2 efho — ] wrt

2
, (4.24)

2
* —ikx
/ui g - Vuje dx| dQ

=: 1Bj(k, 2)pr(w;;)dQ, (4.25)

where all factors outside the integral are taken at wr = w;; = w; — w; as in (4.23),

and oc,fz relates to dwg/dk as indicated after (3. 14) Applying Green’s formula, we
recover the symmetry of Einstein’s B-coefficients, B (k A)= B /(—k, 4). The transversal

spontaneous emission rate wes' is obtained by dropplng the ny + 1-factor of [(T.1)[?
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in (4.24). The k-summation in (4.24) is replaced by the integration indicated after
(4.4), and we find, via (4.20) and (4.21),

WP ~ (P — Dywhir =: A (k, 1) dQ . (4.26)
The A- and B-coefficients for transversal tachyon radiation thus read
Aj(k, 2) = hojk*k'Bj(k, )/(2n°)

2
* —ikx
u;eg ;- Vue dx

2 Reji e~ sinh (wit) | %

2n wrt

LE
7 he?

#‘»Q

(4.27)

A consistency check of (4.27) and (4.6) is provided by the equilibrium balancing of
emission and absorption events,

Ni(3BJi(k, 2)pr(@;) + Aji(k, 2)) = 3NiBj(—k, L)pr(w;) (4.28)

with occupation numbers related by their weight factors as N;/N;=exp (—,gh(u i), where
we used ﬁd):ﬁwﬁ and /}:Bexp(—2w1(wﬁ)t), cf. (4.6). This can also be regarded as
a derivation of the spectral density pr(w) alternative to (4.2)—(4.6), when combined
with (4.27). The factors of one-half in (4.23), (4.25) and (4.28) just indicate that we
consider a single transversal degree, that is, modes of a fixed polarization, to compare
better to the longitudinal radiation discussed in Section 5. The transition rates for
unpolarized radiation are obtained by replacing € ;- V in (4.23), (4.25) and (4.27) by
the transversal component of the gradient, VT :=V — ko(ko - V).

In dipole approximation, we may drop the exponential e*™* in the preceding integrals
and use the identity

h
a \/\M?{Skqg . Vu, dx = Wji€k, ) dj,', dj,' = /M?I’MJ dx , (429)

which is also valid for longitudinal polarization, i.e., for g 3, as well as for unpolarized
transversal radiation via the substitutions g -V — VT and g - — dj; —Ko(ko-djy).
As for the latter, the angular integration in (4.23), (4.25) and (4.26) can easily be
carried out with d;; as polar axis and | sin”0 dQ = 8n/3. We so find the unpolarized
total transversal transition rates as
4 ¢* k wk Rei e “sinh(wt
b~ S L G T . 430

Wi (efhon 1)wT o) AT (431)

The detailed balancing condition (4.28) apparently also applies to A% and B9, the
Einstein coefficients in dipole approximation for unpolarized transversal radiation in all
directions.

Finally we shortly discuss the tachyonic analog to the photoelectric effect, the transfer
of a bound electron into the continuum by the absorption of a tachyon. The Coulomb
wave functions of the continuum are approximated by plane waves, that is, we put
u; = L732el%X in the matrix element (4.16) (Born approximation) to maintain the
discrete states assumed in (4.1) and (4.11), and we write uo for the initial bound
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state (not necessarily the ground state). In formula (4.18) for the absorptive transition
rate w4, we take the k-summation over the electronic (rather than tachyonic) wave
vectors. (There is still only one electron, so that the statistics used is irrelevant.) In

the continuum limit, we may replace this summation by
L’/2n) / dk., dk. = (m/h)k.dw.dQ., e =hk2/(2m); (4.32)

the solid angle is now defined with the angular variables of the electronic wave vector.
We also write, instead of (4.19), wg :=w, — wy — wr(k). Here, wy, are the frequen-
cies of uo and u;, respectively, and k and w; = wr + iwy refer to the tachyons. The
dwe.-integration is carried out by steepest descent around w. = wy + wg, by making
use of (4.21). Energy conservation, wg ~ 0, is again only approximate, unless the
dissipation generating ; vanishes. We so find

2

2
, 1 np ¢% keoX e~ sinh (wyt _—
T,ind T "% (ent) elk—kxgy ;- Vupdx| dQ. .

abs n L3 4n mc*h wrt

(4.33)

The integral can be replaced by g, - ke [ €l®~k)Xy, dx, the electronic k. is taken at
We = R, cf. (4.32), as wr > wy is required by the Born approximation. The tachyonic
k(wr) and wy(wg) are defined in (3.7) and (3.8), and the amplitude ocgz in (3.14).
Dividing w:,;;“d by the incoming tachyonic flux density, |vg|ni/L?, cf. (3.13), we find
the differential cross section for polarized transversal radiation,

/ elk=ke)xy, - dx

The unpolarized transversal section is obtained by replacing |ex ; - ke|* by 1(|ke|*> —

2

1 ¢* Refi ke e sinh (wy?) 40, .

do’ ~
¢ 21w 4n mc? k wrt

‘sk,i : ke|2

(4.34)

(ke - ko)?), or by %|ke\2 sin® 0 with k as polar axis. A phenomenological discussion of
(4.34), with regard to the tachyonic ionization of Rydberg atoms, is given in Ref. [14],
where (4.34) was derived semiclassically in the limit w; =0, neglecting dissipation and
the resulting adiabatic damping.

5. Longitudinal tachyons in Fermi—Dirac statistics

To render the longitudinal energy density in (3.16) positive, we quantize the modes
in Fermi statistics, cf. (4.11), otherwise the reasoning is the same as in Section 4. Like
in (4.2), we replace in the longitudinal density the Fourier coefficients by statistical
operators, and make use of the anticommutation relation [a,-,a;“] + = 0;j, which effects
the sign change turning the energy density into a positive definite operator,

</p%>:h2(ba+(k,3)a(k,3), <n /plg n>:E(n1,...,noo)=§:hcb,-ni.
k i=1

(5.1)
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The a*) admit the representation (4.11), so that the n; are restricted to zero and one.
Partition function and internal energy read, cf. (4.3) and (4.4),

z= 3 exp(—ﬁE(nl,...,noo))zn(l+exp(—ﬁﬁd)(|k|,t))), (5.2)

logZ =" "log(l + exp (—pha)). (5.3)
k

U=

Z exp ( ﬁﬁw) +1°
In the thermodynamic limit, we find the spectral energy density and the internal energy
of the longitudinal modes as, cf. (4.5) and (4.6),

e hok?(w)k' (o) [~
7 7exp(/§hw) e UL/Vf/0 pL(w)do . (5.4)

Apparently, pp differs from the transversal density pr only by a sign change in the
denominator and a factor of 1/2. (There is only one longitudinal degree of freedom.) As
for the number density of the longitudinal modes, this is of course np () := pL(w)/(hw),
so that N /V = fooo np(w)dwm, which will be made more explicit in the black-body limit
at the end of this section. In the high frequency regime, we find pp ~ pr/2, and the
Rayleigh—Jeans limit is quadratic in the frequency and temperature independent, pp ~
(ﬁwﬁ0/4)pT. (The respective limits (4.7) of the transversal density are to be inserted.)
In the black-body limit (§= =1, w; =0),

b @/ w? + (mc?/h)?
2n2c3 exp(fhow)+1 -5

Next, we calculate the Einstein coefficients for longitudinal radiation. The interaction
Hamiltonian is readily found, cf. (4.9) and (4.10),

pL(®) =

pL(w) =

iq . y
=20 [wat vpax-La [yriax. (56)
The spatial component of the longitudinal wave operator reads, cf. (2.6) and (3.14),
AL =LY " (opagen ;™) +he)) (5.7)
k

and the time component follows from (2.13) via szo(k):aoLaLa(k, 3) and the expansion
(3.6)-(3.8),

. . _ Zk *
Ay =L Z (o5, 0k a2 L he), of = o

k

————=— 10
wh ReéRe fi + 0.

(5.8)

We also restore m; — myc/fi in k and o, cf. (3.7) and (3.14). Hence we may write
the interaction as

_ lqﬁ -
Hl];lt =173 E b+b O‘k ar u & - Vi iKY qx (@ —oi—op)t
me

l’.]7

_pd E b-*bioc(ljkoc,%ak/u*uie'kx dxel(@—@imo0r
c j j
i,k
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s igh _ (o — o
ny, 3/2 b-«‘rb,’OCLcl-’_ u’fsk3-Vu,-e ikx dXel(w/ Wi+ )t
me J k“k j ©K,
i,j,k

L 329 Zb+bl oy ocka,f /u use —ikx dxei(w,vfw,ﬂok)t ) (5.9)
i,j,k
The operators a*) are assumed in the representation (4.11). The »*) of the subluminal
particle may satisfy Bose or Fermi statistics, and we use for them the representations
(4.1) or (4.11). The b and a*) commute. Thus we may take the initial and final
states defined in (4.12) and (4.13), but the particle numbers »; in the second tensorial
factor are now restricted to zero and one.

As for the absorption of a longitudinal fermionic tachyon, with initial and final states
defined in (4.12), we find

(f 1 Hili)abs = (T 7~ 0)

ok it * ikx * . ikx
(Th) =~ 1 L3I;2 (=)"<*ny (m /ujsk,g - Vue™ dx — of, /ujuie‘k dx) ,
(5.10)

and the matrix element for emission is likewise easily assembled from (5.9), (4.13)
and (4.11),

(f [ Hige [ D)em = (T 77201,

(1L = 2 =g

3 . 4
X (l/u;ksk,3 - Vuje % dx — ocOLk*/u;kuje_'kxdx) . (5.11)
m

In either case, the n; only admit the values zero and one, and it is instructive to
compare to the transversal bosonic radiation (4.16) and (4.17).

The transition rates can be compiled as in Section 4. Equations (4.18)—(4.21) remain
unaltered, as well as (4.22), apart from an obvious sign change in the denominator.
We so find the induced absorption rate for longitudinal fermionic quanta, cf. (5.10),

1 ¢* 1 KKo e sinh(wi)

whind _. Bb(fk)pl‘(wji)dg ~

abs 7 4n h2c2? efhd 4 1 ort
h * ikx ic’k ke ’
X ; /ul €k,3 * Vuie dx — m /u] u;e dx| dQ , (512)

which is to be compared to (4.23). The factors outside the integrals are again taken at
wr = wj;, and |k| = k(wy;) in the exponents. The symmetry Bj;(k) = Bj;(—k) follows
from the Green formula and the condition fwr <mc?, as the subluminal particle is
non-relativistic.

Concerning emission, the transition rate is determined by (4.24) with (7L ) defined
in (5.11). To keep the formal analogy to the derivation following (4.24), we write
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wh = whsp _ yylind - where —wl-ind stands for the contribution of the n;-proportional
terms in (5.11), and W, ~L5p for the remaining terms independent of n;. The actual

spontaneous emission rate we? will be identified in (5.19). By proceeding as after
(4.24), we find

1> 1 Ko e sinh(wi)

wheind _. B/Li(k)PL(@ii)dQ ~

em 7 4n h2c? efhd 4| ort
h * —ik ic’k «, —ik ?
X %/ul €k,3 ~Vuje Ydx — m/u, u;e *dx dQ,
(5.13)
WESP (PO 4 1 ywleind — (k)dQ (5.14)

We restore the mass unit in ock, that is, replace m; in (3.14) by mc/f, and so obtain

L 1 ¢ k ReéRe’a A% e~ sinh (wit)
A;(K) = >— hojikk'Bjy(k) = = —— /

4n ic:  2m mict it
. 2
h . ic’k s
X |= [ ufexs - Vuse vy — — —— uiu;e ikx qx
m wr ReéRe [i i

(5.15)

In this way we recover, via the balancing condition

~L ~

A;(k) — Bi(K)pL(w)i) = Bi(—K)pL(w;) exp (Bhaoy;) , (5.16)
the equilibrium distribution (5.4). In (5.22), we will write this balance in a more
comprehensible form, with the proper 4-coefficient.

The dipole approximation of the transition rates (5.12)—(5.14) is obtained by drop-
ping the exponentials in the integrals, so that the second integral in (5.12), (5.13) and
(5.15) vanishes, and the first integral is settled by Ehrenfest’s theorem (4.29). We so
find, in the same notation as in (4.29)—(4.31), the total (that is angular-integrated,
i cos? 0dQ = 4n/3) longitudinal transition rates

Lindd) _ 2 q k @y h*o% Re? iReé e~ sinh (wyt)
absem "7 3 47 f 02 mtzc“ ebhoi 1 wyt

|djl‘2 B(L d)PL(CUji) 5
(5.17)

‘ " , ~(L,d
B (et 1ylindid) —; J00 (5.18)

with dj; as defined in (4.29). Clearly, §L D= Bf/L ‘D and the first equality in (5.15) as
well as the balancing conditions (5. 16) are hkew1se evident in dipole approximation.
The spontaneous emission rate wem and the Einstein A-coefficient attached to it are

readily identified,

WL _ WL ind + WL sp WL Sp._— VT/L P _ 9 gr,rind

em °

, (5.19)

Wit~ (ePhor — Dywkind = 4L (k) dQ, (5.20)
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A5(k) = tanh (Bfior;;/2)A;(K) , (5.21)

B(K)pL(wpi) + A5(k) = BE(—K)pL(w;:) exp (Bhiwy) . (5.22)

It is clear from (5.14) and (5.19) that wi’ > 0. Relations (5.19)—(5.22) also hold
in dipole approximation, and we may compare to the transversal rates, cf. (4.30) and
(4.31),
L,sp(d) L,ind(d) 2.2
Wem Wabs,em P A ~ Ji
To@ ~ Thdd "~ Etanh(ﬁﬁwﬁ/Z)RegRe
Wem Wabs,em

i g (5.23)
The transition rates derived in this section for longitudinal radiation in Fermi statistics
are evidently quite similar to those for transversal radiation in Bose statistics dis-
cussed in Section 4; had we quantized the transversal tachyonic modes in Fermi—Dirac
statistics, this would have only affected the transversal absorption rates by a factor
tanh (fhw;i/2).

Next we derive the longitudinal ionization cross section, cf. (4.32)—(4.34). The same
procedures as outlined after (4.31) lead to, cf. (4.33) and (5.12),

2 .
Lind 1 Mk ¢ keok e~ sinh (oyt)

abs 0 T3 An mch wrt
. 2k 2
i(k—ke)x Vo dx — 1c m ik—kx,, dx| dO. .
X /e €k,3 Up Ax 7(01{ ReéReﬂ 7 & Up dX e
(5.24)
Dividing this by the flux density, |[Vg|ns/L?, cf. (4.34), we find
dot 1 ¢*> 1 khk m?> e “sinh(wyt)
g ~V—— — — —
21 4n Re é mc? m? oyt
Lhoe o oo\ i(k—k.)x ’
X |1—g3-ke- —5 RefiReé e PXyg dx| d€. . (5.25)
’ k mc?

The second term in the parentheses should be taken into account, despite wr =~
we <mc*/h, since k./k>1 is possible and wg >, is needed for the plane wave
approximation. Also compare in this regard the discussion of the maxima of the tansver-
sal cross section in Ref. [14].

Next we discuss the equilibrium mechanics of longitudinal tachyonic black-body ra-
diation, é= ji=1, w;=0; the thermodynamic formalism for the superluminal transversal
modes has already been studied in Refs. [14,18]. The peak of the fermionic spectral
density pp(w) in (5.5) depends on the tachyon mass. Defining x := Shv and y := fmc?,
we find the location of this peak by solving

X X2

=24+ 5—. 5.26
l+e~ +x2+y2 (5:26)

As for the cosmic tachyon background, y ~ 9.1 x 10° and ph ~ 1.76 x 10~!! s, based on
my == 2.15keV/c? and kT ~ 2.35 x 10~* eV. Since x(y — o00) ~ 2.218, the longitudinal
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radiation has a frequency peak at v& ~ 126 GHz [5.2 x 10~ *eV or hvk/(m?) =~
2.4 x 1077], which is rather close to the peak of the photon density at Vph ~ 160 GHz
(6.6 x 107* V). The transversal tachyon spectrum is peaked at v/ ~ 90.6 GHz or
3.7 x 10™* eV, cf. Ref. [18]. In dipole approximation, cf. (5.23),

wh ltanh(ﬁhv> Py wh o RV mict (527)

wl T2 2.4 n ’
w 2 2 ) mic wP Ote hv

where oy /0, = 1.4 x 10~!! is the ratio of tachyonic and electric fine structure constants.
Accordingly, at T ~ 2.725 K, we find wh/wT(v}) ~ 1.45 x 10~ and wT/wPh(vF) ~
5.8 x 107>, and comparable ratios for v{ and vp,. Apparently, v also lies well within
the core of the photon and transversal tachyon distributions. In the high-temperature
limit, we find from (5.26) x(y — 0) =~ 3.131. The solution of (5.26) varies only
moderately over the whole temperature range, and the same holds for the maximum of
the transversal bosonic distribution, cf. Ref. [18]. A frequency defined by fhvy(T)=x ~
2.218 lies for any temperature in the bulk of the enumerated distributions. Thus the
location of the bulk of the spectral densities scales linearly with temperature, and
Wien’s displacement law is more or less recovered.

With these preparations, we can readily show that both the longitudinal and transver-
sal quanta of the cosmic tachyon background have reached equilibrium at a rather
early stage. Primordial nucleosynthesis requires a photonic equilibrium distribution
at kT ~1 MeV, corresponding to a cosmic age of 1s. At this temperature, we find
hvy =~ 2.2 MeV, and the ratios w"/w'(vy) =~ 2.6 x 10> and w'/wP"(vy) ~ 1.4 x 107!,
With increasing temperature, w™/wT gets quickly larger and overpowers w'/wP! in their
product. Thus one can assume that the longitudinal tachyon background has reached
equilibrium within the first second, even before the photon background did, due to
its stronger interaction with subluminal matter. As for the transversal tachyon radia-
tion, this happened at a much later stage, but well within 10'!' s (assuming a linear
space expansion in this early epoch), the more so as w!/wP" increases in time. In the
present low-temperature regime, the ratios indicated after (5.27) hold, which makes
the longitudinal fermionic radiation much harder to observe than the transversal boson
background.

We turn to atoms in equilibrium with tachyon radiation. The dipole approxima-
tion (5.27) is the same for induced and spontaneous emission and absorption. We
identify the Ly-o lines of hydrogen (10.2 eV) with the core frequency vy as defined
above, corresponding to a temperature of k7(vg)~4.6eV. We so find from (5.27)
wh/wT(vg)~5.6 x 107° and wT/mwP'(vg)~3.0 x 107°. The Ly-o; transition in
hydrogenic uranium (v ~ 0.23 MeV) results in a bulk temperature of k7'(vy) ~ 0.1 MeV.
(At this temperature, the frequency v lies in the core of the photonic and the two tachy-
onic spectral distributions.) In this case we find wh/wT(vy) ~ 2.9 x 103, but a very
small wT/wP(vg) ~ 1.4 x 107!, The chances to detect transversal tachyons improve
in the low frequency fringe, due to the different frequency scaling of the photon and
transversal tachyon distributions, cf. Ref. [18].

Finally we assemble the equations of state and the various thermodynamic vari-
ables for the longitudinal fermionic quanta. The subsequent high- and low-temperature
expansions are derived in the Appendix, cf. (A.27) and (A.28). For T — 0, we find
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in lowest order,

~6nc(3) (kT)3V P~3nc(3) (kT)3

3
~ 9n§(3) = k3T2 ey ~ 18ng(3) i k3T2 e 2,
Cy 2
 my 5 185(3) 1 3U
N~ < ROV, U~ KIN ~ 2PV, S~ ey~ 3o (5.28)

(We have dropped the subscript L.) The caloric and thermal equations get independent
of the tachyon mass in this limit. The high-temperature limit reads in leading order

T’ T 1
U~ — KTV, P~ — —— (kT)*

30 h3 (kT 90 #3c3 (KT)",
g 1473 KTV, 1475 1 “riy CP 4

45 h3 Vs B o T3

1 7rt 1 4U

N ~ 61l(3)—=——=(kT)’V, U~ ——KkIN ~3PV, S~ —cyp~—-—.

) s kDY, 180((3) . 33T

(5.29)

The tachyon mass does not enter in lowest order. The corresponding expansions for
transversal tachyon radiation are very similarly structured, with moderately modified
numerical constants [14], despite the different frequency scaling of the spectral densities
in the Rayleigh—Jeans limit.

6. Conclusion

A new quantum statistics for superluminal radiation has been suggested, resulting
in a positive definite Hamiltonian and a stable ground state. We have departed from
the customary field theoretic quantization, and chosen more elementary statistical pro-
cedures adapted to the extremely small tachyonic fine structure constant, ¢*/(4nfic) ~
1.0 x 10713, The tiny coupling constant is key to the quantization of superluminal
radiation fields, this has been overlooked hitherto, as there have not been quantitative
estimates on the interaction strength of superluminal radiation with matter. The weak
interaction renders systematic quantum field theoretic expansions academic, which are
anyway marred by negative energies and unstable vacua [1-3]. In this paper we have
used detailed equilibrium balancing to describe the tiny interaction of tachyons with
subluminal matter.

The statistical quantization developed here is completely self-consistent, and we
have shown that it works, being capable of quantitative predictions based on realistic
interactions, extremely weak but not out of reach. In the following I summarize the
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main features of superluminal quantum statistics. Tachyonic quantum ensembles are
neither bosonic nor fermionic, they are a mixture of both. Statistics does not apply
to the field, but to its modes, and in the case of superluminal radiation, we are not
bound by the spin-statistics theorem, which requires the same algebraic relations for
all modes. This freedom in the choice of the commutation relations for the Fourier
amplitudes is used to render the energy density positive definite, ensuring a stable
ground state. The superluminal quanta, transversal bosons and longitudinal fermions,
admit gray-body spectra in quasi-equilibrium, with an adiabatic time variation of the
temperature due to energy dissipation.

This energy dissipation relates to the underlying space structure. A consistent statis-
tics of superluminal quanta cannot be achieved in a relativistic spacetime, due to causal-
ity violation manifested in advanced wave modes. Superluminal quanta need a very
different context, a permeable space, the ether [15]. They interact with the refractive
and absorptive ether, and this results in adiabatic energy dissipation. The starting point
for quantization is the time averaged energy-balance equation, relating the superlu-
minal energy flux to the field energy and the dissipated energy, cf. Section 3. This
energy-balance is quantized by defining algebraic relations for the Fourier amplitudes.
The statistics is chosen in a way to turn both the field energy and the dissipated
energy into positive definite hermitian operators, transversal modes are bosons, lon-
gitudinal ones satisfy Fermi statistics, cf. Sections 4 and 5. Once a positive definite
Hamiltonian is established for the free superluminal modes, it is straightforward to bal-
ance emission and absorption rates, in this way arriving at Einstein coefficients which
are adiabatically damped by the energy dissipation.

Spontaneous emission is in no way hampered by the exclusion principle, it ap-
plies to longitudinal fermionic quanta as well. The semiclassical arguments used in
Ref. [14] are quite efficient to describe bosonic superluminal modes, but they also
have their limits. The bosonic transition rates derived in second quantization (Sec-
tion 4) coincide with those of Ref. [14], provided we drop the adiabatic damping
factors in the Einstein coefficients; the semiclassical derivation given in Ref. [14]
does not account for the absorptivity of the ether and the resulting energy dissi-
pation. Also, the exclusion principle is beyond semiclassical mechanics, and so we
didn’t attempt to study the longitudinal fermionic modes in Ref. [14]. The black-body
limit of the fermionic equations of state is derived in the Appendix; the complete
set of fermionic equilibrium variables is given in (5.28) and (5.29), complement-
ing the wvariables for the transversal bosonic modes listed in (5.36) of
Ref. [14].

In this paper we studied the equilibrium mechanics of superluminal quanta. We
have not discussed applications, apart from some estimates on the cosmic tachyon
background. But there are a variety of systems where one can try to spot quantum
tachyons by means of the transition rates calculated in Sections 4 and 5. Estimates of
tachyonic ionization cross sections of Rydberg atoms are given in Ref. [14], the effect
of tachyon radiation on Lamb shifts in hydrogenic systems and on hyperfine intervals
is studied in Ref. [18]. Superluminal cyclotron radiation in planetary magnetospheres,
and tachyonic synchrotron radiation and inverse Compton scattering in the magnetic
fields of supernova remnants will be discussed elsewhere.
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Appendix A. Equilibrium mechanics of superluminal fermionic modes

We derive the high- and low-temperature expansions of the internal and free energy
as well as the number density, based on the Fermi-Dirac spectral function (5.5) of
the longitudinal modes in the black-body limit. The thermodynamic formalism for the
transversal modes in Bose—Einstein statistics has already been worked out in Ref.
[14], and the longitudinal modes do not really require new calculations but some
reassembling.

We start with the internal energy, cf. (5.4) (with é=/=1, w1 =0),

1+x2 ,

(oo}
ULV =4mmicch=3U(w), (‘/(a)::/ " x*dx, (A.1)
0o e +1

where o:=m.c?/(kT). The asymptotic low-temperature limit is easily calculated via
Watson’s Lemma, by replacing the root in (A.1) by its series expansion,

A 212 [ x¥2dx
oe~3 () [

n=0

;32(1,/12) o%,,(l — 27" )(2n +3){(2n + 3) . (A2)
n=0

In the high-temperature limit, a systematic convergent expansion of U(a) is obtained
by means of the Euler series (x < )

22k+2)
e 1 Z F(2k 13)

Byyox® (A3)

We split the integral (A.1) into U(o) = Ug + Uq,
Uo:=— T, dr, U ::ii V2 g /Oo x;dndx,
ot fy et 41 a“nzo n s e +1
(A4)
and choose o < § < 7. Series (A.3) converges absolutely in [0, ]; we substitute it into

Uy and interchange summation and integration, arriving so at

Oo=0"+0, a=ofo<1,
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R _ 11 2 1 1+V1+4¢
(1) / \/x2 4 @22 +i(/ \/H——logy,
16 a
~@) 1 o= (1 =2%2)By s 2+ / 2%43
@ . LU= 278y 4 /x2 4 2d AS
0 &4; T2k +3) x4 & dr (A.3)

The integrals in (A.5) represent hypergeometric functions [14], that is,

%43, / 2 VI Tk +2)(—) s
/ Ve d = :

N T(n—1/2)(— )8
— . A.6
Zﬁ; I'(n+1)2(k —n)+5) (A-6)
Finally we insert (A.6) into (A.5), and interchange summations, 0" 0 _0 ff)"dd U ff)eve",
A(2)odd B Z (1 =22 )By 15 T'(k 4+ 2)(—) 2k
o I'(2k +3) I'(k+17/2) ’
~ (2)even 1 1< I'(n—1/2)(=)"*" ,
U T n 5 N A7
0 2\/5024n:00() rn+1) ° (A7)
s 1 — 22k+2)p 521
cn(0):= ( )Ba2 . (A.8)

£ T2k +3)Q2(k —n) +5)

The series in (A.4)—(A.8) constitute the high-temperature expansion of the internal
energy,

O(0) = Uno + 03 + 094 1 0" (A9)

The coefficients in this expansion must be independent of J, which can easily be
checked by means of (A.4) and the integral representation of the ¢,(J),

1 [0 XPdx 1 1 [° xdx 1
w =g [ & e c0=5 [ Sy

0 1 1\ dx
02(5):/0 (ex+1 B z) x (A.10)

and similarly for n > 2, with more terms subtracted. The series in (A.4) and (A.7)
converge for o < m, which defines the convergence radius of the high-temperature
expansion. I also remark, as an addendum to Eq. (4.19) of Ref. [14], where the internal
energy of the transversal bosonic modes was studied, that yy = %(1 — log(2n)). This
constant is defined in Eq. (4.17) of Ref. [14] by an integral which can be evaluated
in closed form as indicated.
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The free energy can be handled quite similarly,

FL)V = —(4n/3)mtch3F(a),

F(o):= %/0 V1+x2log(l +e ™)xdx

e} 1 243/2 1
:/ A7 G- Lioga, (A.11)
0 eox +1 o
so that the low-temperature expansion reads
A I~ (32) 1 o
F(oc)waz< . >azn(1—z Y(2n+ 1)(2n+1). (A.12)

n=1

The high-temperature expansion is again obtained by splitting the integral and expand-
ing either nominator or denominator, F(o) = Fg + F oo — (1/a)log2,

. 1[0 (x4 a?) . 1 < (32 o0 x3-2n gy
Fo:=— ———dx, Fo:i=— 2 ;o (A13
0T o e +1 * ot ; n ) /(; e¥+1 ( )

Fy is calculated by means of the Euler expansion (A.3), Fo=F f)]) +F 5)2),

. 1 [
A1 74/ (2 + @2 dx
o Jo

L 282) Viva 2, 3 g VIS
T8 2 T Z :

A(Z) (1 =22 )Byiis o 1/1 2, 22832 2
: § S s P2x2*+ldy A.14
A4 F(Zk + 3) 0 (x + o ) X X ( )

The integrals in (A.14) admit the expansion [14]
2k+5

/] 2k+l(x +4 )3/2 dx — 3a
0 8V
o0

3 I'(n—3/2)(—)8*"
+4ﬁn§r(n+1)(2(k—n)+5)’ (A15)

I'(k+ DI (—k —5/2)

and by combining (A.14) and (A.15), we obtain F f) =F E)Z)Odd F f)z)cvcn,

. (2)odd (1 —2%+2)By 15 2%
= I'tk+1DI'(—k—5/2
E T2k 1 3) (k+ 1HI( /2)a*
s@even 31 o T(n=3/2)(=)"

Fy ::—“—nzocn(a) ot D) (A.16)
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The coefficients ¢,(J) are the same as in (A.8) and (A.10). [Apart from an integration
constant, F'(o) follows from U(a) via term by term integration, 3U = —0d(aF')/0a.] The
high-temperature expansion of the free energy reads, cf. (A.13), (A.14) and (A.16),

Fay=F + B L pY LB (1) log2 . (A.17)

We turn to the fermionic number density,

x2+1
e + 1

NL/V:4nm§c3h_3]\7(a¢), N(o):= / xdx, (A.18)
0

which is not an independent variable, as the chemical potential vanishes. The low-temperature
expansion reads

N(a) ~ %Z ( 1}/12> a% (1 =272""Hr@n+2){(2n+2), (A.19)
n=0

and the high-temperature limit is likewise found completely analogously to the forego-
ing. At first we write N(a) =Ng + N o,

. 1 /5 /x2 + OCZ d N 1 i 1/2 ” /OO x2—2n dx
= ——xdx, 0o = % o >
T3 fy et o? —~\n s 41

and Ny is then further split into No=N ﬁf) + N E)Z),

. 1 1
N = / \/Exdx— AB(H&Z)M_E’
64,
A(z) (1 =222)By 1» sk / \/i 2%+2
: d A2l
A3Z T2k 3) xX* +d°x x. ( )

The series expansion of the integrals in (A.21) is

1
/ 2
/ X240 /x2 + ¢* dx
0

(=) Tk +3)2) s2k+d

(A.20)

Yk +3)— Yk +3/2)—2logd)

- 4y/m T(k+3)
1 & I(n—1/2)(=)38"
4yn ; IF(n+ ) (k—n+2)" (A-22)

n#k+2

¥ is the logarithmic derivative of the gamma function, elementary for (half-)integers.

It enters here by a limit procedure, £ — k + ¢, needed to circumvent the poles in the

hypergeometric functions defined by the integrals, cf. Ref. [14]. Thus, N f)z) =N 82)(3)—#
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NBZ)(b)’
Q) i (1= 22%42)By s Ik + 3/2)(— )"
° T aym r'(2k +3) I'(k+3)
x(W(k +3) — Yk +3/2) — 2log4) ,
S 11 —1/2)(—)"! o,
Ny NS n(é) r(n ) , (A.23)
< (1 = 2%42)Byy 5%
e(9):= ; Tk +3)Q20k —n)+4) (A.24)
k#n—2

The coefficients (A.24) admit integral representations such as, cf. (A.10),

N 1 [ x2dx 1
CO(é)Z?/Oﬁ_E’ a(0) = 5/ex+1 2" (A.25)

The high-temperature expansion of the particle density is thus, cf. (A.20), (A.21) and
(A.23),

(1) +(2)(a)

~ 2)(b
Ny =Ny’ +N; Jie)

+Ng " +Noo . (A.26)

To summarize, we list the first two terms of the series expansions derived in this
Appendix. In the low-temperature limit, we find from (A.2), (A.12) and (A.19),

N 3 1 154(5) 1

U(“)”z“%( +z§§3§az+“'>’

. 9 1 15 ¢(5) 1

F(O‘)N4C(3)a3<1+4€(3)a2+'”) >

. 2] Tn? 1

N(“)Nitzocz(”ﬁaz*“')’ (A27)

with {(3) =~ 1.202 and {(5) ~ 1.037. The first two terms of the high-temperature
expansions follow from (A.9), (A.17) and (A.26),

7 n4 5 o?

120 o 7 w2
Foy— L5 (141572 Ny =2 e3) (14182 2y
T 120 of 7 w2 ’ 2 o3 3¢(3) '

(A.28)

All other fermionic variables, cf. (5.28) and (5.29), can be assembled from (A.1),
(A.11) and (A.18).
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