JOURNAL OF MATHEMATICAL PHYSICS VOLUME 42, NUMBER 12 DECEMBER 2001

Electromagnetic propagators in hyperbolic
Robertson—Walker cosmologies

Roman Tomaschitz?
Department of Physics, Hiroshima University, 1-3-1 Kagami-yama,
Higashi-Hiroshima 739-8526, Japan

(Received 15 August 2000; accepted for publication 5 Septembern 2001

Green functiongretarded, advanced, Feynman and Dyson propagaiogscalcu-

lated for the electromagnetic field in Robertson—Walker cosmologies with hyper-
bolic 3-manifolds as spacelike slices. The starting point is the Proca equation, i.e.,
the Maxwell field with a finite photon mass for infrared regularization, in a static
cosmology with simply connected hyperbolic 3-sections. The time and space com-
ponents of the resolvent kernel are scalar and vectorial point-pair invariants, re-
spectively, and this symmetry allows for an explicit evaluation in the spectral
representation. It is found that the quantum propagators have a logarithmic infrared
singularity, which drops out in the zero curvature limit. Retarded and advanced
Green functions remain well defined in the limit of zero photon mass, and they
admit a simple generalization, by conformal scaling, to expanding 3-spaces. In
cosmologies with multiply connected hyperbolic 3-manifolds as spacelike sections,
the four enumerated propagators are constructed by means of Paseciase The
spectral decomposition of the Green functions is given in terms of Eisenstein series
for a certain class of open hyperbolic 3-spaces, including those with Schottky
covering groups corresponding to solid handle-bodies as spacelike slicef00©
American Institute of Physics[DOI: 10.1063/1.1413522

[. INTRODUCTION

This is a study of vectorial Green functions in hyperbolic Robertson—WaR@&f) cosmol-
ogy. | will keep the introduction short, given the length of the paper, and given that it is a very
technical paper too. No applications are discussed; the usefulness of Green functions in cosmology
is documented in two standard revielswhich mainly focus on quantum field theory, and my
motivation to write this paper is time-symmetric wave propagation in the cosmological absorber
theory of Wheeler and Feynmar,which, however, will not be addressed here. Electromagnetic
Green functions in RW cosmologies with hyperbolic 3-sections have not been studied so far. There
do exist a great many investigations on vector equations in Riemannian spaces, but they are either
of a general nature, and hence not really explicit, or approximate, cf. the reviews cited above. |
also note that the spaces considered in this paper are not asymptotically flat, and the high sym-
metry of the hyperbolic 3-space together with the conformal coupling of the electromagnetic field
to the background geometry makes it possible to avoid the Riemann curvature tensor. Green
functions for scalar fields on hyperbolic spaces, that is, the resolvent kernel of the Laplace—
Beltrami operator, have been exhaustively stutii€tias far as one can go without specifying the
covering group, but not so the resolvent kernels of vector operators, though, in two dimensions,
there were attempts also in this regafd.

In Sec. Il, the Proca equation is discuss@ucluding spectral resolution and differential
equations for the resolvent kerhéh a static RW cosmology with simply connected hyperbolic
3-sections. This equation is tantamount to electrodynamics with a finite photon-hiagsthe
mass parameter is regarded in this paper as a mere technical regularization of the Feynman and
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Dyson propagators, which turn out to be infrared divergent, a curvature effect. In Sec. Ill, the
longitudinal time componeria scalar point-pair invarianof the resolvent kernel is calculated, as

well as the time compone@, of the real-space Green function, obtained by a Fourier transform.
As in Minkowski space, the retarded and advanced Green functions and the two quantum propa-
gators are defined by the choice of the integration path in the Fourier transform of the resolvent
kernel.

In Sec. IV, the spatial resolvent kernel, a vectorial point-pair invariant, is calculated, and in
Sec. V we study its Fourier transform, that is, the space compo@gntsf the Green function on
the 4-manifold.(The space—time mixing componertds, vanish for symmetry reason€xplicit
expressions for all four real-space propagators are given, and their infrared behavior and the
Minkowski space limit(curvature radius of the 3-space to infinitg explained. At the end of Sec.

V, the time scaling of the two classical propagatowith zero photon magss discussed in RW
cosmologies with arbitrary expansion factor.

In Sec. VI, we study Green functions on open, multiply connected hyperbolic manifolds
(geometrically finite, without cuspsby periodizing the propagators calculated in the previous
sections with the covering group. We focus on manifolds with ) <1 [&(A): Hausdorff dimen-
sion of the limit set of the covering grolso that the Green functions can be defined by Poincare
series without the use of analytic continuation. There are three appendices, all dealing with the
calculation of matrix elements, which are reduced to convolutions of Poisson kernels and Feyn-
man integrals. The orthogonality and completeness relations, and the various spectral measures
used in Secs. Il and IV are calculated there. The paper is more or less self-contained, the notation
is mainly that of Ref. 5, which is also the approach to hyperbolic Green functions followed here.

II. THE PROCA EQUATION IN A STATIC RW COSMOLOGY WITH NEGATIVELY CURVED
3-SECTIONS

We consider a static RW line elemenis?’= —d7?+ do?, whereda? is the line element of
hyperbolic space, corresponding to the memf,:t‘zéij in the Poincarehalf-space modeH?3
[with Cartesian coordinatég, 9, t>0, z:=z; +i2,], or to y;;=4(1—|x|?) ~25;; in the ball model
B3(|x|<1), cf. Ref. 12. The field equations read

Faﬁ;ﬁ+M2Aa:jav (21)

whereF ,;=Ag; ,—A, g, and we have included a photon mastor the infrared regularization of
quantum propagators. We find ih®, with x'=(z;,2,,t),

Fof.p=—t?AgnnttAgs—tAz o+ t?An 10, (2.2
Fif.s=A 00— t°Ai nnttAzi—tA 3= Ag i +t2An i - (2.3

[Greek indices run from 0 to 3, Latin ones from 1 to 3, unless explicitly stated otherwise. When-
ever a Latin subscript is attached twice to the same vector, ordinary summation is implied, e.g., in
(2.2 and (2.3, summation ovem.] In (2.1), we could substitutem*#. ;= — A%~. ;+ R ;AP
+AB;5 @ but it is better to avoid Christoffel symbols and the Ricci tensor.

The Lorentz conditionA“.,=0, is a consequence ¢2.1) and current conservation, and we
find, by differentiation,

—Ag ot t?AL n—tA3=0, Aggo—t?A, nottAz0=0,
(2.4
AO,Oj - tzAn’n'i + tA3’i - 2t 53iAn,n + 53iA3: O
Using (2.4), we write the field Eqs(2.1)—(2.3) as

AO,O,O_AH3A0+M2AO:J.O’ AH3==t2AE3—t&/0t, (25)
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Ai 0,0~ ApsAi— 2t(A; 3= Agj) = 2t53iA, o+ S3iAs+ w?A =], (2.6)
where Ays, is the scalar Laplace—Beltrami operatorldf, and Ags is the Euclidean Laplace
operator in Cartesian coordinates=(z,;,z,,t). In this way we obtain separate equations for the
space and time components Af .

Analogously to(2.2) and(2.3), we find in the ball modeB?,
Fof.5=— (U (1= X*)*(Aopnn—Anno +(1/2) (1= X)X (Ano—Agpn), (2.7
Fifs=Ai 00~ Ao — (UD(1—[XIDAA nn=Anni) = (L2 (1=|XH)X(Aqi—Ain). (2.9
The Lorentz condition reads as

— Ao ot (1/2)(1—[x|?)Xx A+ (1/4) (1—|x|?)?A, n=0, (2.9

to be differentiated with respect to space and time variables é2.4) and the separated field
equations are

Ao o0~ ApsAgt 1?Ag= o, (2.10
Ai 00— AgaAi+ (1/2) (1~ [X]?) (2X (A = An) = Ai+2Xi A, ) F X XA+ w2A =
(2.11
A (1—[x[?)? A 2 d 01
B3'——4 g3+ —1—|X|2Xn(9_Xn . (212

In H3, a set of transversal modes propagating alongttbemiaxis is readily found, Egs.
(2.4—(2.6) (with j,,=0) are solved by

A=t%e 197 Ag=A,=A;=0, w’=5’+pu? (2.13

and the same witlh; andA, interchanged. The longitudinal modes traveling alongttbemiaxis
read

Az=tSe 97T A=A,=0, Ag=—i(1—is)o MA;, w’=s>+1+u? (2.14

The time componemd is inferred from the Lorentz condition if2.4), and one should also stress
that the dispersion relation is different from the transversal modes.

A complete set of eigenfunctions can be generated by applying certain symmetry transforma-
tions of H3 [Mobius transformations,(z) = (z— &)1, lifted into H3, cf. Ref. 19 to the plane
waves (2.13 and (2.14). The dispersion relations remain unaltered, and we find, with
=(Ag,A) andi=1,2, cf. Ref. 13,

Ay=0, ATi(z,t;¢,5)=ali(zt;¢,5)e 1",

(2.15
AS(Z,I;S,S)= —iw Y(1-is) pl+is(z’t;§)e,iw7’

AL(z,t:£,5)=a-(z,t;£,5)e 1“7,
(2.16

a-(zt;¢,8):=

P2+is(2,t;§) :Zt(zl:gl) ‘ t
t—( | PER e
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p2+is(z t: —(2y— &)+ (2~ &2+ 12
aTl(Z,tif,S):#( —2(21—61)(2,— &) ,
—2t(z;— &)
) ) (2.1
24is/o 1. —2(21—§)(2— &
a'2(z,t;£,9) ==#( —(Zz—fz)2+(zl—§1)2+t2) .
—2t(z,— &)

[z:=(21,2,), &:=(&1,&5); itis useful to use complex notation as at the beginning of this segtion.
We have chosen the normalizatiedi(z,t;¢,s)-a"i(z,t;&,—s)=(P/t)?, and the same for the
longitudinal component, and these vectors form an orthogonal triadi' thigyenerate the tangent
planes of the horosphefé®(z,t; £) = const., andd" is proportional to the gradient d¥.

The main part of this paper is based on the representation,

aPl+iS -1 . ' -
9z ED]_ZPIS'F(].'FIS)P tis
1
L 1 &PlJriS - 1 -1 [?ZPiS
=11is | oz 8T 1His 2is 92,02, ’
0—,Pl+is aPl+iS
ot 0z,
—1 %P’ (218
2is 92,0z,
alz= ! _—1D PiS+(1+is)P2*is D; = ’_
1+is| 4is 2 C e a2
(9Pl+is
9z,
and we will assume the identity,
aPl‘FiS . . 1
o =(1+is)P?*'s 5—2 (2.19

substituted into the third componentalf, so that nd-derivatives appear in the eigenvectors. The
z;-derivatives in (2.18 may also be replaced by;-derivatives, via the substitutiod/dz
——dld& . When performing integrations over eigenfunctions, we will pull the differential op-
erators in front of the integral signs, so that we are left with convolutions of Poisson kernels,
which can be calculated by Feynman parametrization; this is the purpd2el8yf.

Finally, the eigenvector&.17) can be written as

(a(z,t:£,))'=(0,0,D)[ai(z,)]P*(z,t;),

_ _ (2.20
(a™)'=(1,0,0[@;]P', (a'9)'=(0,~1,0[a;]P",

where[ ;] denotes the Jacobian of the "blas transformatiomg(z)=(z—g)*1 lifted into the
half-space. The superscriptienotes transposition of the row-vectdgs17), and ordinary matrix
multiplication is assumed on the right-hand side of these equations. In Ref. 13, we derived

@ (r(z1):69) Y (20)]=|y " E=(0,0y VD) -1z, IP*(2,t;y71E),

| | (2.21)
@y €)' Ty 1=y V€ (Rely V), —Im(y 1 €),0[ e, -1(z,)IP™(z,t;y ),
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@2(7:£9) [y 1=y Ve (—Im(y 7§, ~Rely ¥ §) 0[a, 1 (zD]P(z iy 26),

wherey £ is the Mtbius transformatiory ! acting in the complex plane, and ' ¢ denotes its
&-derivative. Introducing a circulary polarized basis for the transversal components,

v2a't:=a'i+ia’2, v2a'r:=a’1—ia'2

AT+ vl T 2T e
we find
[y (Ol (v(z0):£9) =]y VE a2ty 1E9),
[y 1@ (y:é) =]y VelSy Veat(y o), (2.23

[y']aR(y; &)=y Velsy VéaTr(y 1é),

with [y’]‘a::ai[y’]ij . (T_ g stands for left and right transversal polarization, respectivalyfor
the time component of the longitudinal modes(?16), we usé®

PLR(y(z ;8= |y VPR y ), (229

which is the scalar analog {@.23. These symmetries are crucial in constructing the eigenfunc-
tions of (2.5 and(2.6) on multiply connected manifolds, as well as the spectral representation of
the resolvent, cf. Sec. VI.

Next we derive the differential equations for the propagators of the Proce2Bg. We start
with a bivectorG_,,/(x,x") on the 4-manifold; primed indices refer to the primed variable, and we
defineFSa,ﬁ(x,x’) =Gpgy.a— Gaar;p, Which is evidently a second rank skew tensor with respect
to x, and a vector with respect td. The covariant differentiations may be replaced by ordinary
ones, as usual if 5. Likewise, in the divergencESa,'B;ﬁ, the primed index and the primed
variable are regarded as dummy parameters in the differentiation procedure. Green functions are
defined as solutions of

Fo P 126 = (—9) " Y28(x =X )G (2.2

(—g) Y25 denotes the Dirac function on the 4-manifold. The variable in the metric and the
determinant on the right-hand side may>ber x’, given the support of thé-function. Clearly,
G, (x,x") is an inverting kernel, since

Ao= J Gar (X, X)]* (X')V=g(x)dX’ (226
solves the field Eq(2.1) according to
P2t A= [ (F,2 4 176,01 (Vg0 =, (227
We consider, formally, the Fourier transform
+ oo X N
Gaa,(f;x,x’)=(2w)*1j dwe ™ '7G,, (w;x,X"), (2.28

and find, with(2.10 and(2.11),

— AgaGoo @;x,y) + (12— 0?) Gog= — (1/8)(1—|y|2)®8(x—y), (2.29
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— AgaGij (@ %,y) +(1/2) (1= XA (2x"(Gjj = Gpj,) = Gij +2%,Gpj ) +XiX"Gy,
+(p? = 0?) Gy =(12)(1-]y[») 8(x—y). (2.30

We have here slightly changed notation, writingnstead ofx’, and all differentiations are with
respect to the variable. In (2.28, we write as a shortcut instead ofr—7'. G, and G;; are
scalar and vectorial point-pair invariants on the 3-space, respectively, cf. Ref. 185.8nend
(6.4). (The first index always refers ta and the second ty.) To achieve the symmetry

G, (0;xy)=G,,(w;y,X), we put the space~time mixing components to zero, thégsand

G;o, which satisfy the homogeneous E¢2.29 and(2.30), respectively. Equations analogous to
(2.29 and(2.30 hold in the half-space modéi®,

— AnaGoo( @220, to) + (2 — 0?) Ggo= — t38(t—to) 8(z— 20), (2.32)

—ApaGij(0:2,1,29,t0) = 2t(Gyj 3= Gaj i) — 283Gy n+ 831Gy + (u?— 02 G
—tS(t—tg) 8(z—2o). (2.32

[t is the coordinate in the half-spat€ orthogonal to the complex plane; cosmic time is denoted
by 7.] In Secs. lll and IV, we will solvé2.31) and(2.32), respectively, and figure out the boundary
conditions, in terms of pole coefficient and decay at infinity. In Secs. Il and V, we will discuss the
Fourier transforn(2.28, specify the integration paths encircling the singularities of the resolvent,
and calculate the propagators, i.e., the general solution ofZ&2p).

lll. THE SCALAR TIME COMPONENT OF THE GREEN FUNCTION

The differential equations for the time-time componéy, of the resolvent kernel only
involve the Laplace—Beltrami operat.29 or (2.31), and accordingl;éoo transforms as a scalar
under spatial coordinate transformations. We p&t0 in (2.29, define\ :=u?— w? as spectral
parameter, and look for spherically symmetric solutigha,r) of (—Ags+\)¢(\,r)=0 or

—@-r2 (1 , _
T 17 +2 F+1—r2 ¥ +)\l//—0. (31)
Two independent solutions ¢8.1) are
PN = (1=t (L) 2T R (1)~ 2TF), (3.2

and we assume R +\>0. Sinceéoo(w;x,O) is spherically symmetric, it is a linear combina-
tion of the two solutiong3.2). As for boundary conditions, in the limit—0, the asymptotic

solution of Eq.(2.29 is Goow;r,0)~—1/(8xr), which follows from the Poisson equation

Agsr ~'=—475(x). The second integration constant is chosen in a way@hgtw;x,0) decays
as fast as possible at infinity, that is, for>1. Accordingly,

. 1 - —
Goo 0i%,0)= = g (L= 1AL T (14 7) 2T, (33

The Green function with pole atis obtained by the substitution

_(A=]yPx=(1-2xy+|xPy

X— T X:=
1-2x-y+|x[?|y[*

yX:

(3.9
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Tyis a Mdbius transformation irB® that maps an arbitrary point into the origin. In fact,

Goo(w;Tyx,O) is a solution of(2.29, denoted in the following by, w;X,y), becaus&2.29 is
invariant with respect to the symmetry group Bf. The absolute value of3.4) relates to the
point-pair invariam?L(x,y) as

LY e x=yl?
TrLxy) YT a-yp-

By substitutingr = |Tyx| into (3.3), we find the Green function with pole gf cf. Refs. 5, 6, and
10,

|Tyx|= (3.5

é . B 1 1 T B e—v“md a6
oo(w,X,Y)——gmm ( )__EW’ (3.6
p+(L)=1+2L*=2JL(L+1), p,=1lp_, d:=logp, (L), (3.7

with A= u?— w? and ReJ1+A>0. We have here also introduced the hyperbolic distance func-
tion d(x,y) in B3, and we will frequently make use of the identities,

(1/2)(p, +p_)=coshd=1+2L, (3.8
(1/2)(py+—p_)=sinhd=2yL(L+1), (3.9

. 1-Ua+D
TN TR

The Green functiorGoy w;z,t;2y,t,) in the half-space modéti®, cf. (2.31), is obtained by the
substitution,

e

(3.10

|z— 20|24 (t—t)?

L(x,y)—L(z,t;2,tp) = att, (3.11
in (3.6) and(3.7). This follows from the isometh? H3— B3,
x'=(]z?+ (1+1)?) " 1(224,22,,|2|?+ 12— 1), (3.12

with z=2z,+iz,. The identities (3.6—(3.10 also hold in H®, with the distance function
d(z,t;zy,ty) defined by the third equation i(8.7).
Next we compile the spectral representafithof Gy w;z,t;zo,t0),

PLHiS(z,t;€)P178(20,t0; &)
S+ 14\

Goo(w;z,t;zo,to)=—f

R?x

B 1 fw k(s,d)

N S

do(é,s)
R+

2ds, (3.13

k(s,d):= fRzPl“S(z,t;g)Pl—is(zmto;g)dg: g sinslogp. (L)) sin(sd)

sJL(1+tL) " ssinhd)’

with A (w)=u?— w?. The spectral measurdg(£,s), is defined in(A13) (with the convergence
factor droppegl Equation(3.13 readily follows from the completeness relatioh14), in con-
junction with — A sP**is=(s2+1)P1*is cf. (B12), and(2.31). The integral in(3.14 is calcu-

(3.19
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lated in (A7), andp_ (L) is defined in(3.7). As G, depends on the space variables only via the
point-pair invariantL or the distance functiom, we will write Goo(w,d); in this way we get
model independent formulas, i.e., independent of the coordinate represemid®? or any
other.

Next we turn to the time dependent Green functions. The retarded Green function is denoted
by Gg,, the advanced one b§,, the Feynman propagator I&;,,, and the Dyson propagator
by Grqo; they can be defined by certain contour integrations, and we use the conventions, though
not quite the notation, of Ref. 14. The propagators relatédgw,d) in (3.6) via (2.28),

. 1 (+= _inexq—\/l-l-)\(tF)(a))d)
G<F)OO(T,d)=—E2J_m dwe sinhd , (315)
A ()=’ (0?*£2icw), \f(w)=u’—(w?+is). (3.1

Thee-terms indicate the path of integration for the respective propagators. We fin@, ¥/8xand

(3.14,

+ 1 * +

I(iF)(s,r):f_:g(iF)(s,w)exp(—iwr)dw, (3.17

g7 (s,0):=(wi— w?F2icw) L, gr(s,0)=(05—w’Fie) !,
with wg(s):=s?+ 1+ x2, andwy>0. A standard integratidfi gives
1 *(s,7)=F mwy (e“07—e 107 f(+ 1), 15(s,7)=*miw, teT @, (3.18
Defining

0

~ 1 - - )
Goo(T,d)==—mfo [(s,7,e)k(s,d)s?ds, T(s,7,8)=wy e 1778)w0, (3.19

we may write the propagators as linear combination&gf = 7,d),
Goo 7.d) = = i 6( = 7)(Goo 7.d) = Goo — 7,d)), Ggog(7,d) = =i Goo( =|7],d). (3.20

The integral in(3.19 is likewise standard® and we find

e d A(r,d)
o ") =~ 273 Sinhd
(3.21
VP + 1K (Vp?+1yd? = 72+ 2i 7e)
A(7,d):= . .
JdZ— 72+ 2ire
Next we separate the pole part&fr,d), and then perform the limi¢—0. We noté®
Ki(£ix)=—(7/2)(I1(X) FIN{(X)), x>0, (3.22

Ki(z)=z"1+0(zlogz), J;(2)=2/2+0(Z%),

N;(2)=—(2/m)z 1+ O(zlogz). (3.23
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Hence,

1
d2—72+2ier d?—

T~ ~
~ 5N+i8(T)5J), (324)

A(r,d)= 2(

+ 6+
7_2 K

\/_2_\/_2_2

Sy=0(d?— ) JuZ+1 N (3.25
R (J1,N) (V2 +1{2—d?)
3y =072 — d?) VP T It J%—_df T , (3.26

wheree(7):=sign(r) (not to be confused with the-regularization. The distributiong3.21) and
(3.24) are identical. The second term (8.249) is a principal value, and we arrive, by making use
of the second formula ifA10), at

A(7,d)=—i78(d?— 72)e(7)+ S+ (m/2)(Sy+ie(T) ;). (3.27

Piecing together the above formulas, we find the retarded/advanced Green functions and the
Feynman/Dyson propagators as

. 1 do(=7) N N
. , o L. 2.
GI;OO( T’d): - E sinhd (d 72) E E 6N+ 5K (329)

In the limit of vanishing photon mass, the classical propagators read

1 ¢ do(=7)

G6o(7',d;,u=0)=—ﬂﬁm

1 6(c2—d?
X | Ré(d —0272)—2 \(/szidz) l(Rlx/cirz—dz)); (3.30

we have here restored the natural unisis the curvature radius of the 3-space. The limit
—0 can also be carried out 8.29, but the spatial components of the quantum propagators get
singular, see aftef5.18.

Remark:In (2.1), (2.26), and(2.27), the restoration of the units requires the substitu§itn
—c~Yj¢, and, for nonvanishing photon magsi=mdc/#. Moreover,j°=:p is the charge density
of dimension\/_/R3 The components of the static RW-metric read in natural ugs: — ¢
and g;;=(R/t)?5;;, or g”—4(1 IX|2/R?)~28,;, |x|<R. Dimensionally, j~cj° A*~cA°
~JhclR, and Gy~ G ~c?/R2.

In the ball modeB?, the Minkowski space limit 0€3.21) is recovered foR— 0. To this end,
we restore the units i163.21), analogously t0(3.30. For R— o, dO’B3~4dX , SO thatd~2|x
—y|, and the asymptotic limit of the point-pair invariaf®.5) is \L~R~*|x—y|. Also, u?+1
=(md#)?+R 2, see the Remark above. A rescaling of the space coordinates/2, then gives

- _ w Ki(uy|x—y|?—7%+2i7e)
Goo(T,d,R—N)O)N—m \/|X_y|2_72+2i7.8 . (33])

Inserting this into(3.28 and(3.29, we recover of course the Minkowski resulfs.
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Remark:The Green functioné%(iF)OO( 7,d) also happen to be the propagators of the minimally
coupled Klein—Gordon equation, solving

(0= p1?)G o 7, d(x,y)) =C *Sga(x,y) 8(7), (3.32

with the d’Alembertian] = — %/ 97°+ Aga. [The dimension ofG )y, is here 1R?, so that we
have to divide the right-hand side CS‘ 30 by c¢2.] We may also couple the scalar field to the Ricci
scalar, via the wave operatht— u? §R. As the background geometry is static, the Ricci scalar
is constantR= — 6, cf. (5.28. Obviously,G(iF)OO( 7,d) also applies to this case, with a redefinition

of the mass parameter, as long&s+ £éR+1=0. Conformal coupling is achieved far=0 and
£=1/6. We will return to the conformally coupled Klein—Gordon equation, when we discuss
electromagnetic propagators in an expanding background geometry, at the end of Sec. V.

IV. THE SPATIAL RESOLVENT KERNEL

The transversal and longitudinal components of the spatial resolvent klérneIRT + R,LJ , of
the Proca equation are defined by

RT(z,t;2' t’-)\)::j > aka(zt'gs)a Kz't';€s )—ZT(g—S) (4.)
e R2xR* K512 e +A

L
ﬁh(z,t;Z’,t’;A)==fRZXRﬁL(z,t;E,S)a,-L(Z’,t’;§,S)da &9 4.2)

S2H+1+N

The eigenvectora’2't are listed in(2.18 and(2.19. In the spectral measurés -, cf. (B13),

the e-regularizator can be dropped, as the integ(dl$) and(4.2) are already convergent, unlike
those in the completeness relati@il4). (As in Sec. lll, we write the resolvent kernel with a roof,

to distinguish it from its Fourier transform, when studying time-dependent Green functions on the
4-manifold in Sec. V. If we put A =u?— w?, then ﬁij formally satisfies Eq(2.32), which is an
immediate consequence of the completeness rel@@idm). The vectorial space component of the
(time independentGreen function of the Proca equation is thus

Gij(@;2,t;29,t0) = Rij(Z,1; 29, to; N = u2— w?). 4.3

The time dependent Green function on the 4-manifold is then obtained by means of the Fourier
transform(2.28), studied in Sec. V. The purpose of this section is to find an explicit formula for the
kernel (4.3). A complex spectral parametaris needed to define the integration pathg2r28),
which in turn define the propagators, €3.17). In the following we assume R@& >0, as well as
ReJA+1>0.

At first we calculate the kernelg.1) and(4.2) for z=z' =0, and then restore these variables
by a symmetry argument. To this end we need the matrix elements

c;k(t,t';sy-f [KOL€,5)a (01 £,9)d¢, Cl=Ci*+C/?, ch::Jqu.La_deg, (4.4

calculated in Appendix C. The nonvanishing matrix elements of the kefaiegds-z' = 0) read, for
B=t"It>1,
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g , R +1 ds B 1 S
R11(0t;0t :A)=f0 Cu(t,t’ S)—z—hz—g mtt’(A'B (B~"=1)
+(B =1 NB M+ (B2-1)2A BN, (4.5
. o 2 ds B? 1
L L  — _
R~ fo Cul® 2Ty 20° T (BN T
X (28— (B2+1) B T —(B2—1)V1+ g TTY), (4.6)
Ruur=RIHRE= o (42 (B4 1)\Rp 4 (B2~ 1)np
11° 11 11 27T(ﬁ2_1)3)\ tt/
—2B(B2+1) B TR =2p8(B2— 1)1+ g T, (4.7)
RO;Y =R, (4.9
1 (7.7, St1l ds 2p 1
Ras= f CdS) iy 243" A (F- DNt
X((B2+1)(1-B~ M —(B2-1)WWp ™M), (4.9
. s? ds B 1 i
RI3_‘3:: J;) CCL’:3(S) SZ+ 14\ ﬁ: 2,“_(32_1)3)\ H_/(_4B(ﬁ2+l)+(ﬁ2_l)2)\ﬁ e

+2(BA—1)VIHAB T 4 2(B2+1)237 TFY, (4.10

A A fal ﬂ 1 —IN — N
Ras=Rigt Reg=5 g7y 1 (—4(B2F DB " —4(B2 -1 \hgH "

(BB TR 2B 1) VIS TN 2(B2+1)287TFY) . (4.1D)

Replacing on the right-hand side of Eq4.5—(4.11) B by 1/3, we obtain the kernels foB
=t'/t<1. If we putt’ 1, andt=1-2r, and calculate the leading order Bﬁl and R33 for r
—0, we findRy;~Rsg~1/(87r), and R11~ 1/(16m7r).

Next we will restore the andz’-variables, assumed zero (#.5—(4.11). This can be done by
symmetry, of course. The goal is to find the Green funchﬁ?(w;x,x’) with pole atx’ in the
Poincareball B3, cf. (2.30. [We will frequently switch between the baB¢) and half-spaceH 3)
models of hyperbolic geometry, cf. Sec. Il, and we will indicate that by a superio@ﬁt
transforms as a blvect0@;IJ (w x,x')dxdx'l; we mapB3 onto H? via the isometry(3.12, and
use the same transformation for the primed coordinateand (z’,t"), so thatx’ =0 is mapped
onto (z' =0, t’ 1). In the B3-model, the Green function with poIe at the origin is spherically
symmetncG (w x,0)=f(w;[x|) 8+ g(w;|x|)xx; . We mapG (w xx")dx'dx'! into H3, and
then consider the special coordinate valués-0, x>?=0, x3—(t—1)(t+ 1)1 z=z'=0, t'
=1, with arbltraryt>0 [From now on we also put =1 in the component&t.5—(4.11) of the

resolvent kerneRIJ , in particular3=1/t.] At these special coordinate values, the result of this

transformation isR,,dz,dz; + R,,dz,dz,+ Rygdtdt’. [If t>1, we have to replac@ by 1/3 in
(4.5—(4.11), as mentioned aboveMoreover,

(t-1)?

iyt -2 / / dxdx'l=
dx'dx''=(1+t)"“(dzdz +dtdt’), x'x'dxdx t+ 1)

dtdt’. (4.12
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(We do not distinguish betweer' and Xi; the i and j-summations are from 1 to 3, the
k-summation is from 1 to 2. Also note, thet in the second formula is not primediccordingly,
we may identify

4
f(w;|x))=(1+1)?Ry1, g(w;|x)= %z(Rss Ry, (4.13

wheret=(1—|x|)(1+|x]) ! if t<1, andt=(1—|x|)~1(1+|x|) if t>1. In this way we have
determined the Green functichBs(w x,0) in B3, with pole at the origin.

Remarks:We have putt’=1 in R for the t-dependence ofR to be solely viag=1#k.
Equations(4.5—(4.11) only hold forﬁ>1 so that we have to chooi;er(l IX)(d+]|x))~1, if
we use(4.7) and (4.1 in (4.13. As consistency check, the same result is obtained (for;|x|)
andg(w;|x|), if we insert into(4.13 IA?,J calculated forB8<1 as indicated aftef4.11). Then we
have to identifyt=(1— |x|) Y(1+]x|). As pointed out in(4.3), the spectral variable |FiIl relates
to the frequency as = u?— w?.

Next we calculate, by a further symmetry argument, the Green funGﬁ)t(lw xy) in B®
with pole at an arbitrary poing. We write for the momenk instead ofx, so thatG (a) X,0)
=f(w;|%]) 6 + 9(w;|X[)%i%;, which is to be regarded as a vector field depending on a dummy
indexj, solving the vector Eq(2.30. Whenever we apply a Mious transformatiorfi.e., a sym-
metry transformation of hyperbolic spade this vector field, it will still solve the invariant Eq.
(2.30. We consider the Maoius transformatiori3.4), X=T,x. The components of this transforma-
tion can be written in terms of the point-pair invaridr(tx,y), cf. (3.5),

X 1 1 oJL(x,
—|ly|2:_§1+L ;yjy)’ (.14
and the Jacobiark; ;:=d%;/dx;, reads as
Xi 1 1 (4L oL L
WP 2@z ok ay, M axay; (415
By means of the identities,
L x—y|?
|A|2:1+|_:1—2>|<.yJ2/||x|2|y|2’ (419
1 4L dL 4
THLay, ay, @A-HAP" @
we readily find
Rk 1 1oL oL 1o

—ly2 4 (1+L)% ax; ay;
[Summation ovei in (4.17) andk in (4.18 is implied.] Applying the transformatiok=Tx to
E¥(w;2,0d%, we find
A r3 R . 03
Gi (w;X,O)dxi:(l—|y|2)Gﬁ (w;x,y)dx;, (4.19

k kIX]

-y (420

(w xy) =f(w; |X|) | |2+g(w |X|)

and more explicitly, by inserting4.16), (4.15, and(4.18),
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- _[(1+2L) .1
Gij (0;x,y)=p_Ryil |_(L—+1)L,i|—,j_2|-,i,j _pr33mL,iL,js (4.2

with p_=1+2L—-2L(L+1) as defined i3.7). The index denotes differentiation with respect
to x;, the index means differentiation with respectyo, andR;; andR,; are defined i4.7) and
(4.1D), witht'=1 andt=1/8=p_=+p_/p,. Note thatéﬁs(w;x,y) solely depends on the point-
pair invariantL(x,y) and the spectral parameter u°— w? (via Iill and I3233). In the definition
(4.20, we have also used a normalization factor—(¥|?)"%, to achieve the symmetry
éﬁs(w;x,y)zéﬁs(w;y,x). By construction,éﬁs(w;x,y) satisfies the vector Eq2.30), with the
vector indexi corresponding to the argumentéﬁg(w;x,y)dxidyj transforms as a bivector under
arbitrary coordinate transformatiors-h(x'), y=h(y’), andL(x,y) is of course a biscalar. So it

is clear how to ma@ﬁs(w;x,y) into theH3-model; we just have to replace (4.21) L(x,y) by the
H3-point-pair invariant(3.11). [The biscalarsL(x,y) and L(z,t;z’,t") relate via the isometry
(3.12.] ,

We also have to check thé}ﬁ (w;x,y) has the right pole. We find in thB3-model, from
(4.21) and the discussion followingt.11),

¥ (w; SRS 4.2
i (@;Xy) 20 1|y [x—y % (4.22
which solves
1 o3 1
— 2 (1= [X%)2AesGE = yij—=8(x~y), (4.23
2 [N

where y;; =4(1-|x|%) 28, is the B3-metric andy is its determinant. In fact, E¢2.30 boils
down to(4.23 in leading asymptotic order.

We rewriteéﬁg(w;x,y) in terms of the hyperbolic distance functidix,y), cf. (3.8—(3.10.
As in (4.21), the indices andj denote differentiation with respect to the first and second argu-
ment, respectively. By differentiating E¢3.8), we readily find

d,id,j Siﬂh2 d:4L,iL,j y d,id,j COSM‘}'d’i’]‘ SinhdZZL’i’j . (424)

We may now write, instead d#.21),
Gij(w;x,y)=—e 4(Ryssinhdd; j+ Rad id ), (4.25

and in(4.7) and(4.11) we putt’=1 andt=1/8=e" ¢, so that

d
A e -

= ~Ad i N si - VITXd .
Ri1 A7nsinfFd d(e (1+ X\ sint? d+ X sinhd coshd) —e (coshd+ 1+ A\ sinhd)).

(4.26
. —ed . —
Res=5 e (& d(coshd+ y\ sinhd) — e T (coslt d+ (A /2)sint? d
+ 1+ \ sinhd coshd)), (4.27)

with ReyA>0, and Re/A +1>0. The Green functio;;(w;x,y), explicitly defined by(4.25—
(4.27 depends on the space arguments only via the hyperbolic distance fudttigh. We have
dropped theB>-superscript, as Eq$4.25—(4.27) are valid in every model of hyperbolic geom-
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etry, e.g., in the half-space modéP, whered(x,y) is to be replaced by the>-distance function

d(z,t;z9,tp), defined by(3.10 and(3.11). As special case, we note the Green functi®25 with
pole aty=0 in the B3-model,

4Ry, 4(Ra3—Ryy) XiX;
2%t T@n? 7 (429

A R3
G (w;|x1.0)=

whereR;; and R, are defined by4.26) and(4.27) and the substitutions

_ 2r 1+r2 1+
smhd=m, coshd= 12 e =1 (4.29

cf. (3.5 and(3.8—(3.10.
Finally we give a direct proof of the completeness relati®h4), which is a good consistency
check for the rather lengthy calculations in this section and Appendix C. We start4i2®), but

use forR;; and R the integral representations i.1) and (4.2), with the (s>+\)~! and (s?
+1+4\) ! factors dropped. Instead, we include into these integrals the convergenceefattor

that appears in the spectral measu®s3). In short, by replacing irf4.25 ﬁij by

1 0
Sj=5 fo dse *S((s?+1)C{|(s) +s%Cii(9)), (4.30

cf. (4.4 and(C.8), we may write the completeness relati@l4) as
- efd(ASnSinhd d,i,j + A533d'idyj) = ’}/” Yﬁl/zé\(x_y). (43];'

It is here understood, that the substitutidhs 1 andt=1/8=e "¢, as indicated aftef4.25), are
carried out in theCE'L—coefficients. It is not difficult to verify4.31). The variouss-integrations in
S,; and S;; are all standard in the limit—0. [We pute=0 whenever the integrals over the
individual trigonometric functions in th@ﬁ’L-coeﬁicients converge without regularization, cf.
(C8).] We find, withd~2/L for x—vy,

B?log B € 1 €
BZ=1 (e’+log? B)°  w (62+4L)2" (432

éll: 4

which is ane-representation of thé-function, y~¥25(x—y), in hyperbolic space, cf(A16).
Moreover, atx=y,

-2
L,i,jzméij—’—o(xixj)’ L’iL’j:O(Xin), (433)

and it is easy to check, that ti@(x;x;)-terms entering ir(4.31) via (4.24 do not give a contri-
bution fore—0, which proveqg4.31) and hence the completeness relatiBi4).

V. TIME DEPENDENT GREEN FUNCTIONS

In this section we focus on the Fourier integf2l28 for the spatial component of the Green
function, calculated iri4.25—(4.27). The time component of the Green function has already been
Fourier transformed in Sec. lll, ¢f3.15—(3.30, and a similar procedure is applied in this section
to the spatial Fourier componef®.25. The integration paths if2.28 are specified by substitut-
ing for A in (4.295 one of the fours-regularizationsh(iF)(w) defined in(3.16. \* refers to
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retarded +) and advanced Green functions, adto Feynmar(+) and Dyson propagators. Also
note that we assumed in the derivation 4225 Re \/X> 0, and ReyA +1>0. We write the matrix
elements4.26) and(4.27) as

od d @ X e~ Nd
£ _ _ ; —\Xd g
Ryi(\,d) 47-rsinh°’d( o I dx+ N sinhd coshd+e~ " sini? d
d
+f e 1 Mginhxdx| , (5.1
0

ed d e X e~ \d d
R = - inhd — —VIFRX o
R33(A,d) m—d(coshd Y dx 0y sinhd coshdjoe sinhxdx

i A —
+§e“"1+Mj sink? d), (5.2

and substitute

e—\s‘Xd_ 2 fm cogsd) a2 fwssin(sd)

N

and the same with —\ +1, andd—x. (We do not interchange the and d-integrations here.
Next we define,

ds, (5.3

©

. 1 .
Rimij(md)=52 f_mdwe TR (A (fy(@),d), (5.4

so that retarded and advanced Green functions and Feynman and Dyson propagators read, accord-
ing to (4.25),

Gipyi (%) =—e 4R 1y(7,d)sinhd d; ;+ R s 7,d)d d ). (5.5

This complements the time compon@@)oo(r,d) in (3.15. To evaluatg5.4), we interchange
and w-integrations. Thev-integration can be carried out as(®.17) and(3.18), and we arrive at

. e’ d_. . :
RiFu(7.d)= m( - fo So(r) (7. X; ) dX+ Sy (7,d; w)sinhd coshd

d
+Syp)(7,d; p)sint d+ f Sir) (X 1+ MZ)SinthX) : (5.6
0

. ed d_, . .
R(_F)33( T,d) = m ( coshd fo Sa(F)(T,X;,u)dX— Sa(F)(T,d;/L)SInhd

d ., 1 . .
—coshdf Sir)(7.X Y1+ u®)sinhxdx+ ESI(F)(r,d;\/le,uz)sml*Fd).
0

(5.7
Here, Sig)(7.d; 1) and S, (7,d; 1+ u?) are defined by

+ 1 - +
S5 (7)== JO cossd)l i (wo, 7)ds,
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+ 1 “ . +
SI(F)(T,d;,u):? fo ssin(sd)l ¢ (wg,7)ds, (5.8

1" (wq,7):=7F mi wal(ei“’OT—e_i‘”OT)G(iT), |;:(wo,T)::iWiwale:i“’OlTl,

With wg:=s?+ u?, and Rawy>0. Sometimes we will writewg for wg, the frequency of the
transversal modes; the longitudinal frequency relates to the spectral parametab(L) via
=2+ 1+ u?, Rewg>0. Evidently,Sli(F)(r,d;\/1+,u2) is obtained by replacing i(6.8) wq by
w5 . The terms in(5.6) and(5.7) depending orS,i(F)(r,d;/L) stem from the transversal modes in
the spectral resolution, cf. the derivation @f.26 and (4.27), whereas the terms containing
Sli(F)(T,d;\/l-l—,u,z) are generated by the longitudinal modes. Cle&lys — dS,/dd. The coeffi-
cients (5.8 are calculated via an integral representation of modified Bessel funétianste
analogously to the scalar caé®19 and(3.20),

ST (rd;p) = =7 (S(7,d; ) =S~ 7,.d; ) (= 7), (5.9
Sr(r.d;u)=*mS(=|7,d; ), (5.10

where we have defined
”éow.d;u)::;lz f: cos(sd)Two,r)ds:;lzKowm), (5.11)

~ 1 ([~ ~ nd Kl(,u\/dz-i-(ir-l-s)z)
Sl(r,d;,u):=? fo s&n(sd)l(wo,r)ds:? \/m ,

with T(wg,7) :=wy 'e 177#)“0, and the same withu— 1+ 2. Performing the limits—0, cf.
(3.2)—(3.27), we find

(5.12

~ 1 1
Sol7.d; ) = — 6(d° = ) Ko(ud” = 7%) = o— 0(r*— d?)

X (No(uN72—d?) +ie(7)dg(uN72—d?)), (5.13
. -
él(r,d;M)Z—I;ds(r)5(d2—7-2)+Z_S%Kl(# 2= 72
d 6(r*—d?) _
+§_W—J;—_df (N1 (N7 —d?) +ie(7) I (uNT2—d?)), (5.14

and theS (7,d; 1+ 1?) are obtained by the substitutign— 1+ 2, of courseie(7) is the sign
function. In the calculation of5.13 and(5.14), we used the second and third formula(A10),
as well as(3.22 and(3.23, and®

Ko(+ix)=—(7/2)(Ng(x) =iJo(X)), x>0, (5.15
Ko(2)=—y—log(z/2)+ O(z?logz), Jo(z)=1+0(Z?),
(5.16
No(2)=(2/m)(y+log(z/2))+ O(z?log z).

The integrals in5.6) and(5.7) are calculated vigs.9) and(5.10, by making use 0f5.13 and
(5.149,
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_ - V=72 uy)ydy_i< 2 o [
[“strmax= a@e-m [ 7 e [TCT )
| . ydy
+9(d2—72)f0 )(NO(MY)+|8(T)JO(MV)) 7=y (5.17
fdél(r,x;\/1+,¢¢2)sinhxdx= - ;—We(dz—rz)s(r)sinﬁ 7+ — ! 6(d%—72)
0

\/,uz-i-l
2

2= 2
X f“’ K, (V 2+ 1y)sinhy/72+y2dy+
0

X 6’(7’2—

2 2_ 2
>fJ_+a(d #)f )(le Tiy)
+ie(7)Iy(Np?+1y))sinhy 72— y?dy. (5.18

In the 8(d?— 72)-terms, there are singularities iy andN; for y—0, cf. (3.23, which, however,

cancel each other. As a consistency check, we ig&(7,x)dx=S}(7,0)—S(.d), which can
readily be verified by J;,Ng,Kg)(z) = —(J1,N1,K1)(2). The integrals in5.17) and(5.18 are of
indefinite type and cannot be further evaluated in closed form, but this representation is suffi-
ciently explicit to reveal the singularity and asymptotic structure and in particular the support of
the propagators. The most surprising feature is perhaps, that the Feynman and Dyson propagators
defined by(5.10 have an infrared singularity fat— 0. Hence, for the electromagnetic field, these
propagators are ill-defined by the standard contour integration, unless one uses some kind of
infrared regularization such as a finite photon mass. This is an effect of the space curvature; if one
approximates in5.6) and (5.7), in the limit of large curvature radius, codk1, and sintd~d,
then the logu singularities stemming froml, andK, cancel each othetThroughout the calcu-
lations, we have put the curvature radius of the 3-space equal to one, but it can readily be restored
by dimensional considerations, see bejdw.retarded and advanced Green functions(%98), the
log u-singularities cancel without performing this curvature limit. It would be interesting to in-
vestigate whether the infrared divergence of the quantum propagators can affect the emission
probability of soft photong® If so, one could possibly draw inferences on the curvature sign.
Making use of(5.13), (5.14), (5.17), and(5.18), we readily find

So (7,d; )= 0(= 7) 0(7° = d*) Io( N7 = d?),

(5.19
2
ST (7,d; 1) =2d6( 1) 8(d ~ %)~ pd§( £ 7) ﬁ 3=,
s . _ 42 2_ .2 yay
fosc,(T,x,M)dx o= )(m d)fwfd”(d T>J )0(#)/)\/—)/2,
(5.20

d
J Sy (7,%;y1+ u?)sinhxdx
0

= 0(= 1) 6(d?— 7)sinh 7| — Ju?+10(+

| |
X 0(72—d2)ffmd+ 0(d2—72)f0 )Jl(\/MZJrly)sinh\/Tz—yzdy,
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and theS(7,d; J1+ u?) are obtained by the substitutign— 1+ u?. The retarded and ad-
vanced Green functionG;; i (7;:x,y) of a massive vector field are thus given (%5—(5.7), with
(5.19 and(5.20 mserted The analogous coefficients for the Feynman propagator read as

i 1
i ) = — 60— PR T= )+ 5 02— ) o P = )= INol =),

d 6(d°—
Si(7,d; ) =d8(d?—72) + twd 362—_72 Ki(ud?—7%)
(5.21)
wd 6(72—d?)
_7 \/z—dz(‘]l(/-LVT_ )_INl(MVTZ dz))
LpyrE dzwl( 2o [ 22
stF(TxM)dx_ 6(d>— Tz)f Nev: +5| o d)fm+6(d ™)
| d
xfo )(Jo(m INO(My>>%,

(5.22
deSfF(r,x;\/1+ 2)smhxdx——@(d2 72)3|nH7-|+ JuZ+16(d?— 72

[ .
XJ\d Ky(Vu?+ 1y)sinhyr+y?dy— 5 u?+1
0

|7l Il
2_ 42 2_
o) [ o) | )(Wﬂﬂy)
—iNl(\//,L7+1y))sinh\/72—y7dy.

The coefficients for the Dyson propagator are obtained by complex conjug&ie(,d; w)

=S(7.d;u).
In the retarded and advanced propagators, the JuritO can be performed, and we find

G (XY u=0)=—e YR(Ri(7,d;u=0)sinhd/R)Rd
+Rgy(7,d;4=0)d;d ), (5.23

with the matrix elements, cf5.19 and (5.20),

Re(rdipm0)= — D[ et &) sz c2e2 2,2 g2
11(7', Tm= )—m Sin ﬁ ( c°ro)+6(coT )
d d cl7|
—§+smh—cosh— j JJ1(y/R)sinh(R™ e —y?)dy
c|7 c|r
+6(d2—0272)<—% hM

_%jodTlJl(y/R)Sinr(R_l /_C27_2_y2)dy”, (5.29
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e¥Ro(= 1)

+ ) d
Rayg(7,d;u=0)= 2 RESNFAIR) dRsmh?<§) 8(d2—c27?) + 6(c? 72— d?)

d hg _hd d 2 d\ J; (R 1Jc?72—d?)

X ﬁCOS R—sm ﬁ—ESIH ﬁ m
d\ 1 (ol S

+cosh = —J J.(y/R)sinhR™Y\c?72—y?)dy | + 6(d?—c?7?)
R/R JcZ2=¢2
dfc o 1 (el

xoos%(%—sinthrﬁf Jl(y/R)sinr(R1\/027-2—y2)dy) :

0

(5.29

We have here restored the natural units, the curvature realio§ the 3-space, and. [The
exponentials drop out, of course, we just have them included to be consistent with the previous
notation, and they are also convenient when consideringlthec asymptotics, see aft€6.14).]

In the B3-model, we recover foR— = the Green functions in Minkowski space, cf. the discussion
preceding(3.31). In fact,dd; ;+d;d ;~—44;;, so that(5.23 boils down to

1
G (7:X,Y;u=0, R—o)~ 5, 46 0(£7) 8(4[x—y|?=c?r%), (5.26

supported only at the light cone. By a rescaling of the space coordinates, one can get rid of the two
factors of 4. One can sometimes switch from negative to positive curvature just by analtyic
continuation in the curvature radius, and it would be interesting to check in how far this persists
here.

Up to now we considered a static RW cosmolggypansion factoa(r) = 1]; the retarded and
advanced electromagnetic Green functions as define@B30 and (5.23 remain valid, with
minor modifications, in a general RW cosmolodg’= — d %+ a?(r)da?. In the spectral elemen-
tary waveg2.15 and(2.16), we have to substitute—>f§0a‘1(r)dr into the exponentials, so that

the frequencies of the transversal and longitudinal waves scaaas () and s>+ 1a (),
respectively. In addition, the longitudinal time componégtin (2.16 has to be rescaled by a
factora” (7). In the Green functiong3.30 and(5.23, we have to perform the same substitution

for the time variable, and then to scalg, by a factor @(7)a(7,)) 1. These modifications only
apply to the massless cages=0, as a consequence of the conformal coupling of the electromag-
netic field. If the rest mass is finite, a time separatiof2#f)—(2.6) is still possible, so that the

time independent part of the spectral problem, in particular the resolvent kernel calculated in Secs.
Il and 1V, also applies to a RW cosmology with arbitrary expansion factor without modifications.
However, the time dependence of the eigenfunctions is then not any more exponenti&.a$s)in

and (2.16), and has to be calculated from scratch, and the integral trangfa@8) relating the

time dependent Green functions to the resolvent kernel must be modified accordingly. In a Milne
universe with linear expansion facta ) = (c/R) 7, it should be possible to obtain quite explicit
formulas for the massive propagatofs.

Remark: The time componenGOio(F)(,LLZ:—l), if scaled in the indicated way with the
expansion factor, also defines the propagators of the conformally coupled Klein—Gordon equation,
as discussed at the end of Sec. lll. The limt— —1 can easily be carried out if8.25 and
(3.26. By a standard scaling argumémipplied to(3.32), we find

(O—R/B)Goyp(7,d; u?=—1)=a"3(7) Sga(x,y) 8(7), (5.27)

where is the d’Alembertian of the RW-line element, and
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R:=6| — ! + a + a 5.2
Sl tata (529
is the Ricci scalar. The spectral elementary waves, solvifig R/6) =0, read

y= al(r)exp< tisf a r)dr) pltis, (5.29

with the Poisson kerndé® as defined in2.17).

VI. GREEN FUNCTIONS IN RW COSMOLOGIES WITH MULTIPLY CONNECTED
HYPERBOLIC 3-SPACE

We start with the time independent Green functi@g(w;x.y), cf. (3.6) andG;;(w;x.y), cf.
(4.29. For \, we substituteX i,(») as in (3.16 and write accordingly, in theB*-model,
Grol@ixy) andGpy; (w;xy), as at the beginning of Sec. V. We will switch between Be
and H3-models whenever convenient; in thé*-model, we writeG,,5(@;z.t;29,to). Green
functions on multiply connected hyperbolic manifolds can formally be obtained by periodZing
or H3-Green functions with the covering grotip

é(rtho(w?Xay) = Er é(iF)OO(w; ¥X.Y), (6.9
ye
é(rFt)ij(“’;X'y) = EF é(tF)kj(w; YY)y X s (6.2
ye

the scalar casés.1) is well documente@1%8The Jacobiarfiy’x] in (6.2) is readily calculated
by making use of the representaﬁom(x)=kTyfl(O)x, with a constant matrixk e SQ(3); the
Jacobian ofT x is given in(4.15.

The hard part is of course to show that the sefie$) and(6.2) converge, see aft€6.11). We
restrict this investigation to hyperbolic manifolds that admit a finitely sided fundamental polyhe-
dron without parabolic cusp singularities. The covering grBupa Kleinian group?-?*a discrete
subgroup of SI2,C)/{+id} acting via 3D Mwius transformations i or H3. T is finitely
generated, and does not contain parab@rcelliptic) elements. As for the Hausdorff dimensién
of the limit set ofl", the manifold is open if & §< 2, so that the fundamental polyhedron has faces
on the boundary oH?; it is compact if6=2, in this case the fundamental polyhedron does not
touch the boundary. The domain defined by the polyhedral faces on the boundary is denipted by
it is a fundamental domain df acting via Mdius (i.e., linear fractional transformations in the
complex plane. Examples for open hyperbolic manifolds are solid handle-bodies with Schottky
covering groups? the limit sets of these groups are Cantor sets withd& 1. Another class of
open hyperbolic manifolds are thickened Riemann surfaces, hollow handle bodiegsquagh
Fuchsiar® covering groups, whose limit sets are closed Jordan curves with Hausdorff dimensions
1< 6<2. As mentioned, the faces of the fundamental polyhedron corresponding to the surfaces of
these 3D handle bodies lie on the boundary at infinity of hyperbolic space, i.e., in the complex
plane, if we use théi3-model, and so these manifolds are open. In the following only manifolds
with 0= §<1 are considered, to assure the convergence of the $6rigsand (6.2).

The periodization in(6.1) and (6.2) may as well be with respect tp, becauseﬁ(iF)00 and
G(iF)i ; are scalar and vectorial point-pair invariants, respectively,

é(tp)oo(w;'}’Xy'}’Y):é(iF)oo(w;Xv)/): (6.3
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Giryij (@ Y LY Xliml ¥'Y1jn =G ymn( @3 X.Y),
. . 6.4
GiEpn(@; VXYY XIkm= G (FymK @; X, Y WY Yk

These symmetries hold for every Idias transformation i3, unrelated to the covering grodp
becausds 4 andG; are functions of the scalar point-pair invaridr(ix,y), and the vectorial
invariantsdl./dx;dL1dy; andazL/axiayj . The periodizatior{6.1) and(6.2) may be replaced by a
I'-periodization with respect tp (andj). To see this, we replace 6.3) and(6.4) x by vy~ x, and
because the summation(6.1) and(6.2) is over the whole group, we may replace therey v~ 1.
By a similar reasoning(6.3) and (6.4) still holds for the periodized function&.1) and (6.2),
providedyeT.

The spectral representation éff)aﬂ is readily derived in the half-space modéf. Starting
with the scalar time component, we define the Eisenstein §ériés

E(zt;¢,1+is)= > Pl“S(Y(Z,t):@:yEF [y €PNz, 98), (6.9

yel

where we used the symmet(®.24), which also implies
E(y(z1);¢,1+is)=E(z,t;¢,1+is), |y &' PE(zt;v£,1+is)=E(z,t;£1+is), (6.6

for yeT'. In the first equation if2.16), we substitute the serié8.5) for P1*'S, which amounts
to periodizing theH3-eigenfunctions with respect to the hyperbolic lattice. The sd6e8 con-
verges for the indicated covering groufwith §<1), see aften6.11). It is easy to see, that the
orthogonality and completeness relatid@d.2) and (A14) remain valid forE(z,t;&,1+is) with
some obvious modifications; apart from replacy's by E(z,t;£,1+is), the domain of inte-
gration H?%) in (A12) has to be restricted to a fundamental polyhedfoof the covering group,
and in(A14) the domain of integrationR?x R") is restricted tdf X R*, wheref is a fundamental
domain ofI" in the complex plang.The formal procedures to show this, and to deli&) and
(6.10 below, are quite similar to those indicated(#124) and (6.25.] It should be stressed, that
these statements are only safe for the specified covering groups. For example, thé6sgries
diverges for covering groups as defined af&®) with §=1, and analytic continuation is needed
to define it for reak. This is not only a technicality, because bound states emerge in addition to the
continuous spectruthand the set6.5) is not complete.

If <1, the completeness relatigA14) holds with the indicated modifications, and we may
write, analogously td3.13),

S+ 1+ N (o)

GiF)oo @;2.t;29,t0) = — ffXR+da(g,s) : (6.7)

with the spectral measure defined(il3). The formal identity of(6.7) with (6.1) can be easily
shown by means of the completeness relation and the spectral represgi@tdtipm the covering
space, along the lines 06.24) and(6.25).

The spatial component of the resolvent kernel admits a similar representation. The vectorial
analog to(6.5) reads aS

8 t@tes)= 2 At (nziesly (@)= 2 |y iy el 2 tgs),
o M(ztes)=3 |y Ey R (ztiyes), 6.9

al(z,t:¢,9) ’:Zr |yt e (2.t v€,9),
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with the invariance property, c{6.6),

a Lz DESY (2)]=8 Nz tES) =]y &Sy Ea Tzt vE ), 6.9

and analogous relations hold for the right circular and longitudinal polarizations. These Eisenstein
series are obtained by periodizing the circularly polarized transversal v@to?sas defined in
(2.22), and the longitudinal vectc.*zljL in (2.20. The symmetrie$2.23 have been invoked if6.8)
and(6.9). Again, for the indicated covering groupaith §<1), these series converge for resl

see the discussion following.11). The spatial components of the eigenfunctiong2rl5 and

(2.16 get periodizedand circularly polarizedby replacing thereaka’L by (6.8), and then they

solve again thd'-invariant Eq.(2.6). The vectors in6.8) are orthogonal, cf(B4)—(B6), and the
completeness relatiofB14) stays valid with the substitutiona’™<'t—al TLr'- and the above-
mentioned restriction of the domain of integration to a fundamental domain. Accordingly, the
spectral resolution of the matrix elemeritsl) and(4.2) reads

- T do(£9)
RIT(z,t20,t0;0) = ffo*k—EL,R & Mz tEs)a (Zotoi &S~y
] (6.10
. ——————dot(£,9)
Ril}L(Z,t;ZO,to;)\):=ffXR+a1rL(Z,t;§,S)a{L(Zo,t0;§,5)m,

and the spectral representation of the periodized spatial Green function is thus found as
Girij(0:2.5:29,t0) = R T(2,t:20,to: N {7 (@) T REN(Z 20, to i A (7 (). (6.11)

[The k-summation inf{ﬂT is over left and right circular polarizations, which may as well be
replaced by linearly polarized states, according2@2.] The spectral measures (6.10 remain

as defined iB13), but the domain of th&-integration is restricted to a fundamental domfin
the complex plane.

The Poisson kernd?(z,t; y¢) as well as the components of the vectalsr't(z,t; y¢,s) are
bounded foryeI', and hence the convergence abscissa of the Eisenstein &&Beand (6.8)
coincides with that of the Poinc'aﬂerieszyeﬂ y' €**1S. (The limit set is the set of accumulation
points of the orbityé, by the way) As for the covering groups indicated aft@.2), this series is
known to converge only for Reflis)> 6, cf. Ref. 6.

To obtain the convergence behavior of the Poinsames(6.1) and(6.2), we need an estimate
on G(tF)aB(w;x,y) [defined by(3.6) and(4.25] for d— o, which means fofx|— 1, andy fixed, or
vice versa. For the time component, this is easily set@g@(w;x,y)=O(exp(—(1+§)d(x,y))),
with €:=Rey1+\, cf. (3.6). When calculating the real space Green functit®45), the limit
©—0 is attained.

Next we turn to thed— oo asymptotics of the space component and the Jacobigh2n In
the B3-model, we can readily calculate (l&g;;, cf. (3.5), in the limit [x|—1,

Li; L.k, —4 1 (Xi—y)(X;—Yj)
7~ 2| 50T T oworvZ |-
L L 1-2xy+y=12 " 1-2xy+y

(6.12

[As in (4.21), i means differentiation with respect ¥, andj with respect toy; .] Likewise, for
x| =1,
Likj 4%;(2y;(1—xy) —x;(1—y?))
L2 (1) (1-y)(1-2xy+y?)’

(6.13

Moreover, we find from(4.24), for L—oo,
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d;d;~L;L;/L*>=0(L),
(6.14)

. LiL; LiL;
Slnl’(d)d’i’j""ZL‘i‘j_ZT‘F L2 :O(L),

Clearly, L~e%4, so thate™%d ;d j=0O(1), aswell ase”?sinh@d)d;;=O(1), for d—c°. Accord-
ingly, R;;=0(e™ ), andRs3=0(e T2 cf. (4.26 and(4.27), and hence the asymptotics of
the Green function (4.25 is evident, éij(w;x,y)=O(exp(—§d(x,y))), with 2
::min(Re\/X, Re\/1+\)>0. In the integration procedures for the time dependent Green func-
tions, cf.(5.4) and(3.16), the limit€—0 is again reached. I(6.2), the estimate foéij has still
to be multiplied with the estimate for the Jacoblayi x].

As for the Jacobia; ; of T x, cf. (4.15, we find, for fixedx and|y|—1, & ;=0O(1—1y).
We write y(x) =KT,-19X, With an orthogonal matrik, as pointed out aftgi6.2). We thus obtain,
for |y~ 1(0)|—1, the estimaty’x]mn=0(1—|y~10]). UsingL (0, ¥(y))=L(y~1(0),y), we find
[Y' X]mn=0(1—|yy|), for | yy|— 1, with fixedx andy, for every Kleinian group, and so we may
write [ ' X]mn=0(exp(=d(y, yx))) = O(exp(—d(w,x))). (The geometric reasoning underlying
such estimates, also with regard to uniformity in fundamental domains, is explained in)R&é 5.
conclude, that the convergence of the sefi@d) and (6.2 is decided by the convergence of
2 crexp(=d(yx,y)), uniformly in )\=)\(iF)(s,w), for real w and e—0. The Poincareseries
2 cr exp(=ad(yx,y)) and2yer| v' €|* have the same abscissa of convergence. Accordingly, in
the case of the covering groups specified afte?), we can use the seri€6.1) and(6.2) only if
6<1, which also happens to be the criterion for the convergence of the Eisenstein&&jiesd
(6.9.

The time-dependent Green function on the 4-manifold is defined as the Fourier transform of
(6.1) and(6.2), cf. (2.28), (3.15, and(5.4),

+oo e
G {F)apl T;x,y)=(27T)’1f7w dwe ™' G(F g @iX.y). (6.19

By formally interchanging summation and integration, we find

GF oo T XY) = % G ool T YXY), (6.16
G(FFi)ij(T;X,y): Er Girwi (T X » (6.17
ye

which means periodization of the real space Green functions defin@d28, (3.29, and(5.5-

(5.7). The convergence of the serigs16) and (6.17 can be estimated as abO\iéQiF)oo(r;x,y)
=0(e™ 9, uniformly in 7, for [x|—1 and fixedy, which follows from(3.28), (3.29, the asymp-

totics of the Bessel functions there, afll0). Likewise, G(iF)ij(T;x,y)=O(1), which follows

from (5.5—(5.7) and (5.19—(5.22. The Jacobian ir6.17 is O(e %), so that we end up, like
above, withEYEFe‘d, as series determining the convergencg®i6 and (6.17). Hence, for
geometrically finite covering groups, without parabolic and elliptic elements, anddsith, the
propagators on the hyperbolic manifold are obtained by periodizing the corresponding Green
functions in the covering space. Clearly, the symmet6y3) and (6.4) also applies to
GiFyap(Tixy), for yel'

Finally we point out a method to obtain wave solutions on the multiply connected manifold,
that does not make explicit use of the periodized Green functions. This is not only usetul for
=1, when the above series fail to converge, but als®xifl, because the serié’syerl y' &€“is not
known for its rapid convergencé.Wave fields satisfying the field Eq$2.1) on the multiply
connected 4-manifold are obtained as
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AL(7,X)= f Gh (7= 7 xX)j (' x")dVgad 7’ (6.18
FXR

analogously to(2.26). The spatial integration is over a fundamental ponhedForandG
denotes a linear combination of the propaga@fsaﬂ, with coefficients adding up to unlty, o)
thatG . Solves(2.25. The current is periodic with respect to the covering group,

iy =", [y xI ) =i (7,%), (6.19
and so is the resulting vector potential,

Ao(7, ) =AG(7.X), AT, LY ] =Af (7.%), (6.20
asGl;a, admits the symmetries stated(®3) and(6.4) for ye I'. The current density" “(7,x) is

usually obtained by periodizing a densijt§(7,x) in B2 or H3,
PO(rx)= 2 j%my0, JM(r0=2 [v'X]7 (7, 0). (629
yel yel
Alternatively to(6.18, we may periodize the wave field
Aa(T,X):J Gour (7= 7/ :%,X")] % (7' X" )dVgad 7', (6.22
B3R
whereG,_, is again a linear combination of the propagat@f;)aﬁ in the covering space, so that
Ao(1X)= 2, Ag(1, 1), AN(TX)= 2 AT yILY X (6.23
YE ye
This periodization is formally equivalent {6.18, by way of (6.21), (6.16), and(6.17),

2 Aomx)—E > Gool 7= 78~ Lyx,x") %+, Bx")dVga(x')d7',  (6.24)

I pel' JFXR

E AT, Y[ ¥ X]ii= 2 > Gab<r—f':ﬂ—1yx,x'>

I el

><[ﬁ‘“(yxnak[v'x]ki[ﬁ—l'(ﬂx'ﬂbnum(r'ﬁx')dvss(x’)dr'.
(6.295

Here we at first useB3= UgcrB(F), and then the invariance of the hyperbolic volume element,
dVga(Bx)=dVgs(x), as well as the point-pair invarian¢é.3) and(6.4). The first two Jacobians

in (6.25 can be replaced by(8~ *y)'x’ 14, and the third by 8'x']~*™. (As for Jacobians in
Poincareseries, we do not distinguish between sub- and superscripts and avoid mixed indices; the
summation convention applies whenever two indices are gduekt we pull theye I" summa-

tion under the integral sign. As this summation is over the whole gfgupe may drop thed ™!

in G, and in the Jacobian, and obtain in this V\@ia, . The periodized currerjt' * is finally
recovered by pulling thgge " summation under the integral sign. (6.23, no explicit use is

made of the Green functiori6.16) and(6.17) on the 4-manifold.
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APPENDIX A: ORTHOGONALITY, COMPLETENESS, AND THE RESOLVENT KERNEL
FOR THE LONGITUDINAL TIME COMPONENT

We calculate the resolvent kern@.14), and the spectral measure for the time component of
the eigenvector$2.16). The results obtained in this appendix are not new, and a more detailed
account on the spectral theory of the hyperbolic Laplace—Beltrami operator, without explicit use
of distributions, can be found in Refs. 9 and 10. | include this appendix, because the scalar Green
function happens to be the time component of the electromagnetic propagators, and the integral
(Al) is also a prerequisite for the calculation of the spatial resolvent kernel in Appendix B.

The key convolution ofH3-spectral theory is

Cop(z1,t1:25,15)= fR2(|Zl_§|2+t§)_a(|Zz_§|2+t§)_ﬁdf7 (A1)

with z, e R?, andt;>0. The exponents are complex numbers, and the convergence properties of
this integral will turn out in the course of the calculation. We shift the integration variable, and use
a Feynman parametrization for both factors,=T"1(y)[3s? le *ds. Then theéintegration

gets Gaussian, and we obtain

1g6-1 2
S |2,—2,|%ss, P 2
Cup= F(a)F j f ds;dsy——— si¥s, ex;{ Sits, Sit7—Sot5 . (A2)

Next we perform the transformatian =us, s,=(1—u)s, 0ss<«, 0su=<1, with the Jacobian
s=s;+S,. Thes-integration is trivial, and we are left with

Cop=ml(a+p—1T Y a)[XB) folduu“—l(l—u)ﬁ—1(|zl—z2|2u(1—u)

+uti+(1—uyty)t (et h), (A3)

We may write, by means of the transformatips (t,/t,)u(1—u) 1,

Cptith= | PriastiiPA(z, 6108

_al(a+B-1) 2aﬁfmdyy“‘1<1+<t2/t1>y>“+ﬂ-2 v
TTT@rB 2 o @raiayy) T (A9
with the H3-Poisson kernel and the Selberg point-pair invariant,

21— 25|+ (t1— t5)?
P(Zytag)'_my L(Zlit11221t2) = 4t1t2 ’ (A5)

respectively. We specifw+ 8=2, and writingL for L(z;,t;;2,,t5), we find
C., 2=l Lot (A6)

@224 l-a JL(1+L) |

with p.:=1+2L*+2yL(L+1), cf. (3.7). Finally, we puta=1+is, and obtain the kern€B.14)
as
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sin(sd)

K(s,d):=Cyis1isty ot = T Ssinh(d)”

(A7)

with the hyperbolic distance functiah=logp. (L).
The scalar orthogonality relation for the longitudinal time componef2ih6) can be derived
from

:S(g'g,;axﬁ;s):f:dtcalﬁ(g,t;g"t)ta+,8*3+s

7 I'(at+B—1)

— _¢glle—a—p
2 T(arp ¢ ¢
a—fB+e B—a+te atB—2+e atB—¢
XB( 2 ' 2 2 2 (A8)

We used here the representatioh3) and interchanged integrations. We put1+is, g=1
—it, and write

ie
t—s+ie’

~ a .
BEE S =DEL 1 +is1-ite)= Sle- g2 (A9)

where we have dropped higher orderssind(¢,£”;s,t) is a distribution concentrated gt &',
t=s. Next we note twa-representations of the Diratfunction, as well as two other well known
formulas frequently used in this paper, cf. Ref. 25,

1 e ) 1 ) )
5(x)=;m, Im&(x)=xti8—P;, + i 0(—x)=log(x*ie)—log|x|,

8(d2—72)=(2d) "X 8(d— 1)+ 8(d+ 7)). (A10)

By integrating over a test function iR>x R*, and making use of the first formula {A10), one
can easily show that

8(&,&s,0)=2ms28(£— &) 8(s—t). (A11)
8(¢—¢') is the Dirac function inR?. The orthogonality relation for the time component of the

vectors(2.16), which satisfy the homogeneous scalar E25), now follows from (A1), (A8),
(A9), and(A11),

f 3dVH3P1+is(z,t; HPY Yz t: ) =2m35728(£— &) 8(s—1). (A12)
H

The H3-volume element islVs=t~3dtdzdz,. Accordingly, we find the spectral measure
do(&,s):=(27%) 's?e *Sd¢&ds (A13)

onR?XR™". A convergence factoe™ ¢S is included to obtain ae-representation of thé-function
via the completeness relation; a principal value as regularization is likewise pdSsilie eigen-
functionsP*'s satisfy — A sP1*1S=(s?+1)P1*'s,

Once the spectral measure is found, one can write down the completeness relation,

f 5 do(&,5) P 1S(z,t; &) P17'8(20,t0; ) = Sna(2,t; 20, o), (A14)
RZxR™



5826 J. Math. Phys., Vol. 42, No. 12, December 2001 Roman Tomaschitz

or, more explicitly,

S(Le)=(2 3*1f°k d(L))e ss2ds= - 1°9P+ £ (A15)
( € '—( 77) 0 (S, ( ))e S S= 277_2 m(log2p++82)2'

If we expand inyL and drop terms vanishing far—0, we find ane-representation of the
S-function in hyperbolic space,

1 o
5(L(z,t;zo,t0),s)=?m=5H3(z,t;zo,to), (A16)

with L as in(A5). This can easily be checked by integration with a test function, preferably in the

B3-model; 8g3(Xx;X,) is obtained by replacing ifA16) L(z,t;zq,to) by the B3-invariantL (x,Xo)

as defined in3.5. We may of course assumg=0, because. is invariant with respect to the

symmetry group oB2, which includes the transformatioi3.4), and then use polar coordinates

and a Taylor expansion of the test functit(x) in [ gadVpgaf (X) 8g3(X;Xo) = f(Xo); the BS-volume

element isdVgs=8(1—|x|?) 3d3x.

APPENDIX B: TRANSVERSAL AND LONGITUDINAL SPECTRAL MEASURES FOR THE
SPATIAL COMPONENT OF THE PROCA EQUATION

To calculate the space component of the resolvent kernel, we need the spectral measure in the
completeness relation for the eigenvectatsz't, cf. (2.18 and(2.19, which can be extracted
from the orthogonality relation derived in this appendix. The basic integral in this relation was
already calculated ifA8),

PAR g Com g PP [a-By+3| (3—atBty
fHaF’ (Z't'g)PB(Z't’g)dZtydt_Er(a)r(g)r(3+y) ( X F( ;
+B+y+1 +B—y—3
a /327 ) a /Bzy ), -

with the Poisson kernd® as defined ifA5) and arbitrary complex numbets 3, andy. (At this
point there is no need to discuss convergence, though this is not hard k’dogans here of
courseR?X R".) The orthogonality relation can be derived by differentiating this formula with
respect taf:=(£,&,) and&':=(§1,£5). Defininge:=e +i(s’—s), we find in leading asymptotic
order, fors’—s ande—0,

2

27S )
ee1+el2) §-¢

|2+e

J3P‘S(z,t;g)P—iS’(z,t;g')dzt—1+8dt~
H
) - T
f P1+ISP1*IS dzt*l+sdt~__|§_§!|e’
H3 e
(B2)
2+isp2-is’ qoy-Lteqr_ T sr-2+e
fHSP P dzt dt 2(—s2+—1)(1+a2)|§ §| s
fapzﬂstis’erHadt:f Pistfis’dztflJrsdtN_g|§_§/|e,
H

which readily follows from(B1), by expanding th& -functions.

In the eigenvector$2.18, we may replace the-differentiations byé-differentiations,d/ dz;
— —dld&; . [Note that in this appendix=(z,;,z,), whereas in Appendix A thg are themselves
complex] We defineD;; =% 3¢ — 9°19&, and analogousyd;; for £', so that
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DD Jé—&'[* o= (e+2)e[4(e—1)|E—&'[* 2+ (6, €)?
—(&-&)0)(e—2)(e—4)[E-¢'[*7°],

4
- 2+e_ 2)e -1 e—-2 2
X (&= E)%(e—2)(e—4)|-&'[°79),
(B3)
Dilé—¢&'[°=D1fé— &' |*=e(e—2)((&1— &7~ (&,— €5 &[4,
2
e_ _ e—2__ e— 4
P At e G e L
We thus find, by combining2.18, (B2), and(B3),
f3aT1(s,§)~aT1(s’,§’)dzt‘1+€dt
H
_ 1 1 is 1 p—is’ gt ;
- (1+|S)(1_|S,) 1&37 D12P (f)DlZP (g )+(1+IS)
X (118 )PP () + 2 pris( P (¢)
1-is’ 2—is’ /g1 is 1 &2 is (92 —is’ g1
~ i P EDPAO+ gog G PO P ()
1+is 1—is’ [ g1
b P <§>&§1P (£)
(s +1) elg g |e Z_J T2 2dzt—1+adt (B4)

We dropped here the,)-arguments in the eigenfunctions and Poisson kernelst Théactor in
the integral derives from the hyperbolic metrig;; =t‘25ij , Via y”aiaj Jy, and the
e-regularization is used to obtain arrepresentation of thé-functions in the orthogonality rela-
tion. In fact, by integrating over a test function, one can readily show that

(elE)|E—¢&'[°2=2m25(¢—¢")6(s—s"), (B5)

with e:=eg—i(s’—s). Similarly, for the longitudinal vectors if2.18),

fHSaL(s,g) -ab(s’,&¢)dzt edt

1 d

T (1+is)(1—is) | a& e (&)

1+|5(§) Pl is’ (5 )+ P1+|5(§)

231 9> 3

1 : - . . 2 : o
4 t_ZPlJrIS(g)Pl*IS (§I)+4P2+IS(§)P27IS (g!)_ ?PlJrIS(g)PZ*IS (f/)

T
2

|e—¢'|° 2 (B6)

m|| o

2 . -,
_ ?P2+IS(§)P17IS (gr):
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Here we usedB?2), (B3), and in addition,

1+ispl—is’ —3+teqt. e— 2
J PSP g 2 et (¢ ¢
1+isp2—is’ —2+eqt. e— 2
fH PSP dzt 2 rdt~ o (1 < )IS |e—¢&'| (B7)
J’ P2+ISP1 is dZt_2+€dt""_z |§ g |e 2
H3 2 (1+|s)|s

which follows from (B1) for s’ —s and e—0. EquationgB4) and (B6), with (B5) substituted,
constitute the orthogonality relations for the vector fiel@18), if complemented by
ali(zt;¢,9)-a(zt;¢',s')=0. The orthogonality of the longitudinal and transversal subspaces
can readily be checked vi@.17), or via (2.18 and (2.19 and the following identities for the
Poisson kernel,

PP a1 gPTTe P

02,02, 1+a P79 gz,  az, (B8)
o 1 {9Pl+a 2 (9P1+a 2
D P _1+a P2+a(( 0z; ) _< ﬁZJ ) ), (Bg)
&PlJra 2 O',P1+a 2 1
— 442« _
( 7 ) o7, ) 4(1+ a)?P (tP 1), (B10)
aPlJra aPlJrﬁ apl+a aPlJrﬁ P2+a+ﬁ
+ =(1+a)(1+p) —s—
. at iz oz (1B —m—, (B1D)
— APzt €)= a(2— a)PA(2,t:6). (B12)

« and g are complex constants; the Laplace—Beltrami oper&toris defined in(2.5), and theD;
are defined either withk;-derivatives as in2.18 or with &-derivatives as aftefB2); summation
overi is implied in (B11).
The spectral measures for the transversal and longitudinal components can be read off from
(B4)—(B6),

s2+ s?
aT(g,s):=2 e ®déds, dot(é,s):= 53¢ ~esdéds, (B13)

the domain of integration i®?xR™*. As in (A13), we have included a convergence factors
needed in the completeness relation,

f > a:k(z,t;g,s)aka(Z',t';E,S)dUT(§,S)
R

2xRTK=1,2
+f & (2,4:€,9)a(2' t';€,5)do"(£,5) =y dus(z,t;2' ), (B14)
RZxRT

where 6,3 denotes thes-function inH3, as defined ifA16). A check of this relation, by explicit
calculation of the integrals, is given at the end of Sec. IV.
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APPENDIX C: MATRIX ELEMENTS APPEARING IN THE SPATIAL RESOLVENT KERNEL

We wiII_caIcuIate the matrix elementd.4), that isCEk:fRza].Tk?dg, CE ::Cﬂl+ CEZ, and
Cii =/ reaya;dé, with eigenfunctions as defined (.18 and(2.19), atz=z'=0. We consider, at

first for arbitraryz andz’, cf. (A4),

K(a,b;L;t,t’)::J PAZLEP(Z 5 6)dE
R

_ml(a+ b_l)t'“br dyy? L1+ (t'/t)y)2*+P-2 1
I'(a)l(b) 0 (L+2(1+2L)y+y?)aP- 1
with the H3-point-pair invariant_(z,t;z’,t") as in(3.11), and define
K(a,b):=K(a,b;L;t,t")|,—,r—0, K’(a,b):=dK(a,b;L;t,t")/dL|,—, —o, (C2

and analogouslhK”(a,b), wherea and b are arbitrary complex numbers, so that the integrals
converge. It is understood that thedifferentiation is carried out before theintegration in(C1),

to take care of the poles df(a+b—1). In the following, we putB:=t’/t, so that, az=2'

=0, 1+2(1+2L)y+y?=(1+By)(1+B 'y). We also introduce the shortcutd ;
=dL19z|,—, —o andL ;,=3dL/3zZ{ |-, _o, With z=:(z;,2,) andz’ =:(z; ,z}), and analogously for
higher order derivatives. Evidently; ~derivatives ofK(a,b;L;t,t") atz=z'=0 are obtained via
dK/9z;=K ;=K' (a,b)L ;, etc. We will only usez, , andz; ~derivatives, always at=z"=0; t
andt’-derivatives are not needed in the following. The only nonvanishing derivativésané
Lyiyj=(2tt')71§ij y L,i,j’: _(Ztt’)il&jr f andL'i/‘j/:(Ztt’)iléiIJ‘/ . Accordingly, the Only non-
vanishingz, ~derivatives ofk(a,b;L;t,t") atz=z"=0 are, up to the fourth order

K11(a,b)=K ,,=(2tt") "K' (a,b),
Ki127=(2tt") 2K"(a,b), Ki11117=K22273K 1122 (C3

The indicated indices may of course be permuted. An index may also be replaced by the same
primed index; in this case a minus sign has to be added on the right-hand sidéS £,05,,
=—K1122 K112 2=K 1125 etc., sinced/dzj=—4dldz; when applied td..

With these preparations, the matrix elemeftsd) can be readily calculated. We use the
representatiori2.18), (2.19 for the eigenfunctions, interchange differentiations, and integrations,
and do some bookkeeping by meang©@1)—(C3). In this way we find the nonvanishing matrix
elements as

ch= ! K"(0.0 +K(2,2
11~ 1&2(32_’_1) t2t/2 ( ) ).
ot 1 K'00 5 -1 K1Y
2 168°(s°+1) tt’2 ' T.! 2(sP+1)  tt!
C;?=Cji, C;2=C;i, Ch=C5,=Ccl2=C]! e
117 22! 227 110 117 =227 ~33" “~33’
K(1,1 K(1,2 K(2,1
053:(—,)+4K(2,2)—2 (1.3 2 (, ).
tt t t
Next we define
. dyyH—iS
k(l,mn;s ::f — , C5
(LMiS)= | 3 Byym(1+ gy €9
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with B:=t'/t, so that

7k(0,1,25)
T(1+is)l(2—is)’

B x(0,1,15) B 1
KDY= aisra—is) (27¢

27k(1,1,35)
r2+is)I'(2—is)’ (CH

1 wk(1,1.29) _ 1
KZD=F rzrisra=is) KZ2=pz

) B —47k(1,2,25) , . 167x(1,3,15)
KOD=rargrasis KOO Thigris)

As a consistency check, we note the symmetry
K"(0,0;8)
Y RN A
K(Z,Z,ﬂ ﬁ ) 8t/432(32+ 1) .

The integralg(C6) are elementary,

77 '8 is —is
KLY =15 gz—1 (B°= 67",

1 ) . .
fl)z (B g2 is g (B2 1)),

_ o
K(1.9= is(1—is) (B2

_ m B2 1 e s s a2
K(le)__|s(1+|s) (ﬁ2_1)2 t_r(B _ﬁ _|Sﬁ (B _1))1
(C7)

2 4 1 is__ p—is 2+is
K(2D=- it s 7 e+ (T e e (B D is (8- ),

, B BZ(B2+ l) [))iS_B*iS 47TB2
K (111)__477 (B2_1)3 is + (ﬁZ_l)Z(

IBis_i_leiS),

2 ) . 8 SZ —is
t'2is(BS— g1 + (szﬁl)zt’z((ﬁ% 1) +is(82—1)).

K"(0,0)= —7—3

(B*-1)°

Collecting terms, we obtain the nonvanishing matrix elem@fts in (4.4) as
T_~T _ 7B i
Cll_ C22_ (BZ_ 1)3(32+ 1) ttr

x| -apf P i_sﬁ +(B4—1)(Bis+ﬂ“s)—(,82—1)2iS(B‘S—B"S)),
2 is__ p—is
2P ! b —<ﬁ2—1><ﬁi5+ﬂi3>), )

T _~L_ AL a2
C35=C11=C3% (B2 1) it (B°+1) is

cb__ ™ 1
BB+t
4 2 'Bis_ﬁ_is 2 2; is_ p—is 4 isy p—is

X| = (B*"+6B°+1) is —(BF=1)%is(BE=B ")+ 2(B"=1)(B"+ L") |.
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What remains is to substituf€8) into the resolvent kernd.1) and(4.2), and to perform the
s-integrations, which are likewise elementary, @.5—(4.11).
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