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and regularization of singular Hankel series is performed, for integer Gaussian power-
law densities as well as for the special case of Kummer averages (a = 0 in the exponential
of the integrand). The singular ¢ residuals are used to derive combinatorial identities (sum
rules) for the rational Hankel coefficients, which serve as consistency checks in precision
calculations of the integrals. Numerical examples are given, and the Hankel evaluation of
Gaussian and Kummer averages is compared with their high-index Airy approximation
over a wide range of integer Bessel indices I.
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1. Introduction

We investigate the Bessel integrals {Ox k’”z(3*“"2*("+i‘*’>"j,2 (pk)dk arising in the multipole expansion of isotropic Gaussian
random fields on the unit sphere [1,2]. j (x) is a squared spherical Bessel (ssB) function of integer index | > 0,p is a positive
scale parameter, a > 0,b and w are real constants, and u is an integer power-law exponent.

In Section 2, we derive a finite Hankel series representation of squared spherical Bessel functions, which is used to obtain
closed analytic expressions for the above integrals suitable for high-precision calculations. The finite Hankel expansion ad-
mits term-by-term integration in terms of confluent hypergeometric functions. At integer power-law exponents 4, the con-
fluent functions become singular, so that the Hankel series requires epsilon expansion, see Section 3, where we perform the
pole separation of the confluent functions appearing in the coefficients of the Hankel series. In Section 4, we obtain explicit
formulas for the regularized Hankel series in closed form, arriving at a numerically efficient finite series representation of the
Bessel integrals in terms of confluent hypergeometric functions.

In Section 5, we discuss a special case, where the averaging of the squared spherical Bessel function is carried out with an
exponentially cut and modulated power-law density (a = 0 in the above integrand). In this case, the confluent functions in
the Hankel coefficients are still singular at integer power-law exponents p but become elementary, so that the regularized
Hankel series are elementary functions as well. The Conclusion, Section 6, gives an overview of the results. In Appendix A, we
use the ¢ pole extraction to derive combinatorial identities (sum rules) for the Hankel coefficients, by making use of the fact
that the singular ¢ residuals of the series coefficients cancel one another if the integrals converge.
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2. Integrals of squared spherical Bessel functions expressed as finite Hankel series
2.1. Bessel integrals of type [;° k! Z e~ ~(b+iokj? (pk)dk

We study the Bessel average [;° g(k)ji (pk)k’dk, where the distribution g(k) = k*e-a¢’~(t+io)k js a modulated Gaussian
power law with real exponents p,a > 0,b and o (or a = 0 and b > 0). The scale parameter p in the argument of the squared
spherical Bessel (ssB) function jl2 (pk) is positive. Spherical Bessel functions are rescaled ordinary Bessel functions of half-
integer order, j(x) = \/7/(2x)],,1/2(x), the index [ being a non-negative integer [3,4]. These integrals converge for
U+ 2+ 2l > —1, as the ascending series of j?(x) starts with the power x2.

We will need an integral representation of a parabolic cylinder function [5],

) _ T pra—a— ik ; _Tu+1) e .
Dexp(pv M, a, b, (1)) = /O ke EXP(ZIPk)dk = (2a)(’””/2 S D*(HH)(U/)v (2])
where D_,.1) denotes the cylinder function and
w—2p—ib
=—_ = - 2.2
y NeT (2.2)

A complex exponent a is possible as well, with Rea > 0 or Rea = 0 and b > 0, in which case the principal value of the root in
(2.2) is assumed. We will also consider the limit case a = 0 of integral (2.1) with positive b, cf. (2.19). Integral (2.1) also rep-
resents a Kummer function [5],

T(p+1) (u+11 (i)’
2;t+1a(u+1)/2u< 2 ) (2.3)

Dexp(p;,u,a7b7w): 2 757 2

where U is related to the confluent hypergeometric function {F; by [4,5]

pl 1 W7 _pp| VR —H 1y Vemy 1-u3y
U( 2 272 )¢ r(u/zﬂ)lF‘ 2722 1"((,u+1)/2)]F1 2 '2°2) 24)
so that
1 2 n—+1 -1 y? n+2 . 1-u 3 y?
. — /2 LA -2
Dexp(p7.u>a7b7w)72a(u+])/2ey |:r< 2 >1F1< 2 7272 r 2 \/jlylFl 2 7272
1 n+1 1+u1 y? H+2\ s u3 y?
= S {r( 5 >1F1< 5 ’i"?)_r<T V2iyF T+5.5.-5 ]| (2.5)

In the second equality, we made use of the transformation e~*F;(a,b,x) = 1F1(b — a,b, —x). The representation (2.4) of the
Kummer function is unambiguous at the branch cut of U(a, 1/2,z), that is for real y, so that (2.5) is suitable for numerical
calculations.

We split the exponential exp(2ipk) in integral (2.1) into real and imaginary parts, defining

Deos(p; i1, a, b, ) = / kie~aK’ ~(b+iok cog(2pk)dk = %(Dexp(p; U, @, b, @) + Dexp(—D; 1, a, b, m)), (2.6)
0
Dgin(p; 4, a,b, @) = / kHe-ak—(brio)k sin(2pk)dk = %(Dexp(p;,ma, b, ®) — Dexp(—p; 1, a, b, ®)), (2.7)
0
Do(ut,a, b, w) :/ kHe-ak—(biokd) Dexp(0; ft, a, b, ). (2.8)
0

The functions Deyp, and D sino Will be considered as analytic continuations in u of the respective integrals, which converge
for Re i > —1. This continuation is effected by the Kummer function in (2.4) or by (2.5). In the following sections, we study
negative integer exponents (, where the gamma function in (2.3) becomes singular, which can be dealt with by epsilon
expansion. In this section, we assume a non-integer power-law exponent /.

We will employ a finite Hankel representation of the squared spherical Bessel function,

2% = 2%2 ((—1 )1 A(x) cos 2x + (—1)'By(x) sin2x + C,(x)) , (2.9)

where A(x), Bi(x) and C;(x) are polynomials in 1/x, explicitly stated in (2.10)-(2.15). In the following, we use the Hankel
symbol

LK = 1 Ir'l+1+k)
T TA+kTd+1-k)

(2.10)
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The polynomial A,(x) in (2.9) reads

A=Y a;’;ff) , (2.11)

with coefficients

kk

1 k
az,(g,(l):—(zzk) kP + 22“21111[1 2k —m,

2k—-1

( ) (- 1)k Ik
Aopsi(l) = — 18 k} 5 E (I,2k — 1+ m][l,] — m], (2.12)
m=0

where 0 < k<Ll >0, andA[i,j] denotes Hankel’s syﬂmbol (2.10).
As for the polynomials B;(x) in (2.9), we define By(x) = 0 and

. -1 b l
Bix) = ;) ;*;;LP, (2.13)

with coefficients

k
bak1<(l) 22,< Z (l,m)[l, 2k +1 —m],
(1) 1;
barsi() = - - (1. 2k+ 1~ 1 mL1 - m, (2.14)
m=0

where 0 < k <I1—1 and I > 1. Finally, the polynomials C;(x) in (2.9) read

. 1
Gx) = Zci';(kl), ca(l) :Z—f% (2.15)

where [ > 0
We substitute the Hankel representation (2.9) of the squared Bessel function into integral

Dass(Lp: 11,0, b, ) = /0 2 a0k (pl)dk (2.16)

and interchange the integration with the summation of series A,(x), B;(x) and C;(x). In this way, we obtain integral (2.16) as
linear combination of three finite Hankel series:

1
Dass(Lp: 1,0, b,0) = 55 (=)D + (1D + D3 ), (217)
where

l
ayk
ssB(lp K, a, b, :Z

k=0

DCOS (p; u — 2k,a,b, w),

-1
Dy (L p; pt,a,b, ) = szﬁﬁl Dyin(p; 1 — 2k — 1,a,b, ),
k=0

I car(l)
—~ ka

D)L p; w,a,b, @) = Do(pt — 2k,a,b, w). (2.18)
The series coefficients ay (1), bak.1 (1), and cx(I) are stated in (2 12) (2.14), and (2.15), and the functions D sino are defined in
(2.6)-(2.8), with Deyp in (2.5) substituted. We also note that DssB(l = 0) = 0; a sum is regarded as void if the lower summation
boundary exceeds the upper one. We thus obtain the Bessel integral Desg(I, p; it,a, b, @) in (2.16) as a finite linear combination
of confluent hypergeometric functions, cf. (2.5).

If a=0 and b >0 in integral (2.16), then integral D, in (2.1) is elementary, and the confluent hypergeometric
Dexp(p; 1,0, b, @) in (2.3) and (2.5) is replaced by

Cu+1)
(b+i(w—2p)""

We will further discuss this limit in Section 2.2. In the opposite limit, a — oo,y — 0, cf. (2.2), we find

Dexp (p; 1,0, b, ) = (2.19)
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[((u+1)/2) (2.20)

Dexp(p; 14, a,b, ) ~ gz

which can readily be seen from (2.5) since {F; ~ 1. This limit is best dealt with in Laplace asymptotics, cf. Section 2.3.
2.2. A limit case: Kummer averages [;° k**?e-®+iokj? (pk)dk
We consider the modulated and exponentially cut power law k"e-®+®k with b > 0 and real w. The power-law index  is

real and non-integer. (Integer indices will be studied in Section 5.) This is the limit casea =0in(2.16) and (2.19). We use the
shortcut g = b + iw,Rep > 0, so that the Bessel integral (2.16) reads

Desa (1. p; 11,0, b, ) = / ke i (pk)dk. (2.21)
0
Integral Dey, in (2.1) is now elementary,
X : T(u+1)
Dexp(p; 14,0,b, @ :/ ke~ exp(2ipk)dk = ———— . 222
(i1, 0.b.0) = | Piphidk = (222)
The trigonometric components (2.6)-(2.8) of this integral are elementary as well,
Deos(p; 1,0, b, ) = / " Ke " cos(2pk)dk = %r(u +1)((p—2ip) 1+ (B+2ip) "), (2.23)
Jo
Dain(p; 11,0, b, ) / K'e ™ sin(2pk)dk = 5 T (1 + 1)((ﬁ —2ip) " — (B + 2ip)”H> (2.24)
and
Do(4t, 0,b, ) = / TRl fkdk = T(u+ 1) (2.25)
0

We note that §=b + iw can be complex, with b > 0, and the power-law exponent u in integral (2.21) is usually real,
although the functions Dcessino Will be regarded as analytic p continuations of the respective integrals. The Hankel series
in (2.18) are compiled with these elementary functions, and integral D (I, p; 1,0, b, @) in (2.21) is assembled as stated in
(2.17). If the power-law exponent u is integer, the coefficients D ino Of the Hankel series (2.18) become singular, which
requires ¢ expansion, performed in Section 5 for the Kummer averages (2.21).

2.3. Laplace/Fourier asymptotics of integral [, k2 e-ake ~(b+ioki2 (pk)dik

We calculate integral Dy (1, p; i, a, b, ) in (2.16) by making use of the ascending series expansion of the squared spherical
Bessel function j7(x) [6],

o0
2
X) _ Za2l<(l)X2k+2[7
k=0

(_l)k 221+2kl—~2(l+ k+ -l)

) = T D) TR+ kT @+ 2k D) (2.26)
We note the asymptotic expansion of the series coefficients oy (l) for large k and fixed [,
( 1)k e—2k(logk-1) 1
k() = aur 1+0 %)) (2.27)
obtained by means of Stirling’s estimate [5]
en(logn—l) 1
F(n+oc):\/2nW (1—«—0(5)). (2.28)

The Laplace/Fourier series of the Bessel integral (2.16) is found by substituting the ascending series (2.26), and by inter-
changing integration and summation,

Dsss(l,p; i1, a,b, w) = fo c(Dp** 2 Do (pt + 2k + 21+ 2,a,b, ), (2.29)

where the integrals D, are calculated in (2.5) and (2.8), withy = (w — ib)/v/2a, cf. (2.2). The series (2.29) can also be used for
integer exponents (i, as no singularities arise, provided that integral (2.16) converges at the lower integration boundary,
which is the case if u+2+21> —1.
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In series (2.29), we consider the limit a = 0 and b > 0, so that Do (i, 0, b, @) = T'(i + 1)/ (b + iw)""", cf. (2.19). Series (2.29)
is thus majorized by a polylogarithm $"3° , k*z¥, with z = 4p? /(b + ia))z, which converges in the unit disk |z| < 1 for arbitrary
L [7]. This can be seen from the asymptotic series coefficients (2.27) and the limit (2.28) of the gamma function. Rapid con-
vergence apparently requires a large parameter b (Laplace asymptotics) or w (Fourier asymptotics).

In the opposite limit a — oo, we can use (2.20) as estimate for Do(i,a, b, ®) in series (2.29). In this case, series (2.29) is
convergent due to a factor e-%(°gk-1) emerging in the series coefficients for large k, cf. (2.27) and (2.28). However, this factor
only emerges for k >> I (since the asymptotic limit in (2.27) only applies in this regime), which requires to sum a large num-
ber of terms in series (2.29) if the Bessel index [ is large. Rapid convergence requires a large exponent a or a large |b + im| in
integral (2.16). This expansion also works if both a and |b + iw| are large and y is moderate, cf. (2.1) and (2.2). In brief, if the
exponents a and/or |b + iw| in the integrand (2.16) are large numbers and the index I is low or moderate, the Laplace/Fourier
series expansion (2.29) is efficient. The parameter p in series (2.18) and (2.29) can be put equal to one, as it can be scaled into
the exponents a,b and w of the integrand in (2.16).

3. Bessel integrals with integer power-law exponent: epsilon expansion and Hermite residuals

In Sections 2 1 and 2.2, we considered non-integer power-law exponents  in integral [;° k2 g=ak® ~(b+io) kj? 7 (pk)dk, cf.
(2.16), where j; 2(pk) is a squared spherical Bessel function of integer index [ > 0, and p a positive scale parameter Here
and in Sections 4 and 5, we study integer power-law exponents g = m, so that j Z(pk) is averaged with the distribution
kMe-ak’-@+iok with a > 0, real b and . The k* factor in the integrand typically stems from a 3D volume integration in polar
coordinates [2]. The exponent m can be negative, provided that m + 2 > -2, so that the integral is convergent. We will cal-
culate integral (2.16) by performing ¢ expansion for arbitrary integer power-law exponents yt =m > —2[ —

The analytic p continuations Dcossin(P; it — N, a,b, ) and Do(i — n,a,b, ) of the integrals in (2.6)-(2.8), which are re-
quired in the Hankel series (2.18), become singular due to poles in the gamma function in (2.3). We put 4 = m + ¢, where
m is an arbitrary integer, and n=m+ 1 +j, so that 1+ pt —n = —j + &. Poles in De(p; 4 — n,a,b, w) (defined by (2.3) or
(2.5)) and in its trigonometric components Dcssino in (2.6)—(2.8) emerge only at integer 4t —n = —j—1 withj > 0

We start with the ¢ expansion of integral Dex,(p; t — 1n,a,b, ®) in (2.3), and put 4 =m+ ¢ and n = m+ 1 + j, where the
pole index j is a non-negative integer; no singularities arise for negative integer j. Thus, cf. (2.3),

, C T(j+e) (—it+e 1 (iy)’
Dexp(p,un,aybyw)—z,ﬂa”ﬁ)ﬂu( 535 ] (3.1)

where u —n = —j— 1+ ¢, and we use the shortcuty = (w — 2p — ib)/v/2a, cf. (2.2). In (3.1), we substitute the ¢ expansion of
the gamma function, assuming integer j > 0,

(-1 1 - 2
I(—j+e¢) = FO+1) ( +ep(j+1)+0(e%)) (3.2)
and split off the ¢ pole,
Desp(ps —j — 1+ £,0.b, ) = DE¥(:p,0.b,0) + D (i p.a. b, oce). (33)

The psi function in (3.2) is the logarithmic derivative of the gamma function. The constant term in the ¢ Laurent expansion of
Deyp i

L 2 . . 2
reg (- . — 2 (_1)]21 _] l (y) : d —-Jté 1 (ly)
DEg(ip.ab,:0) =7 L (5 B w1 - 5 togtaa)) + gru( 5 5.8 Al (34)
so that De (j; p, a, b, w; &) = D (j; p, a, b, ; 0) + O(¢). The residue Dii‘f in (3.3) reads
p (U (=1 )
sing /2 _
Doy Uip.a,b,w) =d F(1+1) (2,2, 5| (3.5)

where we can substitute the Hermite polynomial, cf. (3.7) and (3.8),

—j 1 (iy)’ iy
2fu< . 2) — H; (ﬁ) (3.6)

In DS"8 we consider even integer pole indices j = 2n,n > 0, and note [5]

exp’

N2 n ) .
(03 B) - v v (03 B 2 ()

ZT(2n+1) Z 24y
22" cTRk+1DI(1T+n—k)

—(-1)"
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The singular term DZ‘;‘;’(Zn;p,a, b, w) in (3.5) is thus real for real y.

For odd integer pole index, we putj=2n+1,n > 0, in the residue (3.5) to find

.2 .
u(#; U?) (—1)”\/%F(n+3/2)iy1F1 (-n%%) T <17y2>

I'2n+2)
= (-1 O 22F2k+2 T+n-k)

(3.8)

Here, the Kummer function U at the branch cut (real y) and the Hermite polynomial are imaginary. This defines the singular
term DZ;?lf(Zn +1;p,a,b,w) in (3.5) for odd pole index, which is imaginary at b = 0, that is for real y, cf. (2.2).

At very small but finite &, the regular part in (3.3) can be calculated with high precision as
. . ] SIN,
D (j; p,a,b, ; €) = Dexp(p; —j — 1+ €,a,b, ) — —Dexpg(l p.a,b,w), (3.9)

with D" explicitly given in (3.5), (3.7) and (3.8). This can be more efficient than the numerical differentiation of the Kum-

exp
mer function with respect to the ¢ parameter in (3.4).

4. Regularized Hankel series
4.1. Pole subtraction

In Section 3, we performed the ¢ expansion of integral Dexp in (2.1), and calculated the pole term DZ‘,{‘f/e, cf. (3.3). The pole
separation and ¢ expansion of the trigonometric integrals D¢.ssino defined in (2.6)-(2.8) can be assembled from the coeffi-
cients Di‘;‘pg and D¢ in (3.3).

As in (3.1), we put u=m+¢ and n=m+1+j, where j is a non-negative integer, and write the integrals

Decossino(P; 4 — 1, @, b, w) in (2.6)-(2.8) as

Deossin(p; = — 1+ &,a,b,w) = / ki1 ek ~(b+iw)k (cog(2pk), sin(2pk))dk
0

1 Dsmg (] D, ‘17b7 CU) Dfeg (] p’a7b7 (0K 8) (41)

COs,. sin Cos, sin
and
Do(—j—1+¢,a,b,w) = /0 k1o eak ~(brimkq ) — %Df)i“g(j; a,b, w) + D¥&(j; a, b, w; ). (4.2)

By comparing to (2.1) and (3.3), we identify the series coefficients as, cf. (2.6)-(2.8),

N|>—‘ ,\

Dreg(] p7 a,b,CO’, 8)

cos

(DexpUs 0, b, ;&) + D (j; —p, a, b, w3 €)),

Dreg(] p’ a7 b7 (’07 8) :%(D:(gp(.’up7a»b7a), 8) _Dg(gp(.L _p7 a7 b7 (,0. 8))7

sin

Dy*(j;a,b, w; &) = D (j;p = 0,a,b, w; &), (4.3)

with Dz in (3.9). The same relations (4.3) also hold for the residues Dins. in (4.1) and (4.2), with D% replaced by D3¢ in
(3.5).

Returning to the Hankel series D and D <5 in (2.18), we put u = m + ¢. The gamma function in the analytic ¢ continu-
ations Deos(p; 1 — 2k, a, b, w) and Do(,u 2k,a,b, w) (defined by (2.3), (2.6) and (2.8)) stays regular for ¢ — 0 if the non-neg-
ative integer k satisfies 2k < m. It is singular for 2k > m + 1. Accordingly, we split the series defining D!} and D<3B in(2.18)as

ssB
1 min(l,[m/2]) 1

> = + > (4.4)

k=0 k=0 k=max(0,[m/2]+1)

and use Dcos(p;m — 2k, a,b, w) and Do(m — 2k,a,b, ) in (2.6) and (2.8) in the first summation like in (2.18). In the second
summation in (4.4), we use, instead of D,s and Dy, the regular coefficients D s (j; p, a, b, w; €) and D8 (j; a, b, w; €) in (4.3), with
j=2k—-1-m(sothat u — 2k = —j—1+¢,cf.(4.1) and (4.2)). The brackets in the upper and lower summation boundaries in
(4.4) denote the integer part (that is, the largest integer less than or equal to the indicated argument). We also use the con-
vention that a sum is zero if the lower summation boundary exceeds the upper one.

As for series DSsB in (2.18), with & = m + ¢ and Dy, in (2.7), we note that the gamma function in D, (p; 1t — 2k — 1,a,b, )
stays regular for ¢ — Oif k satisfies 2k + 1 < m, cf. (2.3) and (2.7), whereas poles emerge if 2k + 1 > m + 1. We split the series

defining D 3 in (2.18) as
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1 min(=1[m-1)/2]) -1
Y - + 3 . (4.5)
k=0 k=0 k=max(0,[(m-1)/2]+1)

In the first summation, we can use Dg,(p;m —2k —1,a,b,w) in (2.7). In the second summation, we replace Dy, by
DE%(j; p.a,b,w;¢) in (4.3) and put j =2k —m (since  — 2k — 1= —j — 1 +¢). The pole terms D¢ /& in (4.1) and (4.2)
can be ignored in the calculation of integral (4.6) below, as they cancel one another, cf. Appendix A.

The ¢ decomposition of integral (2.16) and its series representation (2.17) with power-law exponent y =m—+¢,0 < e <« 1,

is thus

DssB(17p§m + 8,a7b,(1)) :/0 km+s+2efasz(bﬂ(u)kjll (pk)dk _ Zipz (( 1)l+1DSSBreg + (_1)1DSSB1eg +D 1eg) (4.6)

where D{;>" are the regularized Hankel series (2.18):

(L[m/2]) oy (1)
Dy t(Lpym+eabw) = Y p( Deos(p;m + € — 2k, a, b, )
k=0
n El: az"(l) D2k — 1 — m;p,a,b,w;e), 4.7)
p cos 3

k=max(0,[m/2]+1)

with D calculated via (2.5) and (2.6), and DZ$ via (3.9) and (4.3). The brackets in the summation boundaries denote the

integer part, cf. (4.4). The second regularized Hankel series in (4.6) reads

min(l-1,[(m-1)/2]) b2k+l (l)
p2k+1

2)reg
ssB

(Lp;m+e¢,a,b,m) = Dgin(p;m+¢—2k —1,a,b, )
k=0
1-1

¥ bor(D) pees ok — m; p, a, b, 052, (438)

T p2k+1 sin
k=max(0,[(m-1)/2]+1)

with Dy, in (2.5) and (2.7), and D% in (3.9) and (4.3); the summation is explained in (4.5). The third Hankel series D3} in
(4.6) reads

min(Lm/2)) . W)
Dig*(Lpsm+eabw) = 3 Z5=Do(m+&-2kab o)

ssB £ p2k
! C2k(l) re.
+ > Dy8(2k — 1 —m;a,b, w;¢), (4.9
k=max(0,[m/2]+1)

with Dy defined in (2.5) and (2.8), and Dif® in (3.9) and (4.3). The series coefficients ax(l), ba.1(I) and cy () are listed in (2.12),
(2.14) and (2.15). The regularized Hankel series (4.7)-(4.9) can be used for integer power-law exponents m > —2[ — 2 to cal-
culate integral (4.6); the latter inequality is required for this integral to converge for ¢ — 0. The series (4.6)-(4.9) remain va-
lid if we put & = 0 and define Dt  in (4.3) by substituting DgZ (j; p, a, b, @; 0) in (3.4). This is actually done in Section 5,
where we consider the special case of Kummer averages, where the confluent hypergeometric functions in (3.4) become ele-
mentary. In contrast, if ¢ is kept small but finite in the Hankel series (4.6)-(4.9), we can calculate the regular coefficients

Table 1

Hankel expansion and Airy approximation of the integrals Dssg(l) = [;° K?e-ak’~ bkj2 i (k)dk, cf. (2.16) (p=1,u = w =0), with exponents
a=7.0x10"and b = —0.5, employed in a multipole fit of the cosmic microwave background (CMB) temperature power spectrum [2]. The
integrals are labeled by their Bessel index [ (first column). The Hankel evaluation in the second column is based on the finite series (4.6)-
(4.9). The Airy approximation in column 3 is calculated with (4.21). The indicated decimal digits of the Hankel series evaluation are all
significant, the numbers being truncated. The Airy approximation is accurate to 3 decimal places for moderate Bessel index, but
substantially deteriorates when the integrals become negligible as compared to their peak value.

1 Dsp(I) Hankel series Dsp(l) Airy approx.
0 7.991354106316505 x10* 7.992338873 x10*
1 7.999250409735869 x10* 8.000256164 x10*
5 8.113326663187338 x10* 8.114670865 x10*
10 8.481208178016143 x10* 8.483594389 x10*
20 1.042557080617444 x10° 1.042268591 x10°
30 1.238911735222280 x10° 1.236931157 x10°
50 1.511142597127369 x10* 1509695163 x10*
70 1.503953736747144 x10' 1.180405467 x10!
100 8.233597800611870 x10°% 8.635323282 x107°

150 9.739275886661490 x10~3° 4.028033041x10736
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Dt ino in (4.3) by means of Dgf (j; p, a, b, w; &) in (3.9). As mentioned, the pole subtraction in (3.9) is handier than the calcu-
lation of the ¢ derivative of the confluent hypergeometric function required in (3.4), and can readily be done in high preci-
sion. High-precision evaluation of the coefficients Deossino and Dyt ;. o is necessary in the Hankel series (4.7)-(4.9), since the
combinatorial coefficients ax(l), bk, 1(I) and ¢y (I) become very large rational numbers at high Bessel index . Therefore, the
finite summations D{};>*"8 in (4.7)-(4.9) give very large numbers, which cancel one another almost entirely in the total sum
(4.6) resulting in precision loss, so that high-precision evaluation of these series is required. In Tables 1 and 2, we give
numerical examples of the Hankel expansion (4.6)-(4.9), covering a wide range of Bessel indices, and compare with the Airy

approximation discussed in Section 4.2.
4.2. Consistency checks for Hankel series: comparison with Weber integrals and Airy approximation

For m =0, =0 and b = w = 0, integral (4.6) degenerates into a Weber integral [G],e

. [T e ® 2 middk = Y e L (1P
Dus(1.p:0.0.0,0) = [ e ¥ (ploiak = e 700 gy (iF2). (4.10)
convergent for Rea > 0. A finite representation of the spherical Bessel function j;(x) valid for complex argument is
. sinx CoS X
Ji®) =="Ri1pp(*) = —=Ri132(), (4.11)
with the Lommel polynomials [5]
/2]
Riap(x) = (=1) 2% (1,1 - 2Kk,
k=0
[(=1)/2]
Riisp(x)= Y (=12t 1 — 2k —1]. (4.12)
k=0

The brackets of the upper summation boundaries indicate the integer part (largest integer less than or equal to the indicated
argument), not to be confused with the Hankel symbol in the summands,

o1 Tn+1+))
= s iy

More generally, we may compare integral Dsg(l,p;m + ¢,a,b, ®) in (4.6) to its Airy approximation. To this end, we consider
an arbitrary kernel function g(k) and write

Dess(L,p: g) = / g(k? (kp)k*dk, (4.14)

(4.13)

where we may put g(k) = k™ “e-a’~(b+io)k to recover integral Dy (I, p, m + €, a, b, ). We rescale the integration variable in
(4.14) with (I+1/2)/p,

Table 2

Comparison of Hankel evaluation and Airy approximation of the integrals Dy (l) = f,° kze’“’g"”‘j,z(k)dk, cf. (2.16) and (4.6), with exponents
a=1.067 x 10 * and b = —0.11. The caption to Table 1 applies. The order I of the spherical Bessel function is listed in the first column, the
finite Hankel series expansion (see Sections 4 and 6) in column 2, and the Airy approximation (4.21) in column 3. The indicated digits of the
Hankel evaluation are significant, whereas 5 to 6 digit accuracy is reached by the Airy approximation. The Hankel expansion for Bessel
indices above [ ~ 400 requires very high precision evaluation of the confluent hypergeometric functions in (2.5), and is therefore not
efficient at high [, also see the remarks following (4.9).

I Dqsp (1) Hankel series D (1) Airy approx.
0 1.761712987728264 x10"* 1761713864 x10'
1 1.761720004433907 x10' 1761720881 x10'
5 1.761818247890288 x10™ 1761819125 x10'
10 1.762099042033407 x10' 1.762099922 x10'
50 1.770734121286065 x10' 1.770735073 x10'
100 1.798359213865244 x10'4 1.798360424 x10'
200 1.924862478039058 x10'* 1.924865675 x10'
300 2.233775172960886 x10' 2.233790888 x10™
400 3.075282836068884 x10' 3.075217334 x10™
600 - 9.669919328 x10"?
800 - 2505261104 x10'°
1000 - 1.580371521 x10°

1200 - 2.090425596 x1078
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I1+1/2 < 1+1/2 0\
Duaitpig) = U2 g(F 2R+ 1720 (4.15)
p 0 b
and substitute the high-I Nicholson approximation of the spherical Bessel function [4],
. () \ AL 1/2)¢(x)
J((1+1/2)x) ﬁ(l 7X2> (11270 (4.16)

where

x=1)= —(%)2/3 (\/XZ — 1 —arctanvx? — 1)2/3., (x<1) = (%)2/3 (arctanhx/l -x2-v1 —x2>2/3. (4.17)

In this transitional steepest-descent approximation, a squared Airy function appears in the integrand of (4.15), which admits
the integral representation [8]

S 1 1 a1 1
Ai (z):m/0 cos<ﬁt3+zt+ )\[ pr ] (4.18)

also see [9-11] for representations of Airy functions by trigonometric kernels. The indicated approximation in (4.18) holds
for real argument and large z, so that the cubic term in the argument of the cosine can be dropped (Riemann-Lebesgue lem-
ma). 0(z) is the Heaviside step function. Thus we putj,z((l +1/2)x) ~ 0 in the interval 0 < x < 1, where &(x) is positive, which
means to replace the lower integration boundary in integral (4.15) by 1. In the range x > 1, we introduce a new integration
variable, x =./1+y, and substitute (4.18) into the squared Nicholson approximation (4.16), with &(\/1+y) =
—27%3y 4 0(y?), to obtain

2 N 1 1
\/1+sz((1+1/2)\/1+y)~72(1+1/2)2 5 (4.19)

Applying this approximation and the indicated variable change y = x> — 1 to integral (4.15), we obtain the Airy approxima-
tion of integral (4.14),

12 e 141)2 dy
Dsss(l7p,g)~4—pg/0 g( 7 \/1+y)7y- (4.20)
On specifying the kernel function g as stated after (4.14), we find the Airy approximation of integral (4.6),
[+1/2)™# = d ()
Dess(l,p.m +¢,0,b, ) “(@% 0 \%( )
boi
X exp h%m 17221 +y) - ;lw (1+1/2)/1 +y} 4.21)

We may apply a further variable change, 1 +y = (1 + )%,y = t(2 + t), to remove the root in the exponential,

D (l+1/2)m+8+1 { l+1/2( I[+1/2 )}/ t)m+s+1
ss(Lpm+eéabw)~——F ——— tr /4 b dti
B( &, a ) 2pm+£+3 exp a » +iw (2 )

X exp [—”;/2 (aH_Tl/zt2+<2al+;/2+b+ia)>t>} (4.22)

The Airy approximation (4.21) or (4.22) is numerically tame and turns out to be efficient even at very low Bessel index [, but
its accuracy is limited as compared with the Hankel series evaluation in (4.6), cf. Tables 1-3. The Airy approximation of inte-
grals containing products of Bessel derivatives j}m) (pk)jf")(pk) is discussed in [12].

5. Kummer averages [, k™ ?e-®+iokj pk)dk with integer power-law index

The Kummer averages (2.21) are a limit case of integral (2.16), where the quadratic term in the exponent of the integrand
vanishes, a = 0. We can proceed as in Section 4.1, starting with the ¢ expansion of integral D.os(p; it — n,a = 0,b, ®) in (2.23),
where y=m+ ¢and n=m+ 1 + j, with integer j > 0. As in Section 2.2, we use the shortcut 8 = b + iw, and write, cf. (2.23)
and (4.1),

Deos(pi =1 —j +£,0.b, @) = 5 T(=j +&)((6— 2ip) " + (B +2ip) *)

.—A[\_)|.—\

= ~D%¥(;p,0,b, ) + DE(j:p. 0, b, ;). (5.1)

Ccos cos

The singular coefficient is
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Dl (j:p, 0,b, ) = ; I i);) ((B—2ip) + (B +2ip)). (52)

In contrast to (3.4), the regular constant term of the ¢ expansion in (5.1) is elementary,

: 1 1 . NPT .
DG, 0.b,:0) =5 j]) [(8 -+ 2ipY (Wi + 1) — og(+2ip)) + (B — 2ip} ((j + 1) ~ log(§ - 2ip))]. (5.3)
Here, j is a non-negative integer; no singularities arise for negative integer j. Principal values are assumed for the logarithms.
These coefficients can readily be derived by substituting the ¢ expansion (3.2) of the gamma function into (5.1). The constant
coefficient (5.3) differs from DE(j; p, 0, b, w; €) in (5.1) by terms of O(e).

Analogously, integral Dy, (p; # — n,0,b, @) in (2.24) admits the ¢ expansion

Dan(ps—1 ] +£,0.b,0) = 5T (i +) (5~ 20p) * — (+2ip) *) = L DI(ip,0.b, ) + DYL(ip,0.b, o), (54)

sin sin

with residue

i 1 . N
D3 (j:p,0.b, ) = ; I +),1)( B+ 2ip) - (f - 2ip)) (5.5)
and the regular constant coefficient
e 1 . . i .
Di(j:p. 0,b,w;0) = 5 r((, ﬁl) [(+2ip) (w(j + 1) — log( +2ip)) — (8~ 2ip) (W(j + 1) ~ log(§ - 2ip))]. (5.6)
Finally, the & expansion of integral Do(it — n,0,b, ) in (2.25) reads, cf. (4.2),
Do(—j—1+¢0,bw)=T(—j+&)p* 1DS‘“g(j 0,b. w) + Dy®(j; 0,b, w; &), (5.7)
where
sing / 1
D;™(j;0,b, ) = I j])/ (5.8)
Dy®(j; 0,b, ; 0) = F(U j )[}’(np(]-i-l) —logp) (5.9)

and f=b+iw.

As mentioned, in contrast to the Gaussian power-law averages (4.6), the regular coefficients DZZ%,sin,o of Kummer averages
are elementary functions at ¢ = 0. Therefore, it is numerically efficient to perform the regularized Hankel series expansion for
integer power-law index m directly at ¢ = 0. The analogue to the series expansion (4.6) is thus

Dess(I,p;m, 0,b, ) / k™2 b0k (plydk = ((—1)’“Dssgeg+( 1)DSSB‘eg+DSSB‘eg). (5.10)

2p2

Table 3

Hankel expansion and Airy approximation of the Kummer averages Dy (l) = J;° I? e~ (biwk (k)dk in (5.10) (p = 1,m = 0), with exponents b = 2.3 x 10~ and
® =2.15 x 107* defining the oscillatory multipole component of the CMB ﬂuctuatlons in [2]. In columns 2 and 4, the Hankel evaluation of integral
ReDgsp = [;° kP ebk cos(wk)j,z(k)dk and ImDg = — [;° kPebk sin(wl<)j,2(k)dl< is recorded as a function of Bessel index [ in column 1. The finite Hankel series
expansion of Kummer averages is explained in Section 5 and compared with the Airy approximation (4.21) in columns 3 and 5. The indicated digits of the
Hankel evaluation are significant. The Airy approximation is thus accurate to 3 or 4 decimal digits.

1 ReDgsp (1) Hankel series ReDggg(I) Airy approx. ImDssp (1) Hankel series ImDgsp (1) Airy approx.
0 2.459394994691453 2.456975786 —2.29953729177942 x10! —2.29993855 x10!
1 2.439023740399505 2436746712 —2.30369798295024 x 10! —2.30396971 x10!
5 2.176623546402476 2.174578376 —2.34117813788856 x 10" —2.34127427 x10!
10 1.469537577207173 1.467707567 —2.41348458087903 x10' —2.41348612 x10!
50 —1.49154918284621 x 10! —1.49147674 x10! —2.66093614013266 x 10! —2.66074707 x10"
100 —3.54240464462342 x10' —3.54214934 x10' —3.37196089026216 —3.37281990

300 2.126889250211135 x10' 2.127187079 x 10! —3.07546677806975 x10' —3.07505100 x 10"
500 1.536265267664984 x10' 1.535679165 x10! 2.612978498620274 x10' 2.613253539 x10!
800 1.214846414087418 x10! 1.214373489 x10' 1.484542229293373 x10! 1.484978720 x10!
1000 —1.30411841949000 x10' —1.30432858 x10! 3.598946584521200 3.593693228
5000 - 4.215571594 x10°4 - —3.02117450 x10°3
10* - —2.26686563 x1078 - —3.73505755 x1078

2 x10* - —5.96529699 x10 ' - 2.147340549 x10718
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The Hankel series Dg;,f~3>"eg in (5.10) are assembled by substituting the regular constant coefficients D% ; ; calculated in
(5.3), (5.6) and (5.9) into series (4.7)-(4.9) (where we put ¢ = 0). Also required in these series are the non-singular coeffi-
cients Dcos sino listed in (2.23)-(2.25). Integral (5.10) converges if m > —2I — 2, with integer Bessel index | > 0 and exponent
b > 0, since j;(x) oc /(1 + O(x?)) and j(x) = O(1/x) for large argument.

As a consistency check, we note, cf. (5.2) and (5.5),

in in, in ] s
D (:p.0.b. ) = DI +iD35F = L1 20p). 5.11)

which coincides with DS"(j: p. a, b, @) in (3.4) in the limit y — oo (that is a — 0 in (2.2)), cf. (A.4). A check of the regular con-

exp

stant coefficients D2 . in (5.3) and (5.6) is provided by

cos,sin

-1 . .
D15:p.0.b.0:0) = D3 1057 = 1 (5 2ip(y+ 1) g4 2, (512

which can be recovered from D (j; p, a, b, ; 0) in (3.4) in the same limit y — oo by substituting U(a,b,z) ~ z°°.
A different consistency check of the Hankel expansion (5.10) is obtained for power-law index m = —1. In this case, inte-

gral (5.10) can be calculated as [6]

i
Dssp(l,p; —1,0,b, ) / ke %7 (pk)ydk = =— zpz Q (1 2p2> (5.13)

where Q,(x) is a Legendre function of the second kind with branch cut —1 < x < 1 [4], which is elementary for integer degree
I=0:

B x+1 LT+ 1+ k) (ps +wk+1)) (x— 1)
Q) = P (3 log 4 e —wit 1)) L EOE SO DV T (5.14)

where P(x) is the Legendre polynomial

L +1+/<) (x — 1)
,; +17 i1k 2 (5.15)

and 7y is Euler’s constant. Other integer power-law indices m in (5.10) can be checked by considering multiple $ derivatives
or antiderivatives of the Beltrami integral (5.13), cf. [13]. The sum rules (A.10) and (A.11) as well as the closed expression
(2.15) for the Hankel coefficients cy(l) can be obtained by comparing the finite Legendre series in (5.13) to the Hankel expan-
sion (5.10). Alternatively, the derivation of the combinatorial identities in Appendix A is based on the residues Dins. , stated

n (5.2), (5.5) and (5.8), and the Hankel coefficients cy(l) in (2.15) are derived by making use of Lommel’s identity [12]. Ta-
ble 3 illustrates the Hankel evaluation (5.10) of Kummer averages and their Airy approximation (4.21).

6. Results, discussion & conclusion

We studied Bessel integrals with squared spherical Bessel functions j,2 (pk) of integer index | > 0 in the integrand,
Des — / K 2k 0+002 (ple) d, 6.1)
0

averaged with the distribution k™e-ak’~(b+io)k The constant p in the argument of the Bessel function is a positive scale param-
eter. The constants a,b and w defining the modulated exponential are real, and a is positive, ensuring convergence at the
upper integration boundary. (The limit case a = 0 with b > 0 is also convergent, defining Kummer averages worked out in
Section 5. Here, we summarize the general case, a > 0.) The power-law index m is integer and can be negative, provided that
m+ 2 > —2I, which is the condition for integral (6.1) to converge at the lower integration boundary. In multipole expansions
of spherical random fields used to analyze temperature fluctuations of the cosmic background radiation, the exponents
m,a, b, w and the scale parameter p are kept constant, and the multipole index [ varies over a wide range; presently multi-
poles up to I ~ 10 are resolvable [1,2]. The complex exponent b + icv generates modulations in the multipole spectrum.

We start by summarizing the precision evaluation of integral (6.1) based on regularized Hankel series, cf. Section 4. Inte-
gral (6.1) can be assembled as

1

DssB = 2_172

((=1)"'D + (-1)'DZ + D), (62)

with the finite Hankel series

min(l,[m/2]) l 1 a (l)
D(l reg _ ap, ( )Dcos —2k) + 2k D2k — 1 —
3 m-ze > pmorgm

ssB p2k cos
k=max(0,[m/2]+1)
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min(l-1,(m-1)/2) I 1 b
r ki1 (D) 1 (1)
DioyE = i Din(m —2k 1) + 21 ) pres o ),
k=0 k=max(0,[(m—1)/2]+1)
min(l,[m/2]) i
r ca(l Cok l
DOy = > ;kz(k) Do(m —2k) + > Z’Z(k) Dy#(2k — 1 —m). (6.3)

k=0 k=max(0,[m/2]+1)

The brackets in the summation boundaries denote the integer part. The series coefficients ax(l), bax.1(I) and cy(l) are stated
in(2.12),(2.14), and (2.15). These series are derived by making use of the fact that the asymptotic Hankel expansion of Bessel
functions [5] in reciprocal powers of the argument terminates in the case of spherical Bessel functions, cf. Section 2. The coef-
ficients Deossino and Digs ¢, ¢ in (6.3) are obtained by making use of term-by-term integration combined with analytic contin-
uation in the power-law index m treated as complex variable. Analytic continuation is required because of divergent
integrals arising in the term-by-term integration, and can be performed with confluent hypergeometric functions, cf. Sec-

tion 2: The coefficients Dcossino in (6.3) are explicitly defined by

1 1
Deos(2) = E(DEXP(IJ-,Z) + Dexp(—D,2)), Dsin(2) = % (Dexp(D,2) — Dexp(—D, 2)) (6.4)
and Dg(z) = Dexp(0,2), where

T+l (z+11 (i) _w-2p—ib
DeXp(p7z)_22+]a(Z+1)/2 (2 5o | Y—T-

A representation of the Kummer function U in terms of the confluent hypergeometric function ;F; is given in (2.4), which can
also be used at the branch cut of U, that is for real argument y in (6.5).

At negative integer z= —j — 1,j > 0, pole singularities emerge in Dy, and thus in the coefficient functions Dcos sin0(2). The
regularized coefficients D¢ . in (6.3) read, after pole subtraction,

(6.5)

cos,sin,0
L1 . . P | . .
D) =5 (Deg(p.J) + D (=P.)), - D) = 57 (D5 (p.d) — D () (6.6)
and D% (j) = D& (0, ), where
Jni y )2 . < \2
reg o o _ 2 (172 —Jj 1 (iy) I d (-i+e 1 (iy)
with the Kummer function U in (2.4). The argument y is the same as in (6.5). The regularized coefficients D¢t ;. (i) are de-
fined for integer j > 0. The pole subtraction is performed by means of epsilon expansion, cf. Section 3,
. 1 . .
Dexp(p. =j = 1+ &) = Doy (P.J) + Desiy (p.J) + O(&), (6.8)

with residue D" (p, j) stated in (3.5). The ¢ residues DS"8_ (p, j) of the coefficients Dcos sino are defined analogous to (6.8) and

exp cos,sin,0

calculated as in (6.6) with D¢ replaced by D",

exp exp

The residues D" (p,j) do not enter in the actual calculation of integral (6.1). If we replace the regular coefficients in the

cos,sin,0 .
Hankel series (6.3) by the residues D?"¢. (p,j), then the second summation in each of the three series in (6.3) must vanish

identically. (The poles cancel one anc?giisg}obecause integral (6.1) is finite.) This pole cancellation happens due to combinato-
rial identities, sum rules satisfied by the series coefficients a,(l), b, 1(l) and ca(I) in (6.3), which are derived in Appendix A.
These identities, cf. (A.10) and (A.11), provide useful consistency checks for the series coefficients in high-precision calcula-
tions, especially for large Bessel index [; they only involve rational numbers, and are independent of the parameters defining
integral (6.1). Finally, the Bessel index I and the power-law exponent m in the Hankel series (6.3) satisfy I > 0 and the con-
vergence condition m > —2I[ — 2 of integral (6.1). It is evident from the summation boundaries in (6.3) (second summation
signs), that regularization by pole subtraction (6.8) is required if the Bessel index exceeds m/2. Since the power-law expo-
nent m of integral (6.1) is usually a small integer, this already happens at very low Bessel index in multipole expansions.

The Hankel method summarized in (6.1)-(6.8) is based on finite series, and can be used for integer Bessel index I, allowing
safe evaluation in any desired precision. We have also discussed asymptotic techniques and special cases of integral (6.1)
providing cross-checks by numerical comparison. In Section 2.3, we studied the Laplace and Fourier asymptotics of integral
(6.1), namely the limit a — oo or |b + iw| — oo, keeping the Bessel index I fixed. This limit, however, is not applicable in mul-
tipole expansions, in which the exponents are moderate and the Bessel index becomes large. In Section 4.2, we pointed out a
Weber integral defined by exponents m =0 and b = w = 0 in (6.1), which can be expressed by a spherical Bessel function
with imaginary argument. Weber integrals with even integer power-law exponent m are obtained as multiple a derivatives
or antiderivatives of identity (4.10), cf. [13]. In Section 4.2, we also derived the Airy approximation of integral (6.1), making
use of Nicholson’s steepest-descent asymptotics of the squared Bessel function in the integrand of (6.1). In Tables 1 and 2, we
compare Hankel expansion and Airy approximation by listing integral (6.1) for various Bessel indices.
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In Sections 2.2 and 5, we studied the special case of Kummer averages, that is integral (6.1) with a = 0 and b > 0. In this
limit case, the confluent hypergeometric functions in (6.5) and (6.7) become elementary power laws; the Hankel series of
these averages are explicitly compiled in Section 5. In this section, we also mentioned a Beltrami integral defined by expo-
nents m= —1,a = 0 in (6.1), which can be expressed as an elementary Legendre function of the second kind and integer
degree [, cf. (5.14). Table 3 compares the Hankel evaluation of Kummer averages with their Airy approximation (4.21), illus-
trating the accuracy of the Airy approximation over an extended range of Bessel indices.

Appendix A. Combinatorial identities for Hankel coefficients

First, we point out an identity relating to the residues D" (j: p, a, b, ) and Df)i"g (;a,b, ) in (4.1) and (4.2). We start with

cos,sin

integral (4.6), where m > —2I — 2 (convergence condition). This integral admits the ¢ expansion (0 < ¢ < 1)

Dus(l.pim + £.0.b.0) = - DE(.pim.a.b,) + D31, pim.a.b.0) + O(e) (A1)

ssB ssB

and is finite for ¢ — 0. Accordingly, the residue D:‘S“Bg(l p;m,a,b, ) in (A.1) must vanish identically (and is therefore not indi-
cated in (4.6)), and we can thus identify Dy (I, p; m, a, b, ) with the constant term D'% in (A.1). The residue DS is assembled

ssB
like the regularized Hankel series in (4.6),

Dzls[llsg(l p7 m,aq, b (’0) 2;32 <( 1)l+1DssBsmg + (_1) DssBsmg + DssBsmg) = 07 (A2)
where D{1.2¥*" denote the finite series
)sing : aZk(l) sing
DF™(1, p;m,a,b, ) = Z 0% D82k — 1 —m;p,a,b, w),
k=max(0,[m/2]+1
- baks1 (1)

DES"8([ p;m,a, b, w) =

ssB

D5né(2k — m;p,a,b, ),

sin
p2k+]

C2l<(l)

1
D1 p:m,a,b, ) = > D2k —1-m;ia,b,w). (A.3)

k=max(0,[m/2]+1)

These series are obtained by replacing the regular terms Dt ; , in the respective second series in (4.7)-(4.9) by their sin-
gular counterparts D3, . cf. (4.1) and (4.2). The latter are assembled by means of D3¢ in (3.5) (with the Hermite polyno-
mials in (3.7) and (3.8) substituted) and the singular counterpart to identities (4.3). The fact that identity (A.2) holds for
arbitrary constants a,b and w as well as integers | > 0 and m > —2[ — 2 (convergence condition of integral (4.6) at the lower
boundary) allows for significant consistency checks, in particular regarding numerical precision, since the Hankel coefficients
Az (1), bak1 (I) and cy () become very large rational numbers for high Bessel index L.

We consider identity (A.2) in the limita — 0, b = 0, w — 0. The left-hand side of this identity is a polynomial in a as well
as w, since DZ;:‘pg is a polynomial, cf. (3.5) and (3.6). Thus this identity stays valid for a = w = 0, even if integral (4.6) does not
converge at the upper integration boundary. (In this limit, integral (2.16) degenerates into a Schafheitlin integral [5], conver-
gent in the strip —21 — 3 < Reu < —1.) In (3.6), we perform the limit |[y| — oo, replacing the Hermite polynomial by its asymp-

totic limit Hj(z — oo) ~ 2Z and the Kummer function by

—j 1 (iy) PN
U(77§7T ~ 275 (1yy. (A4)
[yl—o0
This limit is realized by a — 0 in y = (@ — 2p)/v2a, cf. (2.2). On substituting (A.4) into (3.5), we obtain
DiM(j:p.a=0,b=0,m) = GV i(w—2py (A5)
e P TG+1) '

sing
cos,sin,

and the trigonometric components D o are defined as in (4.3). In this way, we find series DssgSlng (A3)ata=b=0as

psing sm+1 ! cu(l) (-1) Kg2k-1-m

w8 (Lp:m,0,0,m) =i 2k~ m) (A6)

2k
k=max(0,m/2]+1) p

Here, we perform the limit w — 0. It is easy to see that DZ™ (1, p;m, 0,0, w — 0) vanishes if m is even or if m < —3, since all

powers of w in the series are positive. A non-zero limit is obtained only for odd m > —1, provided that! > (m + 1)/2 (so that
the sum is not void). In this case, the first term of the series is independent of w. Thus, form = —-1,1,3,...and [ > (m+1)/2,
we obtain
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DL p:m, 0,0,  0) — Cna () (A7)

ssB pm+1

Returning to the trigonometric components Di;%; in (4.3), we substitute Dg¥ in (A.5) and perform the limit @ — 0 to find

D" (2n;p,a =0,b =0, = 0) _ e

cos r2n+1)
2n+1
sing . _ (_1) (2p)
DG, (2n+1,p,0,0,0)77r(2n+2) : (A8)
whereas Di"¢(2n +1;p,0,0,0) and D"(2m;p,0,0,0) vanish. Accordingly, the Hankel series DS([ p:m,0,0,0) and

sing

DEZF™(1,p;m,0,0,0) in (A.3) vanish for even m, like series D™ (I, p;m,0,0,0) discussed above. If m is odd, we find, by
substituting (A.8) into (A.3),

DS (] p:m,0,0,0) — 1 zl: (—1)@m-72 ax (22!
= 7 pHm k=max(0,(m+1)/2) 2k —m)
1 -1 o b (1)22k—m
2)sing _1\(@k-m-1)/2 _Y2k+1
SsB (I,p;m,0,0,0) = prm (-1) 7F(2k—m+ 1 (A.9)

k=max(0,(m+1)/2)

We can draw the following conclusions. The identity D{!)"® — D2 holds for odd m < —3, since the Hankel series
DES(1 p.m,0,0,0) vanishes in this case. Thus we find, for m = —3, 5 —7...and | = —(m+ 1)/2 [the latter being the con-
vergence condition m > —2[ — 2 of integral (4.6) for odd power-law exponent m, required for identity (A.2) to hold], the sum

rules

a2 N (=12 fan(l)  baa ()
U rar—m 2, F(Zk—m)( 2 _2k—m> =0 (A-10)
For odd integer m > —1 D 5‘"g
identities are obtained.
It remains to consider the case of odd m > —1, with [ > (m + 1)/2, where D2} does not vanish and is given by (A.7). In
this case, identity D2 — (—1)' (D" — 2)5‘“g) holds according to (A.2), and we find, by substitution of the Hankel series
(A.7) and (A.9),

still vanishes if | < (m + 1)/2, but the summations in (A.9) are void in this case, and no new

o mpaa(D22 wminz 1 (=122 fay(l)  byea())
Cmir (1) = (=1) r2l- )H_l)( /2_'“ 2 F(2k—m)( 2 _2k—m)' (A1)

k=(m+1)/2

This sum rule is valid for odd integer m > —1 and integer [ > (m + 1)/2, whereas identity (A.10) applies for odd m < —3 and
I > —(m+ 1)/2. The rational identities (A.10) and (A.11) provide significant numerical consistency checks for the combina-
torial coefficients as(l), baky1(l) and cy(I) stated in (2.12), (2.14) and (2.15).
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