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Bessel integrals of type
R1

0 klþ2e�ak2�ðbþixÞkj2
l ðpkÞdk are studied, where the squared spherical

Bessel function j2
l is averaged with a modulated Gaussian power-law density. These inte-

grals define the multipole moments of Gaussian random fields on the unit sphere, arising
in multipole fits of temperature and polarization power spectra of the cosmic microwave
background. The averages can be calculated in closed form as finite Hankel series, which
allow high-precision evaluation. In the case of integer power-law exponents l, singulari-
ties emerge in the series coefficients, which requires e expansion. The pole extraction
and regularization of singular Hankel series is performed, for integer Gaussian power-
law densities as well as for the special case of Kummer averages (a ¼ 0 in the exponential
of the integrand). The singular e residuals are used to derive combinatorial identities (sum
rules) for the rational Hankel coefficients, which serve as consistency checks in precision
calculations of the integrals. Numerical examples are given, and the Hankel evaluation of
Gaussian and Kummer averages is compared with their high-index Airy approximation
over a wide range of integer Bessel indices l.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

We investigate the Bessel integrals
R1

0 klþ2e�ak2�ðbþixÞkj2
l ðpkÞdk arising in the multipole expansion of isotropic Gaussian

random fields on the unit sphere [1,2]. j2
l ðxÞ is a squared spherical Bessel (ssB) function of integer index l P 0; p is a positive

scale parameter, a > 0; b and x are real constants, and l is an integer power-law exponent.
In Section 2, we derive a finite Hankel series representation of squared spherical Bessel functions, which is used to obtain

closed analytic expressions for the above integrals suitable for high-precision calculations. The finite Hankel expansion ad-
mits term-by-term integration in terms of confluent hypergeometric functions. At integer power-law exponents l, the con-
fluent functions become singular, so that the Hankel series requires epsilon expansion, see Section 3, where we perform the
pole separation of the confluent functions appearing in the coefficients of the Hankel series. In Section 4, we obtain explicit
formulas for the regularized Hankel series in closed form, arriving at a numerically efficient finite series representation of the
Bessel integrals in terms of confluent hypergeometric functions.

In Section 5, we discuss a special case, where the averaging of the squared spherical Bessel function is carried out with an
exponentially cut and modulated power-law density (a ¼ 0 in the above integrand). In this case, the confluent functions in
the Hankel coefficients are still singular at integer power-law exponents l but become elementary, so that the regularized
Hankel series are elementary functions as well. The Conclusion, Section 6, gives an overview of the results. In Appendix A, we
use the e pole extraction to derive combinatorial identities (sum rules) for the Hankel coefficients, by making use of the fact
that the singular e residuals of the series coefficients cancel one another if the integrals converge.
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2. Integrals of squared spherical Bessel functions expressed as finite Hankel series

2.1. Bessel integrals of type
R1

0 klþ2e�ak2�ðbþixÞkj2
l ðpkÞdk

We study the Bessel average
R1

0 gðkÞj2
l ðpkÞk2dk, where the distribution gðkÞ ¼ kle�ak2�ðbþixÞk is a modulated Gaussian

power law with real exponents l; a > 0; b and x (or a ¼ 0 and b > 0Þ. The scale parameter p in the argument of the squared
spherical Bessel (ssB) function j2

l ðpkÞ is positive. Spherical Bessel functions are rescaled ordinary Bessel functions of half-
integer order, jlðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p=ð2xÞ

p
Jlþ1=2ðxÞ, the index l being a non-negative integer [3,4]. These integrals converge for

lþ 2þ 2l > �1, as the ascending series of j2
l ðxÞ starts with the power x2l.

We will need an integral representation of a parabolic cylinder function [5],
Dexpðp;l; a; b;xÞ ¼
Z 1

0
kle�ak2�ðbþixÞkexpð2ipkÞdk ¼ Cðlþ 1Þ

ð2aÞðlþ1Þ=2 e�y2=4D�ðlþ1ÞðiyÞ; ð2:1Þ
where D�ðlþ1Þ denotes the cylinder function and
y ¼ x� 2p� ibffiffiffiffiffiffi
2a
p : ð2:2Þ
A complex exponent a is possible as well, with Rea > 0 or Rea ¼ 0 and b > 0, in which case the principal value of the root in
(2.2) is assumed. We will also consider the limit case a ¼ 0 of integral (2.1) with positive b, cf. (2.19). Integral (2.1) also rep-
resents a Kummer function [5],
Dexpðp;l; a; b;xÞ ¼ Cðlþ 1Þ
2lþ1aðlþ1Þ=2

U
lþ 1

2
;
1
2
;
ðiyÞ2

2

 !
; ð2:3Þ
where U is related to the confluent hypergeometric function 1F1 by [4,5]
U
lþ 1

2
;
1
2
;
ðiyÞ2

2

 !
¼ e�y2=2

ffiffiffiffi
p
p

Cðl=2þ 1Þ 1F1
�l
2
;
1
2
;
y2

2

� �
�

ffiffiffiffiffiffiffi
2p
p

iy
Cððlþ 1Þ=2Þ 1F1

1� l
2

;
3
2
;
y2

2

� �" #
; ð2:4Þ
so that
Dexpðp;l; a; b;xÞ ¼ 1
2aðlþ1Þ=2 e�y2=2 C

lþ 1
2

� �
1F1

�l
2
;
1
2
;
y2

2

� �
� C

lþ 2
2

� � ffiffiffi
2
p

iy1F1
1� l

2
;
3
2
;
y2

2

� �� �

¼ 1
2aðlþ1Þ=2 C

lþ 1
2

� �
1F1

1þ l
2

;
1
2
;� y2

2

� �
� C

lþ 2
2

� � ffiffiffi
2
p

iy1F1 1þ l
2
;
3
2
;� y2

2

� �� �
: ð2:5Þ
In the second equality, we made use of the transformation e�x
1F1ða; b; xÞ ¼ 1F1ðb� a; b;�xÞ. The representation (2.4) of the

Kummer function is unambiguous at the branch cut of Uða;1=2; zÞ, that is for real y, so that (2.5) is suitable for numerical
calculations.

We split the exponential expð2ipkÞ in integral (2.1) into real and imaginary parts, defining
Dcosðp; l; a; b;xÞ ¼
Z 1

0
kle�ak2�ðbþixÞk cosð2pkÞdk ¼ 1

2
ðDexpðp; l; a; b;xÞ þ Dexpð�p;l; a; b;xÞÞ; ð2:6Þ

Dsinðp; l; a; b;xÞ ¼
Z 1

0
kle�ak2�ðbþixÞk sinð2pkÞdk ¼ 1

2i
ðDexpðp;l; a; b;xÞ � Dexpð�p; l; a; b;xÞÞ; ð2:7Þ

D0ðl; a; b;xÞ ¼
Z 1

0
kle�ak2�ðbþixÞkdk ¼ Dexpð0; l; a; b;xÞ: ð2:8Þ
The functions Dexp and Dcos;sin;0 will be considered as analytic continuations in l of the respective integrals, which converge
for Rel > �1. This continuation is effected by the Kummer function in (2.4) or by (2.5). In the following sections, we study
negative integer exponents l, where the gamma function in (2.3) becomes singular, which can be dealt with by epsilon
expansion. In this section, we assume a non-integer power-law exponent l.

We will employ a finite Hankel representation of the squared spherical Bessel function,
j2
l ðxÞ ¼

1
2x2 ð�1Þlþ1ÂlðxÞ cos 2xþ ð�1ÞlB̂lðxÞ sin 2xþ ĈlðxÞ

� �
; ð2:9Þ
where ÂlðxÞ; B̂lðxÞ and ĈlðxÞ are polynomials in 1=x, explicitly stated in (2.10)–(2.15). In the following, we use the Hankel
symbol
½l; k� ¼ 1
Cð1þ kÞ

Cðlþ 1þ kÞ
Cðlþ 1� kÞ : ð2:10Þ
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The polynomial ÂlðxÞ in (2.9) reads
ÂlðxÞ ¼
Xl

k¼0

a2kðlÞ
x2k

; ð2:11Þ
with coefficients
a2k6lðlÞ ¼ �
ð�1Þk

22k
½l; k�2 þ ð�1Þk

22k�1

Xk

m¼0

½l;m�½l;2k�m�;

a2kPlðlÞ ¼ �
ð�1Þk

22k
½l; k�2 þ ð�1Þk

22k�1

Xl�k

m¼0

½l;2k� lþm�½l; l�m�; ð2:12Þ
where 0 6 k 6 l; l P 0, and ½i; j� denotes Hankel’s symbol (2.10).
As for the polynomials B̂lðxÞ in (2.9), we define B̂0ðxÞ ¼ 0 and
B̂lðxÞ ¼
Xl�1

k¼0

b2kþ1ðlÞ
x2kþ1 ; ð2:13Þ
with coefficients
b2kþ16lðlÞ ¼
ð�1Þk

22k

Xk

m¼0

½l;m�½l;2kþ 1�m�;

b2kþ1PlðlÞ ¼
ð�1Þk

22k

Xl�k�1

m¼0

½l;2kþ 1� lþm�½l; l�m�; ð2:14Þ
where 0 6 k 6 l� 1 and l P 1. Finally, the polynomials ĈlðxÞ in (2.9) read
ĈlðxÞ ¼
Xl

k¼0

c2kðlÞ
x2k

; c2kðlÞ ¼
½l; k�
22k

Cð2kþ 1Þ
Cðkþ 1Þ ; ð2:15Þ
where l P 0.
We substitute the Hankel representation (2.9) of the squared Bessel function into integral
DssBðl;p;l; a; b;xÞ ¼
Z 1

0
klþ2e�ak2�ðbþixÞkj2

l ðpkÞdk ð2:16Þ
and interchange the integration with the summation of series ÂlðxÞ; B̂lðxÞ and ĈlðxÞ. In this way, we obtain integral (2.16) as
linear combination of three finite Hankel series:
DssBðl;p;l; a; b;xÞ ¼ 1
2p2 ð�1Þlþ1Dð1ÞssB þ ð�1ÞlDð2ÞssB þ Dð3ÞssB

� �
; ð2:17Þ
where
Dð1ÞssBðl;p;l; a; b;xÞ ¼
Xl

k¼0

a2kðlÞ
p2k

Dcosðp; l� 2k; a; b;xÞ;

Dð2ÞssBðl;p;l; a; b;xÞ ¼
Xl�1

k¼0

b2kþ1ðlÞ
p2kþ1 Dsinðp; l� 2k� 1; a; b;xÞ;

Dð3ÞssBðl;p;l; a; b;xÞ ¼
Xl

k¼0

c2kðlÞ
p2k

D0ðl� 2k; a; b;xÞ: ð2:18Þ
The series coefficients a2kðlÞ; b2kþ1ðlÞ, and c2kðlÞ are stated in (2.12), (2.14), and (2.15), and the functions Dcos;sin;0 are defined in
(2.6)–(2.8), with Dexp in (2.5) substituted. We also note that Dð2ÞssBðl ¼ 0Þ ¼ 0; a sum is regarded as void if the lower summation
boundary exceeds the upper one. We thus obtain the Bessel integral DssBðl; p;l; a; b;xÞ in (2.16) as a finite linear combination
of confluent hypergeometric functions, cf. (2.5).

If a ¼ 0 and b > 0 in integral (2.16), then integral Dexp in (2.1) is elementary, and the confluent hypergeometric
Dexpðp;l; a; b;xÞ in (2.3) and (2.5) is replaced by
Dexpðp;l;0; b;xÞ ¼ Cðlþ 1Þ
ðbþ iðx� 2pÞÞlþ1 : ð2:19Þ
We will further discuss this limit in Section 2.2. In the opposite limit, a!1; y! 0, cf. (2.2), we find



R. Tomaschitz / Applied Mathematics and Computation 225 (2013) 228–241 231
Dexpðp;l; a; b;xÞ � Cððlþ 1Þ=2Þ
2aðlþ1Þ=2 ; ð2:20Þ
which can readily be seen from (2.5) since 1F1 � 1. This limit is best dealt with in Laplace asymptotics, cf. Section 2.3.

2.2. A limit case: Kummer averages
R1

0 klþ2e�ðbþixÞkj2
l ðpkÞdk

We consider the modulated and exponentially cut power law kle�ðbþixÞk, with b > 0 and real x. The power-law index l is
real and non-integer. (Integer indices will be studied in Section 5.) This is the limit case a ¼ 0 in (2.16) and (2.19). We use the
shortcut b ¼ bþ ix;Reb > 0, so that the Bessel integral (2.16) reads
DssBðl;p; l;0; b;xÞ ¼
Z 1

0
klþ2e�bkj2

l ðpkÞdk: ð2:21Þ
Integral Dexp in (2.1) is now elementary,
Dexpðp;l;0; b;xÞ ¼
Z 1

0
kle�bkexpð2ipkÞdk ¼ Cðlþ 1Þ

ðb� 2ipÞlþ1 : ð2:22Þ
The trigonometric components (2.6)–(2.8) of this integral are elementary as well,
Dcosðp; l;0; b;xÞ ¼
Z 1

0
kle�bk cosð2pkÞdk ¼ 1

2
Cðlþ 1Þ ðb� 2ipÞ�l�1 þ ðbþ 2ipÞ�l�1

� �
; ð2:23Þ

Dsinðp; l;0; b;xÞ ¼
Z 1

0
kle�bk sinð2pkÞdk ¼ 1

2i
Cðlþ 1Þ ðb� 2ipÞ�l�1 � ðbþ 2ipÞ�l�1

� �
ð2:24Þ
and
D0ðl;0; b;xÞ ¼
Z 1

0
kle�bkdk ¼ Cðlþ 1Þb�l�1: ð2:25Þ
We note that b ¼ bþ ix can be complex, with b > 0, and the power-law exponent l in integral (2.21) is usually real,
although the functions Dcos;sin;0 will be regarded as analytic l continuations of the respective integrals. The Hankel series
in (2.18) are compiled with these elementary functions, and integral DssBðl; p;l;0; b;xÞ in (2.21) is assembled as stated in
(2.17). If the power-law exponent l is integer, the coefficients Dcos;sin;0 of the Hankel series (2.18) become singular, which
requires e expansion, performed in Section 5 for the Kummer averages (2.21).

2.3. Laplace/Fourier asymptotics of integral
R1

0 klþ2e�ak2�ðbþixÞkj2
l ðpkÞdk

We calculate integral DssBðl; p;l; a; b;xÞ in (2.16) by making use of the ascending series expansion of the squared spherical
Bessel function j2

l ðxÞ [6],
j2
l ðxÞ ¼

X1
k¼0

a2kðlÞx2kþ2l;

a2kðlÞ ¼
ð�1Þk

Cðkþ 1Þ
22lþ2kC2ðlþ kþ 1Þ

Cð2lþ kþ 2ÞCð2lþ 2kþ 2Þ : ð2:26Þ
We note the asymptotic expansion of the series coefficients a2kðlÞ for large k and fixed l,
a2kðlÞ ¼
ð�1Þk

4
ffiffiffiffi
p
p e�2kðlog k�1Þ

k2lþ5=2 1þ O
1
k

� �� �
; ð2:27Þ
obtained by means of Stirling’s estimate [5]
Cðnþ aÞ ¼
ffiffiffiffiffiffiffi
2p
p enðlog n�1Þ

n1=2�a 1þ O
1
n

� �� �
: ð2:28Þ
The Laplace/Fourier series of the Bessel integral (2.16) is found by substituting the ascending series (2.26), and by inter-
changing integration and summation,
DssBðl;p; l; a; b;xÞ ¼
X1
k¼0

a2kðlÞp2kþ2lD0ðlþ 2kþ 2lþ 2; a; b;xÞ; ð2:29Þ
where the integrals D0 are calculated in (2.5) and (2.8), with y ¼ ðx� ibÞ=
ffiffiffiffiffiffi
2a
p

, cf. (2.2). The series (2.29) can also be used for
integer exponents l, as no singularities arise, provided that integral (2.16) converges at the lower integration boundary,
which is the case if lþ 2þ 2l > �1.
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In series (2.29), we consider the limit a ¼ 0 and b > 0, so that D0ðl;0; b;xÞ ¼ Cðlþ 1Þ=ðbþ ixÞlþ1, cf. (2.19). Series (2.29)
is thus majorized by a polylogarithm

P1
k¼1klzk, with z ¼ 4p2=ðbþ ixÞ2, which converges in the unit disk zj j < 1 for arbitrary

l [7]. This can be seen from the asymptotic series coefficients (2.27) and the limit (2.28) of the gamma function. Rapid con-
vergence apparently requires a large parameter b (Laplace asymptotics) or x (Fourier asymptotics).

In the opposite limit a!1, we can use (2.20) as estimate for D0ðl; a; b;xÞ in series (2.29). In this case, series (2.29) is
convergent due to a factor e�kðlog k�1Þ emerging in the series coefficients for large k, cf. (2.27) and (2.28). However, this factor
only emerges for k� l (since the asymptotic limit in (2.27) only applies in this regime), which requires to sum a large num-
ber of terms in series (2.29) if the Bessel index l is large. Rapid convergence requires a large exponent a or a large bþ ixj j in
integral (2.16). This expansion also works if both a and bþ ixj j are large and y is moderate, cf. (2.1) and (2.2). In brief, if the
exponents a and/or bþ ixj j in the integrand (2.16) are large numbers and the index l is low or moderate, the Laplace/Fourier
series expansion (2.29) is efficient. The parameter p in series (2.18) and (2.29) can be put equal to one, as it can be scaled into
the exponents a; b and x of the integrand in (2.16).

3. Bessel integrals with integer power-law exponent: epsilon expansion and Hermite residuals

In Sections 2.1 and 2.2, we considered non-integer power-law exponents l in integral
R1

0 klþ2e�ak2�ðbþixÞkj2
l ðpkÞdk, cf.

(2.16), where j2
l ðpkÞ is a squared spherical Bessel function of integer index l P 0, and p a positive scale parameter. Here

and in Sections 4 and 5, we study integer power-law exponents l ¼ m, so that j2
l ðpkÞ is averaged with the distribution

kme�ak2�ðbþixÞk, with a > 0, real b and x. The k2 factor in the integrand typically stems from a 3D volume integration in polar
coordinates [2]. The exponent m can be negative, provided that mþ 2 P �2l, so that the integral is convergent. We will cal-
culate integral (2.16) by performing e expansion for arbitrary integer power-law exponents l ¼ m P �2l� 2.

The analytic l continuations Dcos;sinðp;l� n; a; b;xÞ and D0ðl� n; a; b;xÞ of the integrals in (2.6)–(2.8), which are re-
quired in the Hankel series (2.18), become singular due to poles in the gamma function in (2.3). We put l ¼ mþ e, where
m is an arbitrary integer, and n ¼ mþ 1þ j, so that 1þ l� n ¼ �jþ e. Poles in Dexpðp;l� n; a; b;xÞ (defined by (2.3) or
(2.5)) and in its trigonometric components Dcos;sin;0 in (2.6)–(2.8) emerge only at integer l� n ¼ �j� 1 with j P 0.

We start with the e expansion of integral Dexpðp;l� n; a; b;xÞ in (2.3), and put l ¼ mþ e and n ¼ mþ 1þ j, where the
pole index j is a non-negative integer; no singularities arise for negative integer j. Thus, cf. (2.3),
Dexpðp;l� n; a; b;xÞ ¼ Cð�jþ eÞ
2�jþeað�jþeÞ=2

U
�jþ e

2
;
1
2
;
ðiyÞ2

2

 !
; ð3:1Þ
where l� n ¼ �j� 1þ e, and we use the shortcut y ¼ ðx� 2p� ibÞ=
ffiffiffiffiffiffi
2a
p

, cf. (2.2). In (3.1), we substitute the e expansion of
the gamma function, assuming integer j P 0,
Cð�jþ eÞ ¼ ð�1Þj

Cðjþ 1Þ
1
e
ð1þ ewðjþ 1Þ þ Oðe2ÞÞ ð3:2Þ
and split off the e pole,
Dexpðp;�j� 1þ e; a; b;xÞ ¼ 1
e

Dsing
exp ðj; p; a; b;xÞ þ Dreg

expðj; p; a; b;x; eÞ: ð3:3Þ
The psi function in (3.2) is the logarithmic derivative of the gamma function. The constant term in the e Laurent expansion of
Dexp is
Dreg
expðj; p; a; b;x; 0Þ ¼ aj=2 ð�1Þj2j

Cðjþ 1Þ U
�j
2
;
1
2
;
ðiyÞ2

2

 !
ðwðjþ 1Þ � 1

2
logð4aÞÞ þ d

de
U
�jþ e

2
;
1
2
;
ðiyÞ2

2

 !					
e¼0

" #
; ð3:4Þ
so that Dreg
expðj; p; a; b;x; eÞ ¼ Dreg

expðj; p; a; b;x; 0Þ þ OðeÞ. The residue Dsing
exp in (3.3) reads
Dsing
exp ðj; p; a; b;xÞ ¼ aj=2 ð�1Þj

Cðjþ 1Þ2
jU
�j
2
;
1
2
;
ðiyÞ2

2

 !
; ð3:5Þ
where we can substitute the Hermite polynomial, cf. (3.7) and (3.8),
2jU
�j
2
;
1
2
;
ðiyÞ2

2

 !
¼ Hj

iyffiffiffi
2
p
� �

: ð3:6Þ
In Dsing
exp , we consider even integer pole indices j ¼ 2n;n P 0, and note [5]
U �n;
1
2
;
ðiyÞ2

2

 !
¼ ð�1Þnffiffiffiffi

p
p Cðnþ 1=2Þ1F1 �n;

1
2
;
ðiyÞ2

2

 !
¼ 2�2nH2n

iyffiffiffi
2
p
� �

¼ ð�1Þn Cð2nþ 1Þ
22n

Xn

k¼0

2ky2k

Cð2kþ 1ÞCð1þ n� kÞ : ð3:7Þ
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The singular term Dsing
exp ð2n; p; a; b;xÞ in (3.5) is thus real for real y.

For odd integer pole index, we put j ¼ 2nþ 1; n P 0, in the residue (3.5) to find
U
�2n� 1

2
;
1
2
;
ðiyÞ2

2

 !
¼ ð�1Þn

ffiffiffiffi
2
p

r
Cðnþ 3=2Þiy1F1 �n;

3
2
;
ðiyÞ2

2

 !
¼ 2�2n�1H2nþ1

iyffiffiffi
2
p
� �

¼ ð�1Þn Cð2nþ 2Þ
22nþ1

ffiffiffi
2
p

iy
Xn

k¼0

2ky2k

Cð2kþ 2ÞCð1þ n� kÞ : ð3:8Þ
Here, the Kummer function U at the branch cut (real yÞ and the Hermite polynomial are imaginary. This defines the singular
term Dsing

exp ð2nþ 1; p; a; b;xÞ in (3.5) for odd pole index, which is imaginary at b ¼ 0, that is for real y, cf. (2.2).
At very small but finite e, the regular part in (3.3) can be calculated with high precision as
Dreg
expðj; p; a; b;x; eÞ ¼ Dexpðp;�j� 1þ e; a; b;xÞ � 1

e
Dsing

exp ðj; p; a; b;xÞ; ð3:9Þ
with Dsing
exp explicitly given in (3.5), (3.7) and (3.8). This can be more efficient than the numerical differentiation of the Kum-

mer function with respect to the e parameter in (3.4).

4. Regularized Hankel series

4.1. Pole subtraction

In Section 3, we performed the e expansion of integral Dexp in (2.1), and calculated the pole term Dsing
exp =e, cf. (3.3). The pole

separation and e expansion of the trigonometric integrals Dcos;sin;0 defined in (2.6)–(2.8) can be assembled from the coeffi-
cients Dsing

exp and Dreg
exp in (3.3).

As in (3.1), we put l ¼ mþ e and n ¼ mþ 1þ j, where j is a non-negative integer, and write the integrals
Dcos;sin;0ðp;l� n; a; b;xÞ in (2.6)–(2.8) as
Dcos;sinðp;�j� 1þ e; a; b;xÞ ¼
Z 1

0
k�j�1þee�ak2�ðbþixÞkðcosð2pkÞ; sinð2pkÞÞdk

¼ 1
e

Dsing
cos;sinðj; p; a; b;xÞ þ Dreg

cos;sinðj; p; a; b;x; eÞ ð4:1Þ
and
D0ð�j� 1þ e; a; b;xÞ ¼
Z 1

0
k�j�1þee�ak2�ðbþixÞkdk ¼ 1

e
Dsing

0 ðj; a; b;xÞ þ Dreg
0 ðj; a; b;x; eÞ: ð4:2Þ
By comparing to (2.1) and (3.3), we identify the series coefficients as, cf. (2.6)–(2.8),
Dreg
cosðj; p; a; b;x; eÞ ¼ 1

2
ðDreg

expðj; p; a; b;x; eÞ þ Dreg
expðj;�p; a; b;x; eÞÞ;

Dreg
sin ðj; p; a; b;x; eÞ ¼ 1

2i
ðDreg

expðj; p; a; b;x; eÞ � Dreg
expðj;�p; a; b;x; eÞÞ;

Dreg
0 ðj; a; b;x; eÞ ¼ Dreg

expðj; p ¼ 0; a; b;x; eÞ; ð4:3Þ
with Dreg
exp in (3.9). The same relations (4.3) also hold for the residues Dsing

cos;sin;0 in (4.1) and (4.2), with Dreg
exp replaced by Dsing

exp in
(3.5).

Returning to the Hankel series Dð1ÞssB and Dð3ÞssB in (2.18), we put l ¼ mþ e. The gamma function in the analytic e continu-
ations Dcosðp;l� 2k; a; b;xÞ and D0ðl� 2k; a; b;xÞ (defined by (2.3), (2.6) and (2.8)) stays regular for e! 0 if the non-neg-
ative integer k satisfies 2k 6 m. It is singular for 2k P mþ 1. Accordingly, we split the series defining Dð1ÞssB and Dð3ÞssB in (2.18) as
Xl

k¼0

¼
Xminðl;½m=2�Þ

k¼0

þ
Xl

k¼maxð0;½m=2�þ1Þ
ð4:4Þ
and use Dcosðp; m� 2k; a; b;xÞ and D0ðm� 2k; a; b;xÞ in (2.6) and (2.8) in the first summation like in (2.18). In the second
summation in (4.4), we use, instead of Dcos and D0, the regular coefficients Dreg

cosðj; p; a; b;x; eÞ and Dreg
0 ðj; a; b;x; eÞ in (4.3), with

j ¼ 2k� 1�m (so that l� 2k ¼ �j� 1þ e, cf. (4.1) and (4.2)). The brackets in the upper and lower summation boundaries in
(4.4) denote the integer part (that is, the largest integer less than or equal to the indicated argument). We also use the con-
vention that a sum is zero if the lower summation boundary exceeds the upper one.

As for series Dð2ÞssB in (2.18), with l ¼ mþ e and Dsin in (2.7), we note that the gamma function in Dsinðp; l� 2k� 1; a; b;xÞ
stays regular for e! 0 if k satisfies 2kþ 1 6 m, cf. (2.3) and (2.7), whereas poles emerge if 2kþ 1 P mþ 1. We split the series
defining Dð2ÞssB in (2.18) as
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Xl�1

k¼0

¼
Xminðl�1;½ðm�1Þ=2�Þ

k¼0

þ
Xl�1

k¼maxð0;½ðm�1Þ=2�þ1Þ
: ð4:5Þ
In the first summation, we can use Dsinðp; m� 2k� 1; a; b;xÞ in (2.7). In the second summation, we replace Dsin by
Dreg

sin ðj; p; a; b;x; eÞ in (4.3) and put j ¼ 2k�m (since l� 2k� 1 ¼ �j� 1þ eÞ. The pole terms Dsing
cos;sin;0=e in (4.1) and (4.2)

can be ignored in the calculation of integral (4.6) below, as they cancel one another, cf. Appendix A.
The e decomposition of integral (2.16) and its series representation (2.17) with power-law exponent l ¼ mþ e;0 < e� 1,

is thus
DssBðl;p; mþ e; a; b;xÞ ¼
Z 1

0
kmþeþ2e�ak2�ðbþixÞkj2

l ðpkÞdk ¼ 1
2p2 ð�1Þlþ1Dð1Þreg

ssB þ ð�1ÞlDð2Þreg
ssB þ Dð3Þreg

ssB

� �
; ð4:6Þ
where Dð1;2;3Þreg
ssB are the regularized Hankel series (2.18):
Dð1Þreg
ssB ðl;p; mþ e; a; b;xÞ ¼

Xminðl;½m=2�Þ

k¼0

a2kðlÞ
p2k

Dcosðp; mþ e� 2k; a; b;xÞ

þ
Xl

k¼maxð0;½m=2�þ1Þ

a2kðlÞ
p2k

Dreg
cosð2k� 1�m; p; a; b;x; eÞ; ð4:7Þ
with Dcos calculated via (2.5) and (2.6), and Dreg
cos via (3.9) and (4.3). The brackets in the summation boundaries denote the

integer part, cf. (4.4). The second regularized Hankel series in (4.6) reads
Dð2Þreg
ssB ðl;p; mþ e; a; b;xÞ ¼

Xminðl�1;½ðm�1Þ=2�Þ

k¼0

b2kþ1ðlÞ
p2kþ1 Dsinðp; mþ e� 2k� 1; a; b;xÞ

þ
Xl�1

k¼maxð0;½ðm�1Þ=2�þ1Þ

b2kþ1ðlÞ
p2kþ1 Dreg

sin ð2k�m; p; a; b;x; eÞ; ð4:8Þ
with Dsin in (2.5) and (2.7), and Dreg
sin in (3.9) and (4.3); the summation is explained in (4.5). The third Hankel series Dð3Þreg

ssB in
(4.6) reads
Dð3Þreg
ssB ðl;p; mþ e; a; b;xÞ ¼

Xminðl;½m=2�Þ

k¼0

c2kðlÞ
p2k

D0ðmþ e� 2k; a; b;xÞ

þ
Xl

k¼maxð0;½m=2�þ1Þ

c2kðlÞ
p2k

Dreg
0 ð2k� 1�m; a; b;x; eÞ; ð4:9Þ
with D0 defined in (2.5) and (2.8), and Dreg
0 in (3.9) and (4.3). The series coefficients a2kðlÞ; b2kþ1ðlÞ and c2kðlÞ are listed in (2.12),

(2.14) and (2.15). The regularized Hankel series (4.7)–(4.9) can be used for integer power-law exponents m P �2l� 2 to cal-
culate integral (4.6); the latter inequality is required for this integral to converge for e! 0. The series (4.6)–(4.9) remain va-
lid if we put e ¼ 0 and define Dreg

cos;sin;0 in (4.3) by substituting Dreg
expðj; p; a; b;x; 0Þ in (3.4). This is actually done in Section 5,

where we consider the special case of Kummer averages, where the confluent hypergeometric functions in (3.4) become ele-
mentary. In contrast, if e is kept small but finite in the Hankel series (4.6)–(4.9), we can calculate the regular coefficients
Table 1
Hankel expansion and Airy approximation of the integrals DssBðlÞ ¼

R1
0 k2e�ak2�bkj2

l ðkÞdk, cf. (2.16) (p ¼ 1;l ¼ x ¼ 0Þ, with exponents
a ¼ 7:0� 10�3 and b ¼ �0:5, employed in a multipole fit of the cosmic microwave background (CMB) temperature power spectrum [2]. The
integrals are labeled by their Bessel index l (first column). The Hankel evaluation in the second column is based on the finite series (4.6)–
(4.9). The Airy approximation in column 3 is calculated with (4.21). The indicated decimal digits of the Hankel series evaluation are all
significant, the numbers being truncated. The Airy approximation is accurate to 3 decimal places for moderate Bessel index, but
substantially deteriorates when the integrals become negligible as compared to their peak value.

l DssBðlÞ Hankel series DssBðlÞ Airy approx.

0 7.991354106316505 �104 7.992338873 �104

1 7.999250409735869 �104 8.000256164 �104

5 8.113326663187338 �104 8.114670865 �104

10 8.481208178016143 �104 8.483594389 �104

20 1.042557080617444 �105 1.042268591 �105

30 1.238911735222280 �105 1.236931157 �105

50 1.511142597127369 �104 1.509695163 �104

70 1.503953736747144 �101 1.180405467 �101

100 8.233597800611870 �10�8 8.635323282 �10�9

150 9.739275886661490 �10�30 4.028033041�10�36
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Dreg
cos;sin;0 in (4.3) by means of Dreg

expðj; p; a; b;x; eÞ in (3.9). As mentioned, the pole subtraction in (3.9) is handier than the calcu-
lation of the e derivative of the confluent hypergeometric function required in (3.4), and can readily be done in high preci-
sion. High-precision evaluation of the coefficients Dcos;sin;0 and Dreg

cos;sin;0 is necessary in the Hankel series (4.7)–(4.9), since the
combinatorial coefficients a2kðlÞ; b2kþ1ðlÞ and c2kðlÞ become very large rational numbers at high Bessel index l. Therefore, the
finite summations Dð1;2;3Þreg

ssB in (4.7)–(4.9) give very large numbers, which cancel one another almost entirely in the total sum
(4.6) resulting in precision loss, so that high-precision evaluation of these series is required. In Tables 1 and 2, we give
numerical examples of the Hankel expansion (4.6)–(4.9), covering a wide range of Bessel indices, and compare with the Airy
approximation discussed in Section 4.2.

4.2. Consistency checks for Hankel series: comparison with Weber integrals and Airy approximation

For m ¼ 0; e ¼ 0 and b ¼ x ¼ 0, integral (4.6) degenerates into a Weber integral [6],e
DssBðl;p; 0; a;0;0Þ ¼
Z 1

0
e�ak2

j2
l ðpkÞk2dk ¼

ffiffiffiffi
p
p

4a3=2 e�p2=ð2aÞ 1

il
jl i

p2

2a

� �
; ð4:10Þ
convergent for Rea > 0. A finite representation of the spherical Bessel function jlðxÞ valid for complex argument is
jlðxÞ ¼
sin x

x
Rl;1=2ðxÞ �

cos x
x

Rl�1;3=2ðxÞ; ð4:11Þ
with the Lommel polynomials [5]
Rl;1=2ðxÞ ¼
X½l=2�

k¼0

ð�1Þk22k�lx2k�l½l; l� 2k�;

Rl�1;3=2ðxÞ ¼
X½ðl�1Þ=2�

k¼0

ð�1Þk22k�lþ1x2k�lþ1½l; l� 2k� 1�: ð4:12Þ
The brackets of the upper summation boundaries indicate the integer part (largest integer less than or equal to the indicated
argument), not to be confused with the Hankel symbol in the summands,
½n; j� ¼ 1
Cð1þ jÞ

Cðnþ 1þ jÞ
Cðnþ 1� jÞ : ð4:13Þ
More generally, we may compare integral DssBðl; p; mþ e; a; b;xÞ in (4.6) to its Airy approximation. To this end, we consider
an arbitrary kernel function gðkÞ and write
DssBðl;p; gÞ ¼
Z 1

0
gðkÞj2

l ðkpÞk2dk; ð4:14Þ
where we may put gðkÞ ¼ kmþee�ak2�ðbþixÞk to recover integral DssBðl; p;mþ e; a; b;xÞ. We rescale the integration variable in
(4.14) with ðlþ 1=2Þ=p,
Table 2
Comparison of Hankel evaluation and Airy approximation of the integrals DssBðlÞ ¼

R1
0 k2e�ak2�bkj2

l ðkÞdk, cf. (2.16) and (4.6), with exponents
a ¼ 1:067� 10�4 and b ¼ �0:11. The caption to Table 1 applies. The order l of the spherical Bessel function is listed in the first column, the
finite Hankel series expansion (see Sections 4 and 6) in column 2, and the Airy approximation (4.21) in column 3. The indicated digits of the
Hankel evaluation are significant, whereas 5 to 6 digit accuracy is reached by the Airy approximation. The Hankel expansion for Bessel
indices above l � 400 requires very high precision evaluation of the confluent hypergeometric functions in (2.5), and is therefore not
efficient at high l, also see the remarks following (4.9).

l DssBðlÞ Hankel series DssBðlÞ Airy approx.

0 1.761712987728264 �1014 1.761713864 �1014

1 1.761720004433907 �1014 1.761720881 �1014

5 1.761818247890288 �1014 1.761819125 �1014

10 1.762099042033407 �1014 1.762099922 �1014

50 1.770734121286065 �1014 1.770735073 �1014

100 1.798359213865244 �1014 1.798360424 �1014

200 1.924862478039058 �1014 1.924865675 �1014

300 2.233775172960886 �1014 2.233790888 �1014

400 3.075282836068884 �1014 3.075217334 �1014

600 – 9.669919328 �1013

800 – 2.505261104 �1010

1000 – 1.580371521 �103

1200 – 2.090425596 �10�8
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DssBðl;p; gÞ ¼ ðlþ 1=2Þ3

p3

Z 1

0
g

lþ 1=2
p

x
� �

j2
l ððlþ 1=2ÞxÞx2dx ð4:15Þ
and substitute the high-l Nicholson approximation of the spherical Bessel function [4],
jlððlþ 1=2ÞxÞ �
ffiffiffiffi
p
p nðxÞ

1� x2

� �1=4 Aiððlþ 1=2Þ2=3nðxÞÞ
ðlþ 1=2Þ5=6x1=2

; ð4:16Þ
where
nðx P 1Þ ¼ � 3
2

� �2=3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1
p

� arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1
p� �2=3

; nðx 6 1Þ ¼ 3
2

� �2=3

arctanh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p� �2=3

: ð4:17Þ
In this transitional steepest-descent approximation, a squared Airy function appears in the integrand of (4.15), which admits
the integral representation [8]
Ai2ðzÞ ¼ 1
2p3=2

Z 1

0
cos

1
12

t3 þ zt þ p
4

� �
dtffiffi

t
p � 1

2p
1

ð�zÞ1=2 hð�zÞ; ð4:18Þ
also see [9–11] for representations of Airy functions by trigonometric kernels. The indicated approximation in (4.18) holds
for real argument and large z, so that the cubic term in the argument of the cosine can be dropped (Riemann–Lebesgue lem-
ma). hðzÞ is the Heaviside step function. Thus we put j2

l ððlþ 1=2ÞxÞ � 0 in the interval 0 < x < 1, where nðxÞ is positive, which
means to replace the lower integration boundary in integral (4.15) by 1. In the range x P 1, we introduce a new integration
variable, x ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

p
, and substitute (4.18) into the squared Nicholson approximation (4.16), with nð

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

p
Þ ¼

�2�2=3yþ Oðy2Þ, to obtain
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

p
j2
l ððlþ 1=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

p
Þ � 1

2ðlþ 1=2Þ2
1ffiffiffi
y
p : ð4:19Þ
Applying this approximation and the indicated variable change y ¼ x2 � 1 to integral (4.15), we obtain the Airy approxima-
tion of integral (4.14),
DssBðl;p; gÞ � lþ 1=2
4p3

Z 1

0
g

lþ 1=2
p

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

p� �
dyffiffiffi

y
p : ð4:20Þ
On specifying the kernel function g as stated after (4.14), we find the Airy approximation of integral (4.6),
DssBðl;p;mþ e; a; b;xÞ � ðlþ 1=2Þmþeþ1

4pmþeþ3

Z 1

0

dyffiffiffi
y
p ð1þ yÞðmþeÞ=2

� exp � a
p2 ðlþ 1=2Þ2ð1þ yÞ � bþ ix

p
ðlþ 1=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ y

p� �
: ð4:21Þ
We may apply a further variable change, 1þ y ¼ ð1þ tÞ2; y ¼ tð2þ tÞ, to remove the root in the exponential,
DssBðl;p;mþ e; a; b;xÞ � ðlþ 1=2Þmþeþ1

2pmþeþ3 exp � lþ 1=2
p

a
lþ 1=2

p
þ bþ ix

� �� �Z 1

0
dt
ð1þ tÞmþeþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tð2þ tÞ
p

� exp � lþ 1=2
p

a
lþ 1=2

p
t2 þ 2a

lþ 1=2
p

þ bþ ix
� �

t
� �� �

: ð4:22Þ
The Airy approximation (4.21) or (4.22) is numerically tame and turns out to be efficient even at very low Bessel index l, but
its accuracy is limited as compared with the Hankel series evaluation in (4.6), cf. Tables 1–3. The Airy approximation of inte-
grals containing products of Bessel derivatives jðmÞl ðpkÞjðnÞl ðpkÞ is discussed in [12].

5. Kummer averages
R‘

0 kmþ2e�ðbþixÞkj2
l ðpkÞdk with integer power-law index

The Kummer averages (2.21) are a limit case of integral (2.16), where the quadratic term in the exponent of the integrand
vanishes, a ¼ 0. We can proceed as in Section 4.1, starting with the e expansion of integral Dcosðp;l� n; a ¼ 0; b;xÞ in (2.23),
where l ¼ mþ e and n ¼ mþ 1þ j, with integer j P 0. As in Section 2.2, we use the shortcut b ¼ bþ ix, and write, cf. (2.23)
and (4.1),
Dcosðp;�1� jþ e;0; b;xÞ ¼ 1
2

Cð�jþ eÞ ðb� 2ipÞj�e þ ðbþ 2ipÞj�e
� �

¼ 1
e

Dsing
cos ðj; p;0; b;xÞ þ Dreg

cosðj; p;0; b;x; eÞ: ð5:1Þ
The singular coefficient is



Table 3
Hankel
x ¼ 2:1
ReDssB ¼
expansi
Hankel

l

0

1

5

10

50

100

300

500

800

1000

5000

104

2� 1
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Dsing
cos ðj; p;0; b;xÞ ¼ 1

2
ð�1Þj

Cðjþ 1Þ ððb� 2ipÞj þ ðbþ 2ipÞjÞ: ð5:2Þ
In contrast to (3.4), the regular constant term of the e expansion in (5.1) is elementary,
Dreg
cosðj; p;0; b;x; 0Þ ¼ 1

2
ð�1Þj

Cðjþ 1Þ ½ðbþ 2ipÞjðwðjþ 1Þ � logðbþ 2ipÞÞ þ ðb� 2ipÞjðwðjþ 1Þ � logðb� 2ipÞÞ�: ð5:3Þ
Here, j is a non-negative integer; no singularities arise for negative integer j. Principal values are assumed for the logarithms.
These coefficients can readily be derived by substituting the e expansion (3.2) of the gamma function into (5.1). The constant
coefficient (5.3) differs from Dreg

cosðj; p;0; b;x; eÞ in (5.1) by terms of OðeÞ.
Analogously, integral Dsinðp;l� n;0; b;xÞ in (2.24) admits the e expansion
Dsinðp;�1� jþ e;0; b;xÞ ¼ 1
2i

Cð�jþ eÞ ðb� 2ipÞj�e � ðbþ 2ipÞj�e
� �

¼ 1
e

Dsing
sin ðj; p;0; b;xÞ þ Dreg

sin ðj; p;0; b;x; eÞ; ð5:4Þ
with residue
Dsing
sin ðj; p;0; b;xÞ ¼ i

2
ð�1Þj

Cðjþ 1Þ ððbþ 2ipÞj � ðb� 2ipÞjÞ ð5:5Þ
and the regular constant coefficient
Dreg
sin ðj; p;0; b;x; 0Þ ¼ i

2
ð�1Þj

Cðjþ 1Þ ½ðbþ 2ipÞjðwðjþ 1Þ � logðbþ 2ipÞÞ � ðb� 2ipÞjðwðjþ 1Þ � logðb� 2ipÞÞ�: ð5:6Þ
Finally, the e expansion of integral D0ðl� n;0; b;xÞ in (2.25) reads, cf. (4.2),
D0ð�j� 1þ e;0; b;xÞ ¼ Cð�jþ eÞbj�e ¼ 1
e

Dsing
0 ðj; 0; b;xÞ þ Dreg

0 ðj; 0; b;x; eÞ; ð5:7Þ
where
Dsing
0 ðj; 0; b;xÞ ¼ ð�1Þj

Cðjþ 1Þb
j; ð5:8Þ

Dreg
0 ðj; 0; b;x; 0Þ ¼ ð�1Þj

Cðjþ 1Þb
jðwðjþ 1Þ � log bÞ ð5:9Þ
and b ¼ bþ ix.
As mentioned, in contrast to the Gaussian power-law averages (4.6), the regular coefficients Dreg

cos;sin;0 of Kummer averages
are elementary functions at e ¼ 0. Therefore, it is numerically efficient to perform the regularized Hankel series expansion for
integer power-law index m directly at e ¼ 0. The analogue to the series expansion (4.6) is thus
DssBðl;p; m;0; b;xÞ ¼
Z 1

0
kmþ2e�ðbþixÞkj2

l ðpkÞdk ¼ 1
2p2 ð�1Þlþ1Dð1Þreg

ssB þ ð�1ÞlDð2Þreg
ssB þ Dð3Þreg

ssB

� �
: ð5:10Þ
expansion and Airy approximation of the Kummer averages DssBðlÞ ¼
R1

0 k2e�ðbþixÞkj2
l ðkÞdk in (5.10) (p ¼ 1;m ¼ 0Þ, with exponents b ¼ 2:3� 10�3 and

5� 10�2 defining the oscillatory multipole component of the CMB fluctuations in [2]. In columns 2 and 4, the Hankel evaluation of integralR1
0 k2e�bk cosðxkÞj2

l ðkÞdk and ImDssB ¼ �
R1

0 k2e�bk sinðxkÞj2
l ðkÞdk is recorded as a function of Bessel index l in column 1. The finite Hankel series

on of Kummer averages is explained in Section 5 and compared with the Airy approximation (4.21) in columns 3 and 5. The indicated digits of the
evaluation are significant. The Airy approximation is thus accurate to 3 or 4 decimal digits.

ReDssBðlÞ Hankel series ReDssBðlÞ Airy approx. ImDssBðlÞ Hankel series ImDssBðlÞ Airy approx.

2.459394994691453 2.456975786 �2.29953729177942 �101 �2.29993855 �101

2.439023740399505 2.436746712 �2.30369798295024 �101 �2.30396971 �101

2.176623546402476 2.174578376 �2.34117813788856 �101 �2.34127427 �101

1.469537577207173 1.467707567 �2.41348458087903 �101 �2.41348612 �101

�1.49154918284621 �101 �1.49147674 �101 �2.66093614013266 �101 �2.66074707 �101

�3.54240464462342 �101 �3.54214934 �101 �3.37196089026216 �3.37281990

2.126889250211135 �101 2.127187079 �101 �3.07546677806975 �101 �3.07505100 �101

1.536265267664984 �101 1.535679165 �101 2.612978498620274 �101 2.613253539 �101

1.214846414087418 �101 1.214373489 �101 1.484542229293373 �101 1.484978720 �101

�1.30411841949000 �101 �1.30432858 �101 3.598946584521200 3.593693228

– 4.215571594 �10�4 – �3.02117450 �10�3

– �2.26686563 �10�8 – �3.73505755 �10�8

04 – �5.96529699 �10�18 – 2.147340549 �10�18
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The Hankel series Dð1;2;3Þreg
ssB in (5.10) are assembled by substituting the regular constant coefficients Dreg

cos;sin;0 calculated in
(5.3), (5.6) and (5.9) into series (4.7)–(4.9) (where we put e ¼ 0Þ. Also required in these series are the non-singular coeffi-
cients Dcos;sin;0 listed in (2.23)–(2.25). Integral (5.10) converges if m P �2l� 2, with integer Bessel index l P 0 and exponent
b > 0, since jlðxÞ / xlð1þ Oðx2ÞÞ and jlðxÞ ¼ Oð1=xÞ for large argument.

As a consistency check, we note, cf. (5.2) and (5.5),
Dsing
exp ðj; p;0; b;xÞ ¼ Dsing

cos þ iDsing
sin ¼

ð�1Þj

Cðjþ 1Þ ðb� 2ipÞj; ð5:11Þ
which coincides with Dsing
exp ðj; p; a; b;xÞ in (3.4) in the limit y!1 (that is a! 0 in (2.2)), cf. (A.4). A check of the regular con-

stant coefficients Dreg
cos;sin in (5.3) and (5.6) is provided by
Dreg
expðj; p;0; b;x; 0Þ ¼ Dreg

cos þ iDreg
sin ¼

ð�1Þj

Cðjþ 1Þ ðb� 2ipÞjðwðjþ 1Þ � logðb� 2ipÞÞ; ð5:12Þ
which can be recovered from Dreg
expðj; p; a; b;x; 0Þ in (3.4) in the same limit y!1 by substituting Uða; b; zÞ � z�a.

A different consistency check of the Hankel expansion (5.10) is obtained for power-law index m ¼ �1. In this case, inte-
gral (5.10) can be calculated as [6]
DssBðl;p;�1;0; b;xÞ ¼
Z 1

0
ke�bkj2

l ðpkÞdk ¼ 1
2p2 Q l 1þ b2

2p2

 !
; ð5:13Þ
where QlðxÞ is a Legendre function of the second kind with branch cut �1 6 x 6 1 [4], which is elementary for integer degree
l P 0:
QlðxÞ ¼ PlðxÞ
1
2

log
xþ 1
x� 1

� cE � wðlþ 1Þ
� �

þ
Xl

k¼0

Cð1þ lþ kÞðcE þ wðkþ 1ÞÞ
Cð1þ l� kÞC2ð1þ kÞ

ðx� 1Þk

2k
; ð5:14Þ
where PlðxÞ is the Legendre polynomial
PlðxÞ ¼
Xl

k¼0

Cð1þ lþ kÞ
Cð1þ l� kÞC2ð1þ kÞ

ðx� 1Þk

2k
ð5:15Þ
and cE is Euler’s constant. Other integer power-law indices m in (5.10) can be checked by considering multiple b derivatives
or antiderivatives of the Beltrami integral (5.13), cf. [13]. The sum rules (A.10) and (A.11) as well as the closed expression
(2.15) for the Hankel coefficients c2kðlÞ can be obtained by comparing the finite Legendre series in (5.13) to the Hankel expan-
sion (5.10). Alternatively, the derivation of the combinatorial identities in Appendix A is based on the residues Dsing

cos;sin;0 stated
in (5.2), (5.5) and (5.8), and the Hankel coefficients c2kðlÞ in (2.15) are derived by making use of Lommel’s identity [12]. Ta-
ble 3 illustrates the Hankel evaluation (5.10) of Kummer averages and their Airy approximation (4.21).

6. Results, discussion & conclusion

We studied Bessel integrals with squared spherical Bessel functions j2
l ðpkÞ of integer index l P 0 in the integrand,
DssB ¼
Z 1

0
kmþ2e�ak2�ðbþixÞkj2

l ðpkÞdk; ð6:1Þ
averaged with the distribution kme�ak2�ðbþixÞk. The constant p in the argument of the Bessel function is a positive scale param-
eter. The constants a; b and x defining the modulated exponential are real, and a is positive, ensuring convergence at the
upper integration boundary. (The limit case a ¼ 0 with b > 0 is also convergent, defining Kummer averages worked out in
Section 5. Here, we summarize the general case, a > 0.) The power-law index m is integer and can be negative, provided that
mþ 2 P �2l, which is the condition for integral (6.1) to converge at the lower integration boundary. In multipole expansions
of spherical random fields used to analyze temperature fluctuations of the cosmic background radiation, the exponents
m; a; b;x and the scale parameter p are kept constant, and the multipole index l varies over a wide range; presently multi-
poles up to l � 104 are resolvable [1,2]. The complex exponent bþ ix generates modulations in the multipole spectrum.

We start by summarizing the precision evaluation of integral (6.1) based on regularized Hankel series, cf. Section 4. Inte-
gral (6.1) can be assembled as
DssB ¼
1

2p2 ð�1Þlþ1Dð1Þreg
ssB þ ð�1ÞlDð2Þreg

ssB þ Dð3Þreg
ssB

� �
; ð6:2Þ
with the finite Hankel series
Dð1Þreg
ssB ¼

Xminðl;½m=2�Þ

k¼0

a2kðlÞ
p2k

Dcosðm� 2kÞ þ
Xl

k¼maxð0;½m=2�þ1Þ

a2kðlÞ
p2k

Dreg
cosð2k� 1�mÞ;
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Dð2Þreg
ssB ¼

Xminðl�1;½ðm�1Þ=2�Þ

k¼0

b2kþ1ðlÞ
p2kþ1 Dsinðm� 2k� 1Þ þ

Xl�1

k¼maxð0;½ðm�1Þ=2�þ1Þ

b2kþ1ðlÞ
p2kþ1 Dreg

sin ð2k�mÞ;

Dð3Þreg
ssB ¼

Xminðl;½m=2�Þ

k¼0

c2kðlÞ
p2k

D0ðm� 2kÞ þ
Xl

k¼maxð0;½m=2�þ1Þ

c2kðlÞ
p2k

Dreg
0 ð2k� 1�mÞ: ð6:3Þ
The brackets in the summation boundaries denote the integer part. The series coefficients a2kðlÞ; b2kþ1ðlÞ and c2kðlÞ are stated
in (2.12), (2.14), and (2.15). These series are derived by making use of the fact that the asymptotic Hankel expansion of Bessel
functions [5] in reciprocal powers of the argument terminates in the case of spherical Bessel functions, cf. Section 2. The coef-
ficients Dcos;sin;0 and Dreg

cos;sin;0 in (6.3) are obtained by making use of term-by-term integration combined with analytic contin-
uation in the power-law index m treated as complex variable. Analytic continuation is required because of divergent
integrals arising in the term-by-term integration, and can be performed with confluent hypergeometric functions, cf. Sec-
tion 2: The coefficients Dcos;sin;0 in (6.3) are explicitly defined by
DcosðzÞ ¼
1
2
ðDexpðp; zÞ þ Dexpð�p; zÞÞ; DsinðzÞ ¼

1
2i
ðDexpðp; zÞ � Dexpð�p; zÞÞ ð6:4Þ
and D0ðzÞ ¼ Dexpð0; zÞ, where
Dexpðp; zÞ ¼
Cðzþ 1Þ

2zþ1aðzþ1Þ=2
U

zþ 1
2

;
1
2
;
ðiyÞ2

2

 !
; y ¼ x� 2p� ibffiffiffiffiffiffi

2a
p : ð6:5Þ
A representation of the Kummer function U in terms of the confluent hypergeometric function 1F1 is given in (2.4), which can
also be used at the branch cut of U, that is for real argument y in (6.5).

At negative integer z ¼ �j� 1; j P 0, pole singularities emerge in Dexp and thus in the coefficient functions Dcos;sin;0ðzÞ. The
regularized coefficients Dreg

cos;sin;0 in (6.3) read, after pole subtraction,
Dreg
cosðjÞ ¼

1
2
ðDreg

expðp; jÞ þ Dreg
expð�p; jÞÞ; Dreg

sin ðjÞ ¼
1
2i
ðDreg

expðp; jÞ � Dreg
expð�p; jÞÞ ð6:6Þ
and Dreg
0 ðjÞ ¼ Dreg

expð0; jÞ, where
Dreg
expðp; jÞ ¼ aj=2 ð�1Þj2j

Cðjþ 1Þ U
�j
2
;
1
2
;
ðiyÞ2

2

 !
ðwðjþ 1Þ � 1

2
logð4aÞÞ þ d

de
U
�jþ e

2
;
1
2
;
ðiyÞ2

2

 !					
e¼0

" #
; ð6:7Þ
with the Kummer function U in (2.4). The argument y is the same as in (6.5). The regularized coefficients Dreg
cos;sin;0ðjÞ are de-

fined for integer j P 0. The pole subtraction is performed by means of epsilon expansion, cf. Section 3,
Dexpðp;�j� 1þ eÞ ¼ 1
e

Dsing
exp ðp; jÞ þ Dreg

expðp; jÞ þOðeÞ; ð6:8Þ
with residue Dsing
exp ðp; jÞ stated in (3.5). The e residues Dsing

cos;sin;0ðp; jÞ of the coefficients Dcos;sin;0 are defined analogous to (6.8) and
calculated as in (6.6) with Dreg

exp replaced by Dsing
exp .

The residues Dsing
cos;sin;0ðp; jÞ do not enter in the actual calculation of integral (6.1). If we replace the regular coefficients in the

Hankel series (6.3) by the residues Dsing
cos;sin;0ðp; jÞ, then the second summation in each of the three series in (6.3) must vanish

identically. (The poles cancel one another because integral (6.1) is finite.) This pole cancellation happens due to combinato-
rial identities, sum rules satisfied by the series coefficients a2kðlÞ; b2kþ1ðlÞ and c2kðlÞ in (6.3), which are derived in Appendix A.
These identities, cf. (A.10) and (A.11), provide useful consistency checks for the series coefficients in high-precision calcula-
tions, especially for large Bessel index l; they only involve rational numbers, and are independent of the parameters defining
integral (6.1). Finally, the Bessel index l and the power-law exponent m in the Hankel series (6.3) satisfy l P 0 and the con-
vergence condition m P �2l� 2 of integral (6.1). It is evident from the summation boundaries in (6.3) (second summation
signs), that regularization by pole subtraction (6.8) is required if the Bessel index exceeds m=2. Since the power-law expo-
nent m of integral (6.1) is usually a small integer, this already happens at very low Bessel index in multipole expansions.

The Hankel method summarized in (6.1)–(6.8) is based on finite series, and can be used for integer Bessel index l, allowing
safe evaluation in any desired precision. We have also discussed asymptotic techniques and special cases of integral (6.1)
providing cross-checks by numerical comparison. In Section 2.3, we studied the Laplace and Fourier asymptotics of integral
(6.1), namely the limit a!1 or bþ ixj j ! 1, keeping the Bessel index l fixed. This limit, however, is not applicable in mul-
tipole expansions, in which the exponents are moderate and the Bessel index becomes large. In Section 4.2, we pointed out a
Weber integral defined by exponents m ¼ 0 and b ¼ x ¼ 0 in (6.1), which can be expressed by a spherical Bessel function
with imaginary argument. Weber integrals with even integer power-law exponent m are obtained as multiple a derivatives
or antiderivatives of identity (4.10), cf. [13]. In Section 4.2, we also derived the Airy approximation of integral (6.1), making
use of Nicholson’s steepest-descent asymptotics of the squared Bessel function in the integrand of (6.1). In Tables 1 and 2, we
compare Hankel expansion and Airy approximation by listing integral (6.1) for various Bessel indices.



240 R. Tomaschitz / Applied Mathematics and Computation 225 (2013) 228–241
In Sections 2.2 and 5, we studied the special case of Kummer averages, that is integral (6.1) with a ¼ 0 and b > 0. In this
limit case, the confluent hypergeometric functions in (6.5) and (6.7) become elementary power laws; the Hankel series of
these averages are explicitly compiled in Section 5. In this section, we also mentioned a Beltrami integral defined by expo-
nents m ¼ �1; a ¼ 0 in (6.1), which can be expressed as an elementary Legendre function of the second kind and integer
degree l, cf. (5.14). Table 3 compares the Hankel evaluation of Kummer averages with their Airy approximation (4.21), illus-
trating the accuracy of the Airy approximation over an extended range of Bessel indices.

Appendix A. Combinatorial identities for Hankel coefficients

First, we point out an identity relating to the residues Dsing
cos;sinðj; p; a; b;xÞ and Dsing

0 ðj; a; b;xÞ in (4.1) and (4.2). We start with
integral (4.6), where m P �2l� 2 (convergence condition). This integral admits the e expansion (0 < e� 1Þ
DssBðl;p; mþ e; a; b;xÞ ¼ 1
e

Dsing
ssB ðl;p; m; a; b;xÞ þ Dreg

ssBðl; p; m; a; b;xÞ þ OðeÞ ðA:1Þ
and is finite for e! 0. Accordingly, the residue Dsing
ssB ðl; p; m; a; b;xÞ in (A.1) must vanish identically (and is therefore not indi-

cated in (4.6)), and we can thus identify DssBðl; p; m; a; b;xÞwith the constant term Dreg
ssB in (A.1). The residue Dsing

ssB is assembled
like the regularized Hankel series in (4.6),
Dsing
ssB ðl;p; m; a; b;xÞ ¼ 1

2p2 ð�1Þlþ1Dð1Þsing
ssB þ ð�1ÞlDð2Þsing

ssB þ Dð3Þsing
ssB

� �
	 0; ðA:2Þ
where Dð1;2;3Þsing
ssB denote the finite series
Dð1Þsing
ssB ðl;p; m; a; b;xÞ ¼

Xl

k¼maxð0;½m=2�þ1Þ

a2kðlÞ
p2k

Dsing
cos ð2k� 1�m; p; a; b;xÞ;

Dð2Þsing
ssB ðl;p; m; a; b;xÞ ¼

Xl�1

k¼maxð0;½ðm�1Þ=2�þ1Þ

b2kþ1ðlÞ
p2kþ1 Dsing

sin ð2k�m; p; a; b;xÞ;

Dð3Þsing
ssB ðl;p; m; a; b;xÞ ¼

Xl

k¼maxð0;½m=2�þ1Þ

c2kðlÞ
p2k

Dsing
0 ð2k� 1�m; a; b;xÞ: ðA:3Þ
These series are obtained by replacing the regular terms Dreg
cos;sin;0 in the respective second series in (4.7)–(4.9) by their sin-

gular counterparts Dsing
cos;sin;0, cf. (4.1) and (4.2). The latter are assembled by means of Dsing

exp in (3.5) (with the Hermite polyno-
mials in (3.7) and (3.8) substituted) and the singular counterpart to identities (4.3). The fact that identity (A.2) holds for
arbitrary constants a; b and x as well as integers l P 0 and m P �2l� 2 (convergence condition of integral (4.6) at the lower
boundary) allows for significant consistency checks, in particular regarding numerical precision, since the Hankel coefficients
a2kðlÞ; b2kþ1ðlÞ and c2kðlÞ become very large rational numbers for high Bessel index l.

We consider identity (A.2) in the limit a! 0 , b ¼ 0;x! 0. The left-hand side of this identity is a polynomial in a as well
as x, since Dsing

exp is a polynomial, cf. (3.5) and (3.6). Thus this identity stays valid for a ¼ x ¼ 0, even if integral (4.6) does not
converge at the upper integration boundary. (In this limit, integral (2.16) degenerates into a Schafheitlin integral [5], conver-
gent in the strip�2l� 3 < Rel < �1.) In (3.6), we perform the limit yj j ! 1, replacing the Hermite polynomial by its asymp-
totic limit Hjðz!1Þ � 2jzj and the Kummer function by
U
�j
2
;
1
2
;
ðiyÞ2

2

 !
yj j!1

� 2�j=2ðiyÞj: ðA:4Þ
This limit is realized by a! 0 in y ¼ ðx� 2pÞ=
ffiffiffiffiffiffi
2a
p

, cf. (2.2). On substituting (A.4) into (3.5), we obtain
Dsing
exp ðj; p; a ¼ 0; b ¼ 0;xÞ ¼ ð�1Þj

Cðjþ 1Þ i
jðx� 2pÞj ðA:5Þ
and the trigonometric components Dsing
cos;sin;0 are defined as in (4.3). In this way, we find series Dð3Þsing

ssB in (A.3) at a ¼ b ¼ 0 as
Dð3Þsing
ssB ðl;p; m;0;0;xÞ ¼ imþ1

Xl

k¼maxð0;½m=2�þ1Þ

c2kðlÞ
p2k

ð�1Þkx2k�1�m

Cð2k�mÞ : ðA:6Þ
Here, we perform the limit x! 0. It is easy to see that Dð3Þsing
ssB ðl; p; m;0;0;x! 0Þ vanishes if m is even or if m 6 �3, since all

powers of x in the series are positive. A non-zero limit is obtained only for odd m P �1, provided that l P ðmþ 1Þ=2 (so that
the sum is not void). In this case, the first term of the series is independent of x. Thus, for m ¼ �1;1;3; . . . and l P ðmþ 1Þ=2,
we obtain
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Dð3Þsing
ssB ðl;p; m;0;0;x ¼ 0Þ ¼ cmþ1ðlÞ

pmþ1 : ðA:7Þ
Returning to the trigonometric components Dsing
cos;sin in (4.3), we substitute Dsing

exp in (A.5) and perform the limit x! 0 to find
Dsing
cos ð2n; p; a ¼ 0; b ¼ 0;x ¼ 0Þ ¼ ð�1Þnð2pÞ2n

Cð2nþ 1Þ ;

Dsing
sin ð2nþ 1; p;0;0;0Þ ¼ ð�1Þnð2pÞ2nþ1

Cð2nþ 2Þ ; ðA:8Þ
whereas Dsing
cos ð2nþ 1; p;0;0;0Þ and Dsing

sin ð2n; p;0;0;0Þ vanish. Accordingly, the Hankel series Dð1Þsing
ssB ðl; p; m;0;0;0Þ and

Dð2Þsing
ssB ðl; p; m;0;0;0Þ in (A.3) vanish for even m, like series Dð3Þsing

ssB ðl; p; m;0;0;0Þ discussed above. If m is odd, we find, by
substituting (A.8) into (A.3),
Dð1Þsing
ssB ðl;p; m;0;0;0Þ ¼ 1

p1þm

Xl

k¼maxð0;ðmþ1Þ=2Þ
ð�1Þð2k�m�1Þ=2 a2kðlÞ22k�m�1

Cð2k�mÞ ;

Dð2Þsing
ssB ðl;p; m;0;0;0Þ ¼ 1

p1þm

Xl�1

k¼maxð0;ðmþ1Þ=2Þ
ð�1Þð2k�m�1Þ=2 b2kþ1ðlÞ22k�m

Cð2k�mþ 1Þ : ðA:9Þ
We can draw the following conclusions. The identity Dð1Þsing
ssB ¼ Dð2Þsing

ssB holds for odd m 6 �3, since the Hankel series
Dð3Þsing

ssB ðl; p; m;0;0;0Þ vanishes in this case. Thus we find, for m ¼ �3;�5;�7 . . . and l P �ðmþ 1Þ=2 [the latter being the con-
vergence condition m P �2l� 2 of integral (4.6) for odd power-law exponent m, required for identity (A.2) to hold], the sum
rules
ð�1Þl a2lðlÞ22l�1

Cð2l�mÞ þ
Xl�1

k¼0

ð�1Þk22k

Cð2k�mÞ
a2kðlÞ

2
� b2kþ1ðlÞ

2k�m

� �
¼ 0: ðA:10Þ
For odd integer m P �1;Dð3Þsing
ssB still vanishes if l < ðmþ 1Þ=2, but the summations in (A.9) are void in this case, and no new

identities are obtained.
It remains to consider the case of odd m P �1, with l P ðmþ 1Þ=2, where Dð3Þsing

ssB does not vanish and is given by (A.7). In
this case, identity Dð3Þsing

ssB ¼ ð�1ÞlðDð1Þsing
ssB � Dð2Þsing

ssB Þ holds according to (A.2), and we find, by substitution of the Hankel series
(A.7) and (A.9),
cmþ1ðlÞ ¼ ð�1Þðmþ1Þ=2 a2lðlÞ22l�m�1

Cð2l�mÞ þ ð�1Þð2lþmþ1Þ=2 1
2m

Xl�1

k¼ðmþ1Þ=2

ð�1Þk22k

Cð2k�mÞ
a2kðlÞ

2
� b2kþ1ðlÞ

2k�m

� �
: ðA:11Þ
This sum rule is valid for odd integer m P �1 and integer l P ðmþ 1Þ=2, whereas identity (A.10) applies for odd m 6 �3 and
l P �ðmþ 1Þ=2. The rational identities (A.10) and (A.11) provide significant numerical consistency checks for the combina-
torial coefficients a2kðlÞ; b2kþ1ðlÞ and c2kðlÞ stated in (2.12), (2.14) and (2.15).
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