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HIGHLIGHTS

e A spectral fit to the ultra-high energy flux of cosmic-ray nuclei exhibits subexponential Weibull decay.
e The spectral number density of the nuclear gas is a multiply broken power-law distribution with Weibull cutoff.
e The thermodynamics of a stationary non-equilibrium gas of relativistic nuclei is developed, starting with the entropy functional in phase

space.

e The heat capacities, compressibilities and the expansion coefficient of a relativistic gas mixture in stationary non-equilibrium are

derived.

e Estimates of temperature, number count, internal energy and pressure of the all-particle cosmic-ray flux.
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The spectral number density of cosmic-ray nuclei is shown to be a multiply broken power
law with subexponential spectral cutoff. To this end, a spectral fit is performed to data
sets covering the 1GeV—10'" GeV interval of the all-particle cosmic-ray spectrum. The
flux points of the ultra-high energy spectral tail measured with the Telescope Array
indicate a Weibull cutoff exp(—(E /(kgT))° ) and permit a precise determination of the cutoff
temperature kgT = (2.5 £ 0.1) x 10'° GeV and the spectral index ¢ = 0.66 + 0.02. Based
on the spectral number density inferred from the least-squares fit, the thermodynamics
of this stationary non-equilibrium system, a multi-component mixture of relativistic nu-
clei, is developed. The derivative of entropy with respect to internal energy defines the
effective temperature of the nuclei, Sy = 1/Tef, kpTesr =~ 16.1 GeV, and the functional
dependence between the cutoff temperature in the Weibull exponential and the effective
gas temperature is determined. The equipartition ratio is found to be U/(NkgTe) =~ 0.30.
The isochoric and isobaric heat capacities of the nuclear gas are calculated, as well as the
isothermal and adiabatic compressibilities and the isobaric expansion coefficient, and it
is shown that this non-equilibrated relativistic gas mixture satisfies the thermodynamic
inequalities 0 < Cy < Cpand 0 < ks < K1

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

We discuss the thermodynamics of the all-particle cosmic-ray spectrum which has recently been measured over an
extended energy range by several ground-based, balloon- and space-borne experiments [1-9]. The spectrum comprises
relativistic nuclei with energies ranging from 1 GeV to 10! GeV, and the measurements are sufficiently precise to reveal the
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spectral fine structure. In double-logarithmic representation, the wideband spectral map consists of multiple power-law
slopes with smooth transitions at the spectral breaks, terminating with a subexponential spectral cutoff above 10'° GeV.

The purpose of this paper is to model the spectral fine structure. Ab initio modeling of the cosmic ray flux based on kinetic
equations requires to quantify the driving forces sustaining the stationary non-equilibrium, that is the production sites and
acceleration and attenuation mechanisms as well as the nuclear mass composition, which are only vaguely known [10,11].
Numerical simulations suggest that protons can be accelerated up to a few 108 GeV by diffusive shock acceleration in
supernova remnants, and iron nuclei up to 10® GeV. Direct evidence for that is still lacking, as there are no intensity peaks
in anisotropy maps which can be associated with specific remnants. Another Galactic driving mechanism is acceleration in
the electric fields of pulsars. Ultra-high energy cosmic rays above 10 GeV are believed to be of extragalactic origin. If these
rays are predominantly protons, the spectral cutoff could stem from energy dissipation due to scattering by background
photons. Another possible attenuation effect at ultra-high energies is photo-disintegration of heavier nuclei. The cutoff
could also be caused by acceleration limits at the production sites. As ab initio modeling of the wideband fine structure
is presently not a viable option owing to the uncertain production and interaction mechanisms, we will content ourselves
with a reconstruction of the spectral density from the available data sets. We will treat cosmic-ray nuclei as a relativistic gas
in stationary non-equilibrium, as the cosmic-ray flux does not change on accessible time scales, apart from solar modulations
at low energy which are already averaged out in the data sets. We will also dissect the entropy functional of the empirical
spectral density to characterize the deviation from equilibrium, which can be done quantitatively without specification of
the driving forces as outlined below.

The spectral flux density extending over eleven decades in energy can be fitted by a multiply broken power-law
distribution with a subexponential spectral cutoff at ultra-high energies. The measured subexponential spectral decay means
to replace the Boltzmann factor in the flux density by the Weibull factor exp(—(E/(kgT))”) with spectral index (shape
parameter) 0 < o < 1[12,13], also known as stretched exponential or Kohlrausch function in relaxation theory [14,15].
In Sections 2 and 3, we develop the thermodynamic formalism of a classical stationary non-equilibrium system described
by a power-law density admitting subexponential Weibull decay. In Sections 4 and 5, we employ power-law densities
with Weibull cutoff to perform a spectral fit to the all-particle cosmic-ray spectrum and to estimate the thermodynamic
parameters of this relativistic nuclear gas.

Cosmic-ray nuclei can be treated as a classical gas, quantum corrections as well as the Coulomb interaction being
negligible due to their low fugacity and density and high temperature. Relativistic statistical systems with short- and long-
range interactions exhibiting quantum effects are studied in Refs. [ 16-20] and references therein, pertaining to conceptual
topics like negative heat capacities [ 16] and negative entropy [17] as well as to concrete applications such as astrophysical
electron plasmas [ 18-20]. Astro- and geophysical applications of sub- and superexponential Weibull factors (stretched and
compressed exponentials with shape parameters o < 1and o > 1, respectively) include asteroid fragmentation statistics
[21], speed distributions of planetary surface winds [22-24] and earthquake interevent times [25-27]. Examples of network
applications of the Weibull distribution can be found in Refs. [28-31], ranging from traffic flows to market volatility. The
original use of the Weibull distribution as empirical fracture probability of brittle solids is discussed in Refs. [32,33]. A
deformation of the Weibull density interpolating between the stretched exponential distribution and Pareto power laws [34]
was used in Ref. [35] to model income distributions. Applications thereof in reliability modeling and weakest link theory are
discussed in Refs. [36,37]. Multi-parameter exponential densities with Pareto tails were also employed in Ref. [38] to model
wealth distributions etc.

In the following, we give an outline of this paper. In Section 2, we study the entropy of a stationary non-equilibrium gas
(classical, relativistic) defined by a spectral number density composed of a multiply broken power law and a Weibull expo-
nential. Comparing with the entropy function of an equilibrium system, there are two major differences. The contribution
U/T of the internal energy to the entropy functional is replaced by the Weibull entropy accounting for the subexponential
spectral decay, and the power-law factor in the number density describing the spectral breaks gives rise to an additional
term in the entropy functional, the excess entropy which vanishes in an equilibrium system. Integral representations of
Weibull and excess entropy suitable for numerical evaluation are also provided in Section 2. We also sketch the derivation
of the spectral number density from the probability distribution in phase space, and derive excess entropy, Weibull entropy
and total entropy as phase-space expectation values, the latter in —kgP log P representation where P is the phase-space
probability. We also briefly consider phase-space fluctuations of a stationary non-equilibrium gas, and show how to express
the variances, covariances and higher-order correlations of the various thermodynamic variables by derivatives of the
partition function. Like in an equilibrium system, the relative fluctuations vanish in the thermodynamic limit.

In Section 3, we make use of the entropy variable to define the effective temperature of a stationary non-equilibrium
gas. As the Boltzmann factor is replaced by the Weibull exponential and also because of the power-law factor in the
spectral number density, the cutoff temperature kgT in the Weibull exponential differs from the effective gas temperature
defined as the reciprocal energy derivative of entropy, Tesr = 1/Sy. The effective chemical potential is obtained in like
manner as entropy derivative with respect to the number count, peff = —S n/Besr. We also find the explicit relation Beg(8)
between the effective temperature and the cutoff temperature in the Weibull factor, in terms of the temperature parameters
Bett = 1/(kgTer) and B = 1/(kgT)?, where o is the Weibull spectral index. Another basic difference compared to an
equilibrium system is the pressure variable, which is unrelated to the partition function (unlike in equilibrium, where
BPV = logZ holds) and has to be assembled from the spectral number density, the particle momentum and the particle
speed. We relate the pressure variable to the effective temperature, to obtain the thermal equation of state, and also derive
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the caloric equation relating the internal energy to Te¢. The isochoric and isobaric heat capacities are derived from the entropy
variable, and we show that the inequalities 0 < Cy < Cp are equivalent to a positive effective temperature parameter with
positive derivative 8.4(8). Subject to the same conditions, the isobaric expansion coefficient is positive, and the isothermal
and adiabatic compressibilities satisfy 0 < «s < k7. To summarize Section 3, we study the entropy function of a stationary
non-equilibrium gas in various parametrizations, derive numerically tame integral representations of the thermodynamic
variables, and discuss positivity properties and thermodynamic inequalities relating to subexponential spectral decay.

In Section 4, we perform spectral fits to the all-particle cosmic-ray spectrum, employing the spectral densities discussed
in Sections 2 and 3. The nuclei constituting the all-particle flux can roughly be divided into a light component of protons and
helium, an intermediate-mass component of nitrogen-like nuclei, and a heavy iron-like component. In the 1GeV—10* GeV
range, the spectrum consists almost entirely, up to a fraction of one percent, of protons and helium nuclei. The proton and
helium fluxes in this energy range have been measured by the Alpha Magnetic Spectrometer (AMS-02) on the International
Space Station [ 1,2] and by the balloon-borne CREAM experiment [3].In the 10° GeV—10'! GeV interval, the mass composition
is not yet known, although there exist some preliminary qualitative studies [6,9]. This is the ultra-relativistic regime, where
the nuclear mass becomes negligible compared to the particle energy. The all-particle spectrum, irrespectively of the nuclear
mass composition, has been measured in this energy range by several ground-based experiments employing Cherenkov
counters and fluorescence and scintillator detectors, such as Tibet-III [4], IceTop-73 [5,6], KASCADE-Grande [7], Auger [8]
and Telescope Array [9].

We first perform spectral fits to the AMS-02 proton and helium spectra in the 1GeV-10* GeV interval. The all-particle
spectrum in this interval can be approximated by adding the proton and helium fluxes. We then analytically extend the
low-energy proton and helium fluxes into the 10° GeV—10!! GeV interval and perform a separate fit to the all-particle
spectrum in this energy range. At energies above 10* GeV, heavier nuclei can be accommodated in the extended proton
and helium components, as the nuclear mass drops out of the flux density in this ultra-relativistic regime. The nuclear gas
can thus be treated as a two-component mixture: In the 1 GeV—10* GeV interval, the flux density depends on the proton
and helium (alpha particle) mass, and it becomes mass independent in the 10 GeV—10'"! GeV interval. The all-particle flux
can therefore be represented, over the complete 1GeV—10'! GeV spectral range, as the sum of two partial fluxes (one
depending on the proton mass and one on the helium mass), which are defined by multiply broken power-law densities
with the same subexponential spectral cutoff exp(—(E/(kgT))”). The cutoff temperature inferred from the spectral fit is
ksT = (2.5 +0.1) x 10'° GeV, and the Weibull index is o = 0.66 & 0.02, so that the spectral decay substantially deviates
from an exponential Boltzmann cutoff.

To obtain the thermodynamic parameters of the all-particle cosmic-ray spectrum, we need to generalize the formalism
developed in Section 3 to cover a multi-component gas mixture, owing to the different particle masses. It suffices to
consider a two-component mixture, as the flux density only depends on the hydrogen and helium mass at low energy and
is mass independent in the ultra-relativistic regime. The thermodynamics of a two-component mixture in stationary non-
equilibrium is elaborated in Section 5. First, we extract the spectral number densities of the gas components from the two
partial fluxes constituting the all-particle flux. Then we assemble the entropy variable of this non-equilibrated mixture and
calculate the effective gas temperature, kgTee &~ 16 GeV, from the energy derivative of entropy. In an equilibrium system, this
temperature would coincide with the cutoff temperature in the Boltzmann factor. Because of the multiply broken power-law
function in the spectral densities and the subexponential spectral decay, the cutoff temperature kgT =~ 2.5 x 10'° GeV in the
Weibull factor greatly differs from the actual gas temperature Ter. We also determine the effective chemical potentials of the
gas components, derive the thermal and caloric equations of state, and give estimates of the internal energy and pressure of
cosmic-ray nuclei. As done in Section 3 for a one-component gas, we calculate the heat capacities and compressibilities of a
two-component mixture in stationary non-equilibrium, and verify the inequalities 0 < Cy < Cp and 0 < ks < k7, as well
as the positivity of the expansion coefficient of the nuclear gas. In Section 6, we present our conclusions.

2. Entropy of a classical relativistic gas in stationary non-equilibrium
2.1. Subexponential spectral decay

We will study a relativistic gas in stationary non-equilibrium defined by the spectral number density [39,40]

do(p) = L‘z expl—a — B(p*> + m*)”/*]h(p)p*dp, (2.1)
(2mhc)

where p is the momentum variable of the particles, ¢ > 0 the Weibull spectral index, § = 1/(kgT)° the temperature
parameter, m the particle mass, s the spin degeneracy and f = e~ the fugacity. The dimensionless spectral kernel h(p) is a
positive, multiply broken power-law function normalized as h(0) = 1. This kernel will be specified in Section 4, where we
perform a spectral fit to a gas mixture of cosmic-ray nuclei admitting a power-law spectrum with subexponential spectral
cutoff. This cutoffin (2.1) is due to the Weibull exponential exp(—g(p? 4+ m?)°/?); subexponential decay occurs for spectral
indices 0 < o < 1. The dispersion relation of the relativistic gas particles is E = ,/p? + m?2. The Weibull exponential
exp(—BE?) coincides with the Boltzmann factor at ¢ = 1; the relativistic Maxwell equilibrium density is recovered by
putting h(p) = o = 1. The spectral function converges to one for small momenta, h(p — 0) = 1. By approximating
p ~ muv in the non-relativistic limit, we can write the exponent in (2.1) as —& — Amuv? /2, with the fugacity and temperature
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parameters @ = « + fm° and B = Bom®~, so that the non-relativistic Maxwell velocity distribution is recovered. For the
most part of this paper, we will put h = ¢ = kg = 1. When discussing the nuclear gas in Sections 4 and 5, we will use the
units p [GeV/c], h[GeV s] and ¢ [m/s], so that dp(p) [m~3]. Subexponential decay of the gamma-ray spectra of pulsars and
supernova remnants is discussed in Refs. [41-43].

2.2. Weibull and excess entropies

To obtain integral representations of the thermodynamic variables, we employ a more general distribution function than
stated in (2.1),

Az . 1 p?
dp(p) = ——exp[—a — B(p* + m*)’/* — y log — — &v/p? + m2]p*dp, (22)

1
D S
(2m)3 h(p) 3 /p2 + m?

which defines the partition function logZ = Vf0°° dp(p). The densities (2.1) and (2.2) coincideaty = 1,8 = ¢ = 0, and
derivatives will be taken at these values, so that the number count, internal energy and pressure read

N = —(logZ)e =V / " dp(p) = logZ, 2.3)
0

U= —(logZ), =V f Vi + mdp(p), (2.4)
0

PV = —(logZ)s = (2.5)

1 o) pZ

4 / ———=dp(p).
3 Jo /p? + m?

In equilibrium, where h(p) = o = 1, the pressure is related to the partition function by B8PV = log Z, via partial integration
of (2.5). The entropy variable is assembled as

S=logZ —a(logZ), — B(logZ) g — (logZ),,, (2.6)
taken at y = 1,8 = ¢ = 0. The third term in (2.6) defines the Weibull entropy,
W o0
5 —(logZz) 4 = V/ (> +m*Y’*dp(p), (2.7)
0
so that W = BU at o = 1. The fourth term in (2.6) is the excess entropy
[o]
1
H=—(log2), =V f log ——dp(p). (28)
"o hp)

which vanishes if h(p) = 1. The total entropy thus reads, cf. (2.6),

S=(14+a)N+W +H. (2.9)

Weibull entropy and excess entropy define the deviation of S from an equilibrium entropy Seq = (14+«)N 4 SU. The Weibull
entropy is positive, but the excess entropy (2.8) can have either sign, since log(1/h(p)) can undergo sign changes. As for the
power-law spectral kernel of the nuclear gas studied in Section 4, log(1/h(p)) is positive and monotonically increasing, so
that H is positive as well.

2.3. Weibull probability distribution in phase space

We start with the n-particle phase-space measure

d*(pq) = d’p1d’qd’prdPq, - - - Ppadqy, (2.10)

1
(27.[ )3n

where the spatial d®qy integrations range over a volume V and the d>p; integrations over momentum space. The n-particle
probability density leading to the spectral number density (2.2) reads

Pu(p) = ——, bu(p) = exp(—an — Bw, — yhy, — Sv, — euy), (2.11)

with the random variables n and
n n

1 1 ;
wi= S P+ b= log——, vi= 2> ey, =Y fpE 4 m, (2.12)
h(p) EpS

k=1 k=1



442 R. Tomaschitz / Physica A 483 (2017) 438-455

The normalization constant Z in (2.11) is defined by

5 [rpeea=1 2=3 2 [ b0 (2.13)
n=0 n=0

where the summation is over the particle number n. The factorial accounts for indistinguishability, and s is the spin
degeneracy. Z is the grand partition function which reads in spectral representation logZ = V fooo do(p), cf. (2.3), since
the integrals in (2.13) factorize.

2.4. Excess entropy, Weibull entropy and total entropy as phase-space expectation values

Differentiation of log Z in (2.13) with respect to the parameters of the exponential b,,(p) in (2.11) leads to representations
of the various thermodynamic variables as phase-space averages. For instance, the Weibull entropy (2.7) is assembled in
phase space as

w Sy
5 = —(logZ)p = ; % / waPy(p)d*(p, q) = (wn), (2.14)

with w, defined in (2.12). The expectation values of excess entropy H = (h,,), internal energy U = (u,), pressure PV = (v,)
and particle number N = (n) are defined in like manner, all being taken at y = 1,8 = ¢ = 0. Evaluating the factorizing
integrals, we arrive at the spectral representations stated in (2.3)—(2.8). The entropy variable reads

s==>" 2 [ PiplogPp) . ), (2.15)
n=0

with random variable

sy = —log Py(p) = logZ + an + Bw, + hy, (2.16)

sothatS = (s;) = logZ + aN + W + H as stated in (2.9). The quantized Fermionic counterparts of these phase-space
averages, applicable in the nearly degenerate low-temperature regime, have been discussed in Refs. [40,44].

In contrast to an equilibrium system, the probability distribution P,(p) in (2.11) (taken at y = 1,§ = ¢ = 0) does not
maximize the entropy functional (2.15) subject to the particle number and internal energy constraints N = (n) and U = (u,),
see after (2.14). Only the equilibrium distribution defined by h(p) = 1 and o = 1in (2.1) maximizes the entropy functional
(2.15). To see this, we consider the equilibrium distribution Py (p) = by (p)/Zeq, bn(p) = exp(—aeqt — Peqlin), Where Zeq
is defined as in (2.13) (with b, replaced by b3?), so that Py is normalized to one. The constraints prescribing N = (n) and
U = (uy) are defined as in (2.14) with P, replaced by Ps%; the equilibrium entropy Seq is defined as in (2.15), also with this
replacement P, — Pg%. As P, and P;? satisfy the same constraints, namely N = (n), U = (u,,) and the normalization (2.13),
we can also average the equilibrium entropy Seq over P, instead of PR, That is, Seq can be defined by replacing P, log P,
in (2.15) by P, log P;* instead of P, log P;. Finally we consider the difference S — Seq, with S in (2.15) and Seq defined by
P, log P;%, and apply the general logarithmic inequality log(P,/P;%) > 1 — P;%/P, and the normalization (2.13) (valid for P,
aswellas P;%) to find S < Seq.

2.5. Variances, covariances and higher-order correlations: fluctuations in stationary non-equilibrium ensembles

We calculate the variances of the particle number ((An)?), Weibull entropy ((Aw,)?), excess entropy ((Ah,)?), pressure
((Av,)?) and internal energy ((Au,)?), using the phase-space random variables in (2.12) and the shortcuts An = n —
(n), Aw, = wy — (wy), etc. The variances {(An)?) = (n?) — (n)2, ((Awy)*) = (w2) — (wy)?, etc., are then obtained as
second derivatives of log Z. For instance, {(An)?) = (logZ) 4.¢ and ((Aw,)?) = (logZ) g g, takenaty = 1,86 = ¢ = 0.
We note the pairs (An, a), (Awny, B), (Ahy, y), (Avy, §) and (Auy, €), cf. (2.11), so that the variances and covariances like
(AnAwp) = (logZ) g and (Aw, Ah,) = (logZ) g, are obtained by differentiation with the respective parameters. Higher-
order correlations are assembled analogously, e.g. the triple correlations (An(Aw,)?) = —(10gZ) . g.p and (Au, Aw, Ahy) =
—(logZ) ¢ g, ; the minus sign arises in case of an odd number of factors. Spectral representations of correlations suitable for
numerical computation are thus obtained by multiple differentiation of the partition function logZ = V f0°° do(p) as in
(2.3)-(2.8). The heat capacities and compressibilities of a gas in stationary non-equilibrium can be expressed by the
expectation values in Section 2.4, their variances, covariances and triple correlations, see the remarks after (3.28).

The entropy variance {(As,)?) = (sﬁ) — (sp)?, with As, = s, — (s;), is a linear combination of the above variances and

covariances, since As, = o An + SAw, + Ahy, cf. (2.16). We square this to find

(Asn)?) = a*(1082) 4. + B*(l0gZ) g p + (1082Z),, + 20B(l0gZ) o p + 2c(l08Z) 4., + 2B(l0gZ) 5., , (2.17)

takenat y = 1,8 = & = 0. The right-hand side is positive despite of the possibly negative covariances (logZ), ,
and (logZ) g, cf. after (2.9), as it is the expectation value of a square. The relative fluctuations vanish in the limit V —
00, v {(Asp)?)/{sn) l/\FV, and the same holds for the random variables (2.12) of number count, Weibull and excess
entropy, pressure and internal energy.
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3. Effective temperature and Weibull spectral decay: Thermodynamics of a stationary non-equilibrium gas
3.1. («, B, V) parametrization of thermodynamic variables
We define the partition factor z by a rescaling of log Z in (2.3) with the volume factor and the fugacity f = e,

logZ *©
2B y.5.6) = o =/ dp(p)
0

2
0(p) = o expl—Blp” +m)? — ylog — — 52— _ e /p? 4 mlpldp. a1
(27 ) h(p) 3 /p? + m?
takenaty = 1,6 = & = 0, so that z and its derivatives (denoted by a subscript comma, e.g., z g,z g ,,) only depend
on the Weibull exponent 8 = 1/(kgT)°. As in Section 2.5, we consider the pairs ((p> + m?)°/2, ), (log(1/h(p)), ),
(p?/(3y/p? + m2), 8) and (y/p? + m2, ¢). Multiple differentiation of z(8, y, 8, &) with respect to the indicated parameters
generates the respective p dependent factors in the integrand of (3.1), as well as a minus sign if there is an odd number of
derivatives. In this way, we arrive at numerically tame integral representations of z(8, y, §, €) and its derivatives.

All thermodynamic variables can efficiently be expressed and calculated in terms of the partition factor and its derivatives.
Particle number, internal energy and pressure read, cf. (2.3)-(2.5),

N=Ve %z, U=-Ve“z,, P=—e"%z;. (3.2)
Weibull entropy, excess entropy and total entropy are assembled as, cf. (2.6)-(2.9),

W/B=-Vezs, H=-Vez,, (3.3)

S(a, B, V)=Ve ™ (1+a)z—Bzg—z,). (3.4)

The («, 8, V) representation is convenient when calculating thermodynamic variables from an empirical flux density
obtained by a spectral fit, see Section 5. Other variables such as the effective temperature and the heat capacities of a
stationary non-equilibrium gas will be derived in different representations but will ultimately be calculated in («, 8, V)
parametrization.

3.2. (B, V, N) parametrization of internal energy, pressure and entropy

We invert the first identity in (3.2), « = log(zV /N), to find the (8, V, N) representation of internal energy and pressure as

U(B.N) = Nu(B). u(p) =~ (35)
P=np)y. np)=-=, (36)
z
and the entropy variable
S(ﬁ,V,N):N(l—log%%—s(ﬂ)), s(ﬁ):logz—ﬂz’%—z’%. (3.7)

3.3. Entropy in (U, V, N) parametrization: effective temperature and effective chemical potential

To eliminate the temperature variable g in the (8, V, N) representation, we invert U = Nu(8) in (3.5), 8 = u~'(U/N), to
find, cf. (3.7),

S(U,V,N)=N[1—log(N/V)+ su"(U/N))]. (3.8)

The effective temperature parameter Sesr = 1/(kgTesr) and the effective fugacity parameter o, are defined by the entropy
derivatives

s'(B)
Su = PBetr, e = P 3.9
U = Berr,  Perr(B) 7(B) (3.9)
SN = Qeff, et = —lOg N +5(8) Usp) (3.10)

v CNuw(B)
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where, cf. (3.5) and (3.7),

UB)=—22zzep —2:2p), S(B)=—22[Bzzpp —2zp2p)+ (225 —2y2p)]- (3.11)
The effective fugacity is fer = e~ and the effective chemical potential peff = —efr/ Befr reads

1 N s(8)
= —Ilog — +u(B) — .
Heff B gyt (8) Ber

We also note Sy = N/V = P/n(B), according to (3.6) and (3.8). In equilibrium (where h(p) = 1and ¢ = 1 in spectral
densities (2.1) and (2.2)), we find Besf = B, aer = @ and the thermal scale factor n(8) = 1/8 in (3.6), the latter by partial
integration of the partition factor (3.1). In contrast to an equilibrium gas, where temperature and chemical potential are
parameters in the spectral number density, the effective temperature and effective chemical potential of a stationary non-
equilibrium system are globally defined by the partition factor z and its derivatives, which are averages over the number
density, cf. (3.1). Positivity properties of the functions u(g8), n(8), s(8), Betf(8) and their derivatives will be discussed in
Section 3.8.

In Section 5, we will obtain the effective temperature and the chemical potential from a spectral fit. Conceptually, it is also
possible to infer these parameters by equilibration with a thermal system. For notational simplicity, we assume this reference
system to be a free relativistic gas defined by number density (2.1) with h(p) = 1 and o = 1. The entropy function and the
variables of this thermometer system are labeled with a subscript of two: Sy(U,, V2, Ny ), so that S, y, = B2, Sa,v, = 2P and
S2.n, = o, with chemical potential 1, = —o» /8, and thermal equation g,P, = N, /V,.

We keep the particle numbers N and N, constant. When equilibrating S(U, V, N) in (3.8) and S,(Us, V-, N;), we use as
contact variables Bef = B, =: Bc and P = P,. The total energy and volume are kept constant, U + Uy = U, V + V5 = Vigt.
We thus find the equations S, y(U, V,N) = B¢ and S, y,(Uz, V2, N2) = B, and the pressure identity gives n(8(B.))N/V =
N, /(B:V>) by way of the thermal equations, cf. (3.6). (In the thermal scale factor n(8), we have substituted 8 = B(Bef),
which is the inversion of Beg(8), cf. (3.9).) Together with the conservation conditions U 4+ U, = Uiy and V + Vo = Vi, we
obtain five equations to determine the variables U, Uy, V, V, and B; the latter is a Lagrange parameter used to maximize
S(U, V,N) + S3(Us,, V5, Ny) with respect to the energy variables subject to the constraint U 4+ U, = Uy. The total entropy
S + S, is not maximized with respect to the volume variables V and V5, as this would require to equate P/n(8(8:)) = P28
instead of the pressure variables, P = P,. Only if n(8(8:)) = 1/8c, which happens if S(U, V, N) is an equilibrium entropy,
the contact identity P = P, amounts to maximize the total entropy S + S, also with respect to the volume variables subject
to V + V, = Vi This reflects the fact that the phase-space probability distribution P,(p) in (2.11) does not maximize the
entropy functional (2.15); only the equilibrium distribution P;(p) gives the maximum entropy, see after (2.16). In brief, the
stationary non-equilibrium entropy (3.4) is always smaller than the equilibrium entropy if subjected to the same constraints.

(3.12)

3.4. Entropy in (Bey, V, N) parametrization, thermal and caloric equations of state, and isochoric heat capacity

We use the effective temperature parameter Ber = s'(8)/u/(8) in (3.9) as independent variable, and substitute the
inversion 8 = B(Bef) into the (B, V, N) representation in Section 3.2. The existence of this inversion is assured by the
positivity conditions Beg(8) > 0and B.y(B8) > 0, see Section 3.8, but we will not need to perform it explicitly. The caloric and
thermal equations of state read U = Nu(B(Besr)) and P = n(B(Besr))N/V, cf.(3.5) and (3.6), and the (Ber, V, N) representation
of entropy is, cf. (3.7),

S(Betr, V, N) = N[1 — log(N/V) + s(B(Berr))]. (3.13)
The isochoric heat capacity Cy = TS, 1,4(Besr, V, N) reads
u/
Cv = —BefiS pogr(Betr, V, N) = _Nﬂesz&' (3.14)
Bexr(B)

To calculate the derivative of the effective temperature 8.(8) = (5" — u” Besr)/u’ required here, we use v’ and s’ in (3.11),
the second derivatives

U'(B)=2"(2(zc2.pp — 2Zep.p) + 225226 — 2:2,8)],

S"(B)=23[Bz(zpzpp —22pp.p) + 2Betizp(22ep —2.:2p) +2(2y2pp — 22, p.p) — 22255 — ZpZp)], (3.15)
and the integral representation (3.1) of the partition factor z and its derivatives. Finally, the Helmholtz free energy F =
U — S/Ber admits derivatives analogous to an equilibrium system, F 5., = S/B% Fn = [tes, With the effective chemical
potential pegrin (3.12),and Fy = —N/(V Begr), where we can substitute the thermal equation N/V = P/n(B(Be))-

3.5. Internal energy in (S, V, N) parametrization

We invert S(8, V, N)in (3.7), solving for 3,

S N
=s'|=—-1+1log— ), 3.16
B=s (N +ogv (3.16)
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to find, cf. (3.5),
S N
US,V,N)=Nus'[=—-1+1log— ). 3.17
svm=nu(s (51 0)) o)
We note the derivatives Us = 1/efr, Un = Hefr, €f. (3.9) and (3.12),and Uy = —N/(V Besr).

3.6. Entropy and volume in (B, P, N) parametrization: isobaric heat capacity, isothermal compressibility and isobaric expansion
coefficient

By way of the thermal equation in Section 3.4, the volume can be parametrized as

N
V(Best, P, N) = ﬂ(ﬂ(ﬁeff));- (3.18)

The internal energy U = Nu(fB(Bes)) reads as in Section 3.4, since it is independent of the volume factor. The entropy in
(Betr, P, N) representation is obtained by eliminating the volume in (3.13) by substitution of (3.18),

S(Betr, P, N) = N[1 —logP + g(B(Berr))],  &(B) = s(B) + logn(B). (3.19)
The B derivative thereof is
g'(B) N 7'(B)

=S eff, V, N )

()~ renPens VN )
with S g...(Befr, V, N) as in (3.14). The derivatives of n(8) in (3.6) and g(8) in (3.19) read, cf. (3.9) and (3.11),
n'(B)
n(p)’

The isobaric specific heat Cp = TS, 7.(Befr, P, N) can be read off from the entropy derivative in (3.20),

NBe n'(B)
Cp = — el S fr\ /el ,P,N =0 - ! n(B)"
P = P penPerr. P N) = Cv = g 57

In Section 3.8, we will show that Cp > Cy > 0 follows from the positivity of Berr(8) and B.i(8).
The derivatives of the volume factor V(Beg, P, N) in (3.18),

_ AN
s Beff ﬂéff(.B) P

define the isothermal compressibility, 7, = —V p/V = 1/P, and the isobaric expansion coefficient,

S peii(Betts P,N) =N

(3.20)

2Zp5 —ZsZ8
72 '

g'(B) = Bertt! (B) + n'(B) = (3.21)

(3.22)

N
s V= —n(ﬂ)ﬁ, (3.23)

G = Ve _ _IBfoVsﬂeff _ IBesz n'(B)
exp — - —_— i .
P 14 v ﬁeff(ﬂ) n(p)
We also note Cp = Cv + Natexp/Befr, cf. (3.22). In equilibrium, dexp = Befr = B.

(3.24)

3.7. Volume in (S, P, N) parametrization: adiabatic compressibility

We start with the entropy representation in (3.19) and solve for 3,

B =g "(S/N—1+logP). (3.25)

The derivative of Be( B(S, P, N)) with respect to pressure is thus Besrp = B.i(8)/(Pg'(8)). The volume V(S, P, N) is obtained
by substituting 8 defined by (3.25) into the thermal equation (3.6),

N
V(S,P,N)=n(g"'(S/N — 1+ logP))7. (3.26)
The pressure derivative of V(S, P, N) is then found as
n'(B) 1 ) N
= —1)n(B)=. (3.27)
< n(B) g'(B) P2
The derivatives n’(8) and g'(8) are stated in (3.21). The adiabatic compressibility reads
%4 P KTegt 1 77/(/3)
g = —— = —9 Gz ———— 2 (3.28)
TV T+ GT T B Bw(B) n(B)

with 7, = 1/P, cf. after (3.23). The heat capacity ratio is yp = Cp/Cy = 1 + Cg, cf. (3.14) and (3.22), and thus
KTeff/Ks = Cp/Cv.
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In the energy density u(8) and the thermal scale factor n(8) in (3.5) and (3.6), z can be replaced by log Z, as the volume
factor and the fugacity f = e~ in (3.1) scale out. The same holds for the derivatives of u(8), s(8) and n(8) in (3.11), (3.15)
and (3.21), so that they can be expressed by the expectation values and correlations derived in Sections 2.4 and 2.5. For
instance, logZ = (n), (logZ) g = —(wn),(logZ), g = (Ah,Aw,) and (logZ), 4.5 = —(Au,(Aw,)?). This also holds true
for the effective temperature parameter SBeg(8) and its derivative, cf. (3.9) and (3.15), as well as for the heat capacities (3.14)
and (3.22), the expansion coefficient (3.24) and the compressibilities in (3.28), as they are assembled from the mentioned
quantities.

3.8. Positivity of heat capacity, compressibility and expansion coefficient

To discuss positivity properties, we need the Chebyshev integral inequality

/ dp(p) f ABp(p) = / Adp(p) / Bd(p), (3.29)
0 0 0 0

where dp(p) is the spectral measure in (3.1) and A(p) and B(p) are monotonic functions with the same monotonicity. (That
is, their first derivatives are both positive or negative.) In the case of opposite monotonicity, the inequality sign is evidently
reversed. If A = B, this holds without monotonicity requirement and becomes a special case of the Cauchy-Schwarz
inequality.

The energy density u(8) = —z./z defining the internal energy in (3.5) is positive, which follows from the integral
representation of z and z ., cf. (3.1). The derivative u’(8) in (3.11) is negative, which follows from the Chebyshev inequality.
A positive effective temperature Begr = 5'(8)/1/(B), cf. (3.9), is thus tantamount to a negative derivative s'(8); the first term
of s'(B) in (3.11) is negative according to the Chebyshev inequality, but the second term can be positive and overpower
the first term, since y differentiation of z generates the factor log h(p) in the integrand of (3.1), which is in general not a
monotonic function so that the Chebyshev inequality is not applicable. Positivity of the effective temperature B¢ as well as
a positive derivative g.4(B) are necessary and sufficient conditions for the thermodynamic inequalities discussed below. In
an equilibrium system, these conditions are always satisfied, since Besr = B.

The thermal scale factor n(8) = —z5/z in (3.6) is positive, which follows from the integral representation of z and z s,
cf. (3.1). Its derivative, '(8) in (3.21) is negative according to the Chebyshev inequality. The heat capacities thus satisfy
Cp > Cy > 0,cf (3.14) and (3.22), if Ber > 0 and B.(B) > 0. As for the compressibilities, the coefficient Cz(8) in
(3.28) defining the compressibility ratio is positive if Ber > 0 (since n'(8) < 0,u'(8) < 0 and n(B) > 0), so that the
compressibilities satisfy 0 < ks < k-

To summarize, a necessary and sufficient condition for the inequalities C, > Cy > 0 to hold is a positive effective
temperature parameter S with positive derivative 84(8). In particular, Gy > 0 is equivalent to B.(8) > 0,and Cp > Cy
is equivalent to Besr/B(B) > 0. The inequalities 0 < ks < 7, With k7, = 1/P are equivalent to Ber > 0. A positive
expansion coefficient aexp in (3.24) is equivalent to B.4(8) > 0.

4. Weibull decay of the spectral flux density of ultra-high energy cosmic-ray nuclei

In Sections 2 and 3, we have studied a general stationary non-equilibrium gas defined by a spectral number density
dp/dp structured as in (2.1). Here and in the next section, we discuss a concrete example, cosmic-ray nuclei constituting a
relativistic gas mixture in stationary non-equilibrium. The flux density of this nuclear gas, based on number density (2.1),
can be inferred from a spectral fit. In this section, we will perform the spectral fit, using flux data collected by several recent
experiments covering the 1 GeV—10'! GeV interval, cf. Section 1, and find an analytic representation of the flux density and
in particular of the power-law spectral function h(p) in number density (2.1) which has been left unspecified so far.

The differential flux density per steradian defined by number density dp/dp in (2.1) is d®/dp = vdp/(4mdp), with
group velocity v = p/E and dispersion relation E = /p? + m2. The spectral fit is performed with the rescaled flux density
F = p“d®/dp, cf. (2.1),

34k
Fenp EP) oo+ miy ), (4.1)

VP v
with amplitude
se™“ 1
(27 )3 c2[m/s]R3[GeV s]
The units used are F [(GeV/c)*"Isr—'m™2s~ '] and Ag [(GeV/c)3sr~'m~2s~1], cf. Section 2.1. The scale factor p* in (4.1) can
be freely chosen, as it drops out in the x? functional of the least squares fit. We use the scaling exponent x = 2.7 to make

spectral breaks of the flux density visible in log-log plots over the 1 GeV—10'! GeV interval. The number density (2.1) can
be extracted from the fitted flux density, dp/dp = 47 F(p)\/p* + m2/p**+1, cf. Section 5.1.

Ap = ~ 1.573 x 107se ™. (4.2)
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The all-particle flux density Fy;; of the nuclear gas in Fig. 1 is fitted with two partial fluxes of type (4.1), Fay = Fyext + Fie ext»

A(b,H p3+K hH,ext(p)
VP2 +my

where the spectral kernel hy ey is @ multiply broken power law with smooth transitions at the spectral breaks,

Fyext(p) = exp(—B(p> + my)"/?), (4.3)

o) = & o 21 o 1 (14 (p/cs)s/%s)’s (14 (p/cs)/o7 ) (4.4)
H,ext - (-l + (p/ClH)VlH/iSlH)alH (] =+ (p/ca)V3/53)53 (1 + (p/c4))/4/54)54 (-l + (p/CG)VG/‘SG)‘SG . .

The second flux component Fye exc and its spectral kernel hye ex: are defined analogously, with the H subscript replaced by
He. The positive amplitudes ¢ (indexed in ascending order) in (4.4) determine the location of the spectral breaks, see Figs. 1
and 2. The exponents y; and §; are positive as well; the y, define the slopes of the spectral curve between the spectral breaks
(which are nearly straight in double-logarithmic plots), and the §; determine the curvature of the spectral map at the spectral
breaks c;. The exponents and amplitudes of the spectral functions hyexe and hye ex; Obtained from the y? fit are recorded in
Table 1.
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Fig. 1. Spectral fit to the all-particle flux of cosmic-ray nuclei in the 1GeV—10'! GeV interval. Data points from AMS-02 [1,2], CREAM [3], Tibet-III [4],
IceTop-73 (rescaled by a factor of 0.8) [5,6], KASCADE-Grande [7], Auger (rescaled by 1.1) [8] and Telescope Array (rescaled by 0.9) [9]. The rescaling is
needed to obtain a continuous spectral curve. First, two independent y? fits are performed to the hydrogen and helium flux points in the 1GeV—10* GeV
interval with the low-energy flux densities Fy jow and Fye, jow in (4.5) (x?(H)/dof ~ 15.1/68, x2(He)/dof ~ 12.2/66). An approximation of the total flux
is obtained by adding the hydrogen and helium fluxes, as the all-particle spectrum in this energy range consists predominantly of hydrogen and helium,
Fail,iow = Fi1,low + Fhe, 1ow- The flux density Fyy, 10w is then analytically extended to higher energies as a multiply broken power law with Weibull spectral
cutoff, Fayj = Fext + Freext, Cf. (4.3) and (4.4), and a separate least-squares fit is performed to the all-particle flux points in the 10° GeV—10"" GeV interval
with flux density Fyy (solid curve, x2/dof ~ 212/102). Also depicted are the partial fluxes Fyjex; and Fyeexc (dashed and dot-dashed curves, respectively),
which are analytic extensions of the low-energy fluxes Fy jow and Fie, 1ow in the 1GeV—10% GeV interval, cf. (4.3)-(4.5). The dotted curves define the 3o
error band, better visible in Fig. 2. The fit parameters of the all-particle flux Fy are listed in Tables 1 and 2. The clearly visible spectral breaks (labeled c; in
Table 1) are indicated on the abscissa, as well as the cutoff temperature kgT in the Weibull factor of the flux density, cf. (4.3).
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Fig. 2. Subexponential Weibull decay of the all-particle cosmic-ray spectrum. This is a close-up of Fig. 1; data points as in Fig. 1. Below the cutoff energy
at kyT ~ 2.5 x 10'° GeV, the flux density Fy (solid curve) is composed of multiple power-law segments (appearing approximately straight in log-log
plots) with smooth transitions at the spectral breaks c, cf. Table 1. The subexponential spectral decay at ultra-high energies above kgT is caused by the
Weibull factor exp[—(p/(kgT))? ] in flux density (4.3). The spectral index is o &~ 0.66, cf. Table 2, resulting in subexponential decay. The extensions Fy ex
and Fyeext (dashed and dot-dashed curves) of the low-energy hydrogen and helium fluxes, cf. the caption to Fig. 1, contain admixtures of heavier nuclei (in
the ultra-relativistic regime above 10* GeV) and add up to the all-particle flux, Fyy = Fiy ext + Fheext> cf. (4.3) and (4.4). The 30 error band is indicated by
the dotted curves. The residuals of the least-squares fit of F,; are shown in the lower panel.

Table 1

Fitting parameters of the spectral functions hyex:(p) and hyeexc(p) of the ex-
tended hydrogen and helium fluxes Fyext, Freext in Figs. 1 and 2. The spec-
tral functions are multiply broken power laws stated in (4.4). The power-
law amplitudes ¢, define the location of the spectral breaks, see Fig. 1. The
exponents y, determine the spectral slopes between the breaks, and the ex-
ponents §; the spectral curvature at the break points.

k cr [GeV/c] Vi Sk

1H 1.283 4910 4.125

2H 5.128 x 10? 0.3709 0.3698

1He 2.694 4775 3.848

2He 6.955 x 10? 0.2045 6.409 x 1072
3 6.925 x 10* 8.857 x 1072 3.091 x 1072
4 3.935 x 10° 0.5185 8.622 x 1072
5 1.227 x 107 0.2067 3.182 x 1073
6 1.091 x 108 0.2463 2.193 x 1073
7 4.866 x 10° 0.9946 0.1957
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Table 2
Flux amplitudes and decay parameters. Ay y and Ap pe denote the amplitudes of the partial fluxes Fyext, Feext in (4.3). The subexponential spectral decay
of the flux components is determined by the Weibull factor exp(—Bp?), where o is the spectral index and g the decay exponent related to the cutoff
temperature by 8 = 1/(kgT)?. (The mass-square in the Weibull factor in (4.3) can be dropped because of the high cutoff temperature.)

As . [(GeV/c)3sr im™2s71] Ao e [(GeV/c)3sr m™2s71] ksT [GeV] o B [Gev™]

(8.428 £ 1.6) x 10 (1.095 + 0.20) x 10? (2.529 £ 0.070) x 10" 0.6645 % 0.014 1.223 x 1077

The power-law function (4.4) is an example of how wideband spectra exhibiting extended spectral slopes and multiple
spectral breaks [45-49] can systematically be assembled. First, one visually determines the approximate location of the
spectral breaks ci in a double-logarithmic plot of the data sets. (The break points ¢, are the joints of spectral slopes, as
indicated on the abscissa of Figs. 1 and 2.) These preliminary ¢, are used as initial guess in the least square fit, and they
determine the number of factors in the spectral function [],(1 + (p/cx)"/!%!)%. (In this product notation, we use negative
exponents §y for the factors in the denominator of (4.4).) Initial guesses for the exponents y; and the sign of §; can be read
off from the ascending or descending spectral slopes. A moderate exponent §; results in a gradual change of the slope at the
spectral break cy, and a §; close to zero causes a sudden break in the spectral map. Each spectral break is thus determined
by three parameters, the location of the break points ci, the power-law index y; of one adjacent slope, and the curvature
exponent ;. The power-law function (4.4) describes seven spectral breaks specified by 21 parameters. To locate the spectral
breaks in the flux map, it is also necessary to rescale the flux data, to make the spectral fine structure visible. This is done in
Figs. 1 and 2 by multiplying the spectral flux density by a factor of p?>7. In the unscaled flux representation of Fig. 3, which is
also a log-log plot, the fine structure is largely concealed.

The partial flux Fyex(p) in (4.3) is the extension of the low-energy (1GeV-10* GeV) hydrogen component of the all-
particle spectrum defined by the AMS-02 [1,2] and CREAM |[3] hydrogen flux points in Fig. 1,

A up>™ (14 (p/co)2/%2H )2n

\/m (14 (p/cip)rm/ém)dm

Analogously, Fyeex: is the extension of the low-energy helium flux Fye 10w defined by the AMS-02 and CREAM helium flux
points in Fig. 1; Fye, 1ow(p) is parametrized as in (4.5), with the H subscript replaced by He. We use my =~ 0.938 GeV as proton
mass and mye &~ 3.727 GeV for alpha particles. The amplitudes Ap iy and Ag pe in (4.3) and (4.5) are related to the fugacity
parameters oy and aye as stated in (4.2), with spin degeneracy sy = 2 for protons and sye = 1 for alpha particles. In the
Weibull factor in (4.3), we can drop the mass term, using exp(—gp”) instead, as the spectral cutoff happens at very high
momentum in the ultra-relativistic regime where the nuclear mass is negligible, see the spectral cutoff depicted in Fig. 2.
The amplitudes Ay y and Ap ye as well as the decay exponent § = 1/(kgT)” and the spectral index o of the Weibull factor,
cf. Section 2.1, are fitting parameters listed in Table 2.

The spectral fit is performed in two steps. First, we fit the hydrogen and helium components, in the low-energy interval
from 1GeV to 10* GeV, using the AMS-02 and CREAM data sets and the low-energy limit (4.5). In this way, we obtain the
flux amplitude Ay y, the power-law amplitudes ciy, oy and the exponents yy, you and 814, 621, and analogously for the
helium fit. In the 1 GeV-10* GeV interval, the all-particle flux consists mainly of hydrogen and helium nuclei; heavier nuclei
contribute only around one percent to the total flux in this interval, so that the all-particle flux in this energy range can be
approximated by Fay ~ Fyjow + FHellow-

The second step is to fit the high-energy all-particle spectrum in the 10° GeV—10"! GeV interval as defined by the Tibet-
IIl [4], IceTop-73 [5,6], KASCADE-Grande [7], Auger [8] and Telescope Array [9] flux points in Figs. 1 and 2. To this end, we
extend the low-energy fit Fyjow + Fhelow to higher energies, by adding power-law factors to the spectral kernels hy jow(p)
and hyejow(p) as done in (4.4). The added power-law factors are the same for both kernels, with amplitudes ¢y—3 7 and
exponents y;, 8 listed in Table 1. The high-energy flux extensions Fyey: and Fyeex: above 10% GeV also contain heavier
nuclei, an intermediate-mass nitrogen-like component and a heavy iron-like component. At ultra-relativistic energies above
10% GeV, the nuclear rest mass is negligible since m? /p?> < 1, so that heavier nuclei can be accommodated in the hydrogen
and helium flux extensions. The spectral breaks c; indicated on the abscissa of Figs. 1 and 2 are clearly discernible in the
total flux Fay = Fyyext + Fueexe and the partial fluxes. The Weibull factor with spectral index ¢ = 0.66 £ 0.02 in flux density
(4.3) generates the subexponential spectral cutoff in the ultra-high energy regime above the ‘ankle’ c; & 4.9 x 10° GeV of
the all-particle spectrum, cf. Fig. 2; another major spectral break occurs at the ‘knee’ ¢; ~ 3.9 x 108 GeV, cf. Refs. [10,50].

Fu,1ow(p) = (4.5)

5. Cosmic-ray nuclei: a relativistic gas mixture in stationary non-equilibrium
5.1. Reduction to a two-component mixture: spectral extension of the low-energy hydrogen and helium components

The following discussion is a step-by-step adaptation of the thermodynamic formalism developed in Section 3 (for a one-
component gas in stationary non-equilibrium) to cosmic-ray nuclei, which constitute a gas mixture because of the different
particle masses. In Section 4, we have represented the empirical flux density of the all-particle cosmic-ray spectrum as
the sum of two partial fluxes, Fayy = Fyext + Fueext, Which are extensions of the low-energy hydrogen and helium fluxes,
cf. (4.3) and (4.5). Heavier nuclei have been included in these two extensions, since the all-particle spectrum below 10* GeV
is predominantly composed of protons and helium, and above 10 GeV, the flux densities are mass independent. In effect, the
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all-particle flux density F,; depends only on the proton and helium mass, and can therefore be treated as a two-component
mixture.

As pointed out after (4.2), the differential number density dpyex can be inferred from the flux density Fyex (obtained
from the spectral fit described in Section 4, cf. (4.3) and (4.4) and Tables 1 and 2),

doHext [m73] = Fyexe(P) dp. (5.1)
The partition function defined by this number density is log Zyext = V fooo dpyext(p), cf. (2.3). The same holds for the helium
extension Fye ext, dOHeext, 108 Zie ext, With the H subscript replaced by He. The partial number densities d pyext/dp, dopeext/dp
and their sum dp,;/dp (number density of the all-particle flux Fy;) are depicted in Fig. 3. They consist of an ascending
power-law slope (straight in log-log plots), a spectral peak at around 1 GeV, a descending power-law slope extending to the
cutoff temperature kgT = 2.5 x 10'° GeV, and a subexponential Weibull tail with spectral index ¢ & 0.66, cf. Section 2.1.
The power-law descent contains multiple spectral breaks indicated on the abscissa of Fig. 3, which are better visible in the
rescaled flux maps of Figs. 1 and 2.
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Fig. 3. Spectral number density of cosmic-ray nuclei. Data points as in Fig. 1. The differential number density dp./dp (solid curve p},) of the nuclear gas
is the sum of two partial densities, (D) = pf; ey + Pfieexes the scale factor p>7 used in the plots of the corresponding partial fluxes Fy, ext and Fie, ext in
Figs. 1 and 2 has been dropped in this figure. As the helium extension p}/-le,ext (dashed curve) is by about one order lower than the hydrogen extension p;{‘ext
(dotted), the total density o}, is nearly indistinguishable from py, ., in this unscaled representation. The partial number densities pj; .., Ofe e aT€ €xtracted
from the flux densities Fy ext, Fie, ext in Figs. 1 and 2 by way of Eq. (5.1). In the interval between the spectral peak and the subexponential spectral cutoff at
ksT ~ 2.5 x 10'° GeV, the number density appears as nearly straight power-law slope in this representation, despite of multiple spectral breaks indicated
on the abscissa. Discounting these breaks, p}; has a simple structure: a power-law ascent, a spectral peak at around 1GeV, an extended power-law descent,
and a subexponential spectral tail above the cutoff temperature kgT. Also indicated on the abscissa is the effective temperature kgTer ~ 16 GeV of the
nuclear gas, cf. (5.10) and Table 3.

As in Section 3.1, the partition factor of the hydrogen spectral extension dpyex: is defined by

2u(Boy.8.6) ] = / dpu(p), (5.2)

0
with spectral measure, cf. (2.2) and (3.1),
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hyext(p) is the power-law spectral function (4.4), my the proton mass and sy the spin degeneracy, cf. after (4.5). The partition
factor zy and derivatives thereof are taken at y = 1,8 = ¢ = 0, see Section 3.1, so that zy only depends on the decay
exponent B. Aty = 1,8 = ¢ = 0, we find dpy = dppext/fu and zy = 10g Zyex: /(Vfu), where fy = e~*H denotes the fugacity,
cf. (4.2) and after (4.5). The units stated after (2.1) are used, zy [m~3].

The number count, internal energy and pressure of the hydrogenic partial flux Fyex can thus be calculated as Ny =
Ve ™™Hizy, Uy = —Ve™™zy,, Py = —e “zy,, and the Weibull and excess entropies read Wy/f = —Ve™®Hzy g and
Hy = —Ve™™zy,, cf. Section 2.2; ay is the fugacity parameter of the hydrogen component. This also holds for the helium
extension Fyeexe With subscript H replaced by He in (5.2) and (5.3). The respective quantities of the all-particle flux F,; are
obtained by addition, N = Ny + Nye, W = Wy + Wy, etc. In this way, we find the (ay, aye, B, V) parametrization of the
thermodynamic variables. The entropy is assembled as S(ay, age, B, V) = Sy + Sue, Where, cf. (3.4),

Su(om, B, V) = Ve ™™ ((1 + au)zy — Bzu,p — Zn,y ), (5.4)

and analogously Sye(otpe, B8, V).

When calculating thermodynamic variables from spectral fits, the («, 8, V) parametrization is the most efficient repre-
sentation. The variables N, U, S, W, H and P listed in the first row of Table 3 are assembled as stated after (5.3). The partition
factor zy in (5.2) and its derivatives, cf. after (3.1), are calculated with the spectral measure dpy = dppext/fu obtained
from the hydrogenic flux extension Fyex¢ by way of (5.1). The analytic flux density Fyex is stated in (4.3) and (4.4), with fit
parameters in Tables 1 and 2. The fugacity fy is calculated from the flux amplitude in (4.2) and Table 2. Analogously for the
partition factor zy. of the helium component.

Table 3

Thermodynamic parameters of the all-particle spectrum of cosmic-ray nuclei, a relativistic gas mixture in stationary non-equilibrium. The spectral number
density of the nuclei is depicted in Fig. 3. Recorded in the first row: particle count N, internal energy U, total entropy S, Weibull entropy W, excess entropy
H, pressure P, isochoric heat capacity Cy, and isobaric heat capacity Cp. These quantities are listed as specific densities rescaled with the volume factor and
the Boltzmann constant kg. The calculation of the variables N, U, S, W, H and P is explained in Section 5.1. The heat capacities Cy and Cp are assembled
as stated in (5.15) and (5.21). Quantities recorded in the second row: isothermal compressibility «r,,, cf. after (5.22), adiabatic compressibility «s, cf.
(5.27), heat capacity ratio Cp/Cy coinciding with the compressibility ratio «r, /«s, cf. after (5.27), isobaric expansion coefficient aeyp, cf. (5.23), effective
temperature parameter Besr = 1/(kpTesr), cf. (5.10), effective temperature Tegr, and the equipartition ratio U /(Nkp Tefr).

N/V [m~3] U/VIGeVm™]  S/(ksV)[m™3] W/(kgV)[m™3]  H/(ksV)[m] P[GeVm™>]  Cy/(kgV)[m™>]  Cp/(ksV)[m~>]
1.238 x 1074 5.935 x 10~ 1.490 x 1072 3.741 x 10711 5.937 x 10~ 1.705 x 1074 6.271 x 1072 3.083 x 108
K1 [GeVT M) ks [GeVT'm3]  Gp/Cyikrg/ks  Oexp/kp [GEVT'] e [GeV™] kg Tesr [GeV] Ter [K] U/(NkgTegr)
5.866 x 10° 1.193 x 103 4915 1.233 x 107° 6.216 x 1072 16.09 1.867 x 10 0.2981

5.2. Thermal equation of state of a stationary non-equilibrium mixture

To obtain the thermodynamic variablesin (8, V, Ny, Nye ) parametrization, we invert the number count, oy = log(zyV /Ny),
and substitute the fugacity parameter ay, cf. after (5.3). The hydrogen component of the internal energy then reads

U(B. Nit) = Nuty(B).  un(B) = —Z;:, (5.5)

and analogously the helium component Uye(8, Nye). The total internal energy of the mixture is thus

U =1(B, Ny, Nue), (B, N, Niie) = Nyup(B) + Nhellne(B). (5.6)
The partial pressures and the thermal equation of state read
Ny zn,5(B)
P —_= — N == — 2 N
W= m(B),  mu(B) 2(f)
1, A
P = Vﬂ(ﬂ, Nu, Nue), 1B, Nu, Nue) = Nunu(B) + Nueniue(B)- (5.7)

The entropy variable S(8, V, Ny, Ny.) is assembled as
N, N, .
S = Nu (1 ~log 7“) + Nite (1 ~log 7“) + 8(B. Nit, Nie),

$(B. Nu, Nuie) = Nusu(B) + NueSne(B), (5.8)

where sy(8) and sye(8) are defined in (3.7), with the partition factor z indexed zy and zy, respectively.
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5.3. Effective temperature and chemical potential of cosmic-ray nuclei

To calculate the effective gas temperature, we need the (U, V, Ny, Ny.) parametrization of entropy. Inversion of the
internal energy in (5.6) and substitution of 8 = i~ (U, Ny, Nye) into (5.8) gives

Ny Ny
S(U, V, Ny, Nye) = Ny (1 —log 7) + Nhe (1 —log 7) + 34~ "(U, Ny, Nie), Nu, Nie). (5.9)

The effective temperature parameter S = 1/(kgTefr) of the gas mixture is defined by the entropy derivative

_ §,ﬂ(ﬂ,NHaNHe) :ﬂff
ﬁ,ﬁ(ﬂJ\]HaNHe) &

il g = Nyuy(B) + Nuele(B), 5.8 = Nusy(B) + NueSe(B)- (5.10)

The derivatives denoted by a prime are stated in (3.11), with z indexed zy or zy.. The effective fugacity parameter of the
hydrogen extension Fy e is defined by the derivative

N
Sy = —log % — un(B)fer + su(P) = ey (5.11)

where we used ﬁ_j\fH = —il n, /il g and il v, = un(B), SN, = su(B). The effective chemical potential of the nuclei constituting
the flux component Fyexc is ut = —all/ Besr. The effective fugacity parameter o'i¢ and chemical potential 1££¢ of the helium
extension Fyeex: are obtained analogously. The effective temperature parameter is calculated by way of (5.10) and (3.11),
using the spectral representation of the partition factors zy e in (5.2): Befr &~ 6.216 x 1072/GeV. For the chemical potentials,
we use (5.11) with sy(8) in (3.7), ug(B) in (5.5) and Ny /V as stated after (5.3) to estimate /Lsff ~ —1.910 x 103 GeV and, in
like manner, uf¢ ~ —1.962 x 10° GeV.

5.4. Caloric equation of state and isochoric heat capacity of the nuclear gas

We switch to the (Besr, V, Nu, Nye ) parametrization. By inverting Beg in (5.10), 8 = B(Bett, Nu, Nye ), and substituting into
(5.6), we find the caloric equation of state

U(Bett> Nu» Nhe) = 0(B(Besr» Nri» Nite), Nu» Nige)- (5.12)
We also note the thermal equation in this representation, cf. (5.7),
1,
P = Vn(ﬁ(ﬁerf, Nu, Nhe), N, Nie), (5.13)
and the entropy, cf. (5.8),
NH NHe A
S(PBetts V., NH, Npe) = Nu(1 — log 7) + Nye(1 — log 7) + S(B(Beff, N1, Nhie), N1, Nie ). (5.14)
The isochoric heat capacity Cy = TS 1,4(Befr, V, Nu, Nue) reads
2 ’:’,ﬂ
= —BeftS, pogr(Beits V., Nu, Nye) = —Bagr—— (5.15)
Bettp

The B derivative of the effective temperature parameter Bes(8, Ny, Nye) is assembled as

Bettp = (8,5,8 — U,8,8Befr)/ L.,
Uip.p = Nuu(B) + Nuetfie(B), 8.8, = Nusi(B) + NueStie(B), (5.16)

with Be and il g in (5 10). The primed second derivatives are calculated as stated in (3.15), with z indexed zy and Ze,
respectively, cf. (5.2). il 4 in (5.10) is negative, since uHH (B) < 0, see Section 3.8; the derivatives uHH (B) defining i 4
are calculated via (3.11) and (5.2). Positivity of Cy is thus assured by Befrp > 0. Using (5.16), we find ,Beffﬁ(ﬂ NH, Npe) =~
7.010 x 10° GeV° !, where o is the Weibull spectral index, cf. after (2.1). The isochoric specific heat Cy listed in Table 3 is
calculated by way of (5.15).

5.5. Isobaric heat capacity, isothermal compressibility and isobaric expansion coefficient of the nuclear gas

The (Besf, P, Ny, Nye ) parametrization is used in this section. By way of the thermal equation (5.13), we find the volume
factor V(Betr, P, Ny, Nye). The internal energy U(Besr, Ny, Nye) in (5.12) remains unchanged, as it does not depend on the
volume factor. The entropy S(Befr, P, Nu, Nue) is found by eliminating V in (5.14) via the thermal equation,

S = (Nu + Nue)(1 — log P) + &(B(Befr» Nu» Nhe), Nu, Nie),
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&(B, Nu, Niie) = $ + Ny log —- + Nye log — . (5.17)
Ny Nhe
The Be¢ derivative thereof reads
g Ny + Nye 7.
S, pere( Betts P, NH, Npe) = F_ S pere(Betts V., NH, Nhe) + AT e D8 (5.18)
Befip Bettg 1
with S g..(Befr, V, Nu, Nue) as in (5.15). We also note the derivatives
& s(B, N, Nue) = Berrll p + (Nu + NHe)Tﬁ, (5.19)
1.5(B+ N, Nie) = Numy(B) + Nuenige(B), (5.20)
with n{_,,He(ﬂ) in (3.21). In this way, we can assemble the isobaric specific heat Cp = TS, 1,¢( Bett, P, NH, Nhe) as
Befi 1,
CP = _ﬁeffsaﬁeff(ﬁEffv P7 NHv NHe) = CV - (NH + NHe)ﬂ d f]ﬂ . (52])
eff, g

The thermal coefficient 7} defined in (5.7) is positive and its derivative 7 g in (5.20) negative, see the remarks after (5.27); the
derivatives n;—l,He(ﬂ) needed to calculate 7) g are stated in (3.21). The inequalities Cp > Cy > 0 thus require Befi( 8, Nu, Nue) >
0 and Befrp > 0 as necessary and sufficient conditions, cf. (5.10) and (5.16). The isobaric heat capacity Cp is calculated via
(5.21) and recorded in Table 3.

The Begr and P derivatives of the volume factor V(Bes, P, Ny, Nye) in (5.13),

np 1 L1
Vs = 22—, Vp=—ii—, (5.22)
Pt Bettp P p?
define the isothermal compressibility k7, = —V p/V = 1/P, cf. Table 3, and the isobaric expansion coefficient,
Vr, Vg, B 7.
Olexp = — ff_ _ﬁesz Bett _ _ Peff —;ﬂ, (5.23)
14 4 Beftp 1

which is positive if Berrg(8, Nu, Nue) > 0. The expansion coefficient is calculated via (5.23) and listed in Table 3. In
equilibrium, 7 = (Ny + Nue)/B and aexp, = Berr = B. The isobaric and isochoric heat capacities are related by the identity
Cp = Cy + (Nu 4 Nue )otexp/ Bei (€ven though the gas mixture is not equilibrated), which provides a consistency check for the
numerical estimates in Table 3.

5.6. Adiabatic compressibility of a gas mixture in stationary non-equilibrium

To obtain the (S, P, Ny, Ny ) parametrization of the volume factor, we solve the entropy function S(8, P, Ny, Nye)in (5.17)
for 8,

B =& 1S + (N + Nue)(log P — 1), Nu, Nye), (5:24)
and substitute this into the thermal equation (5.7),
1,
V(S, P, Ny, Npe) = 577(,3(5, P, Nh, Nhe), N1, Nie). (5.25)
The pressure derivative thereof is
Ny + Nye 7 0
Vp = <u"—5 - ) =z, (5.26)
gp 0 p
with the derivatives 7 g and g g stated in (5.19) and (5.20). The adiabatic compressibility reads
Vp KT, Ny + Nye 1,
ks = ——F = Gp(B, N, Nne) = ——— = (5.27)

v 14+ G’ .Beffﬁ,ﬁ n ’

with k7, = 1/P, listed in Table 3 for cosmic-ray nuclei. Thus the identity «r,,/ks = Cp/Cy obtained in Section 3.7 for a
one-component gas also holds for a mixture in stationary non-equilibrium. Positivity of the coefficient Cg in (5.27) implies
0 < ks < Kty Cr is positive, if Ber > 0, since il g < 0,7, < 0and > 0. [i1 g is negative since it is a linear combination
of ”f-{,He(ﬂ) with positive coefficients, cf. (5.10), and u/H’He(ﬂ) < 0is a Chebyshev inequality, see Section 3.8. The same holds
true for 7 4 in (5.20), with n;ﬁ,He(ﬂ) < 01in (3.21). 77 in (5.7) is positive, since its coefficients nype(B) are positive according
to the integral representation in (3.6). The inequalities 0 < x5 < k7, and Cp > Cy > 0, cf. after (5.21), and the positivity of
the expansion coefficient aexp, in (5.23) are thus equivalent to a positive and monotonically increasing effective temperature,
Betr > 0and Befrp(B, Nu, Nue) > 0, where B is the decay exponent of the Weibull factor in flux density (4.1).
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6. Conclusion

The measured all-particle cosmic-ray flux is highly isotropic and stationary, which suggests to treat the relativistic nuclei
as a classical stationary non-equilibrium gas. Quantum effects and the Coulomb interaction can be discounted due to the low
density and high temperature. The all-particle flux has been measured with good precision over an extended energy range,
from 1 GeV up to 10!! GeV, so that even minor spectral breaks can be located in suitably rescaled flux maps, see Figs. 1 and
2. The multiply broken power-law distribution and the Weibull factor defining the spectral cutoff can be extracted from the
flux data by way of a least-squares fit. The ultra-high energy spectral tail above 10'° GeV, measured with fluorescence and
scintillation counters of the Telescope Array, exhibits subexponential decay and permits to infer the cutoff temperature and
the decay exponent o of the Weibull factor exp(—(E/(kgT))° ) quite accurately, cf. Table 2.

The multiply broken power-law distribution and the Weibull cutoff (setting in at about kT ~ 2.5 x 10'° GeV) determine
the spectral number density of the nuclear gas. This density is the basis for the thermodynamic formalism developed here
and can empirically be reconstructed from available flux data, cf. Fig. 3. This does not require to make specific assumptions
about the driving forces generating the stationary non-equilibrium, the production, acceleration, scattering and absorption
mechanisms cosmic-ray nuclei undergo, which are uncertain and would have to be specified in ab initio calculations based
on kinetic equations. Currently contemplated production sites of cosmic-ray nuclei are Galactic supernova remnants and,
in the case of ultra-high energy cosmic rays, active galactic nuclei [ 10]. The evidence for that is circumstantial, mainly from
TeV gamma-ray spectra of a limited number of supernova remnants which can be explained by a radiation model involving
high-energy protons. This model assumes gamma-ray emission by pion decay, the pions being produced in collisions
of high-energy protons with heavier nuclei. High-energy protons can be produced by shock acceleration in supernova
blast waves. The caveat here is that TeV gamma-rays can also be generated by inverse Compton scattering and tachyonic
radiation processes [51], which do not require high-energy nuclei. The decay of the all-particle spectrum above 10'° GeV,
cf. Fig. 2, could be caused by scattering of protons by cosmic microwave background photons, resulting in energy loss by
pion production. Other attenuation mechanisms at high energy could be electron-positron pair production and photo-
disintegration of heavy nuclei by interaction with the extragalactic background light. As it is presently not possible to
quantify the production and absorption mechanisms, we have refrained from ab initio kinetic theory and extracted the
number density of the nuclear gas from empirical spectra, cf. Section 4. To systematically model the fine structure of a
multiply broken wideband spectrum requires a large number of parameters, as exemplified by the power-law function (4.4),
which contains seven spectral breaks, cf. Table 1 and Figs. 1 and 2. Ab initio calculations of the all-particle wideband have not
been attempted yet, although some of the mentioned acceleration and attenuation mechanisms have been tested in various
energy ranges [10,52,53].

Apart from the specific example of cosmic-ray nuclei studied in Sections 4 and 5, we developed the thermodynamics of a
classical stationary non-equilibrium gas (of relativistic particles) defined by a power-law distribution with Weibull spectral
cutoff. In Section 2, we introduced the number density and the entropy functional, at first in spectral representation and then
in relativistic phase space. The entropy functional substantially differs from an equilibrium entropy, as the multiply broken
power law in the spectral number density generates excess entropy absentin an equilibrium system, and the Weibull entropy
replaces the contribution of the internal energy to the entropy functional. In fact, Weibull entropy is quite unrelated to
internal energy and only happens to coincide with U /T at spectral index ¢ = 1where the Weibull exponential coincides with
the Boltzmann factor, see (2.7). The spectral representation of the thermodynamic variables stated in Section 2 is suitable
for numerical evaluation once the number density has been specified by a spectral fit; their phase-space representation is
also derived in Section 2.

In Section 3, we invoked the entropy variable to define the effective temperature of a gas in stationary non-equilibrium
and established the relation B.i(8) between the effective gas temperature Begr = 1/(kgTegr) and the cutoff temperature
B = 1/(kgT)® in the Weibull exponential. We then derived the heat capacities and compressibilities of a stationary non-
equilibrium gas and discussed thermodynamic inequalities such as 0 < C, < Cp, relating them to the positivity of the
effective temperature parameter Seg(8) and its derivative.

Cosmic-ray nuclei constitute a multi-component gas mixture because of the different particle masses. In Section 4, we
represented the flux density of the all-particle spectrum as a two-component mixture composed of extended hydrogen and
helium fluxes, Fyj; = Fyext + Fueext, Cf. Figs. 1 and 2. This reduction to a two-component system is possible as the low-energy
spectrum consists almost exclusively of protons and helium nuclei and, above 10* GeV, the spectral density becomes ultra-
relativistic so that the nuclear mass drops out and heavier nuclei can be accommodated in the hydrogen and helium flux
components. In Section 5, we adapted the thermodynamic formalism developed in Section 3 to a two-component mixture
and applied it to cosmic-ray nuclei. We extracted the partial number densities dpy ext/dp and dpgeext/dp of the nuclear gas
(see Fig. 3) from the flux densities Fy ext, Fye ext Obtained from a least-squares fit to the all-particle spectrum, cf. Section 4 and
Figs. 1 and 2. Finally we substituted the partial number densities into the spectral representations of the thermodynamic
variables, cf. Section 2, to estimate the thermodynamic parameters of cosmic-ray nuclei: effective temperature, internal
energy, pressure and entropy, as well as the heat capacities, the expansion coefficient and the isothermal and adiabatic
compressibility of this non-equilibrated gas mixture, see Table 3.
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