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Angular temperature fluctuations in a photon gas generate fractional polarization of the
black-body spectrum. The spectral density consists of two Planckians with different tem-
perature variables representing orthogonal polarization states. The angular-dependent
fluctuating temperature variables can be inferred from the Stokes parameters which
have been measured, over the full solid angle, for the cosmic microwave background
(CMB) radiation. The polarization matrix of a partially polarized photon gas is obtained
by way of a unitary transformation of the annihilation and creation operators. The
radiation is decomposed into a totally polarized and an unpolarized intensity component,
and the polarization fraction is calculated, which is very small, of order ~ 1077, for
the nearly isotropic CMB radiation. Spatial energy density autocorrelations induced by
polarization and temperature anisotropy are derived and isotropized by an angular
average. These correlations are long-range, exhibiting power-law decay oc 1/r% at large
distance, and much stronger than the energy density correlation of an ideal photon gas
which decays o 1/r8. As for the CMB radiation, the spatial energy density correlations
are calculated from analytic Gaussian fits to the measured temperature and polarization
power spectra, including the crossover from the short-distance regime to the asymptotic
power-law decay.
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1. Introduction

We study fractional polarization of the black-body spectrum, caused by angular temperature fluctuations, which has
been measured with high precision in the case of the cosmic microwave background (CMB) radiation [1-3]. The ideal
photon gas as described by the Planck distribution amounts to totally unpolarized radiation. The spectral density of
partially polarized black-body radiation consists of two Planckians with independent temperature variables, one for each
polarization degree of freedom. The angular variation of the temperature variables can be determined by measuring the

Stokes parameters.
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We derive the spectral density of a partially polarized photon gas, starting with the statistical operator, reconstruct
the operator of the electric field strength from the Stokes parameters and assemble the polarization matrix. We then
study the effect of polarization and angular anisotropy on two-point and four-point correlation functions of the electric
field strength, in particular on spatial energy density autocorrelations generated by temperature anisotropy and fractional
polarization. We expand the correlation functions in the fluctuating temperature variables and isotropize them by
performing an angular average.

The CMB radiation will be used as example throughout this paper, since the angular temperature and polarization
fluctuations have been measured over the full solid angle and are very small, which makes an efficient perturbative
treatment of the energy density correlations possible, including the extended crossover from the short- to the long-
distance regime. The energy density correlations of a fractionally polarized photon gas are long-range, nearly constant
at short distance and exhibiting power-law decay in the opposite limit.

Long-range correlations have extensively been applied to characterize phase transitions [4-7] and fracture statistics [8],
and they also occur frequently in plasma and nuclear physics [9,10], as well as in interdisciplinary fields such as
meteorology and geophysics [11-13], biophysics [14,15], econophysics [16,17], sociophysics [18], human dynamics [19]
and network theory [20,21].

In Section 2, we introduce the statistical operator of an anisotropic and polarized photon gas and derive the partition
function and spectral density, the latter being a superposition of two Planckians with temperature variables depending on
the photonic wave vector, as well as the entropy. We also sketch the variances and the factorization of expectation values
of operator products in the thermodynamic limit, used employed in Section 4 to calculate energy density correlations.

In Section 3, we introduce the operators defining the polarized electric field strengths and calculate the expectation
values of their products constituting the polarization matrix. The phases and amplitudes of the field strengths and in
particular the fluctuating temperature variables of the spectral densities can be inferred from the angular-dependent
Stokes parameters. We perform a second-order expansion of the spectral densities in the angular fluctuations around the
mean temperature and decompose the spectral intensity into a totally polarized and an unpolarized radiation component.

In Section 4, we study spatial correlation functions. First, we calculate the two-point correlation of the electric field
strength, relating it to the two Planckians defining the spectral density. Then we derive the energy density autocorrelation
of an anisotropic and partially polarized photon gas, which is a four-point correlation of the electric field strength.

In Section 5, we perform angular fluctuation averages to isotropize the spectral intensities and spatial correlation
functions. To this end, we use multipole expansions of the temperature and polarization correlations in momentum space.
The multipole coefficients of the CMB radiation have been measured up to multipole indices of I ~ 2500, cf. Ref. [3]. In
Section 5.2, we obtain analytic representations of the power spectra of the temperature and polarization autocorrelations
and their cross-correlation by performing spectral fits with a series of Gaussians.

In Section 5.3, we isotropize the polarized and unpolarized intensity components of a photon gas by a fluctuation
average. In particular, we estimate the polarized and unpolarized spectral intensities of the CMB radiation from the
Gaussian fits to the multipole power spectra. We calculate the specific internal energy of these components to obtain
the polarization fraction, which is very small in the case of the CMB radiation; only a 2.4 x 10~ fraction of the internal
energy is polarized. Presently, only the Stokes parameters Q and U defining linear polarization have been measured. In
Section 5.4, we isotropize the energy density correlations induced by angular temperature and polarization fluctuations,
using the above mentioned multipole expansions.

The fluctuation-induced energy density correlations are long-range, < 1/r®, and overpower the isotropic correlation
function of an ideal photon gas, which decays o« 1/r® in the large-distance limit. This is illustrated by plots of the CMB
correlations in Section 6; the fluctuation-induced correlations stay nearly constant in the short-distance regime up to
about r ~ 0.01 cm and admit power-law decay o 1/r8 following an extended crossover covering four decades in distance.
In Section 7, we present our conclusions.

2. Spectral density of an anisotropic and partially polarized photon gas
2.1. Statistical operator, partition function and expectation values
We start with a discrete mode decomposition of the electromagnetic field strength,

E(X t l(l(x wt) E* —i(kx— wt)) (2-1)

with @ = |Kk|, and use box quantization, discretizing the wave vector as k = 27n/L, n € Z3, where L is the box size. The
magnetic field B(x, t) admits an analogous expansion with B, = Ky x Ei, where Ky is the unit wave vector. We split the
amplitudes into polarization components, Ex = &1E; i + €2E; x, where the polarization vectors €j—1 > and Ky constitute an
orthonormal triad. By squaring the field strength and performing a time average, we find the energy density

EX(x,t) = BX(x, t) = ng *Eik: (2.2)
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We symmetrize the product «Eix and replace the field modes by bosonic annihilation and creation operators a;j and

J - 1dent1fy1ng Eix = J/0jx0x Ej X E] k= O, kajk, with w;x = k. The g and their adjoints satisfy the commutation
relations [a;, an] = din, [a;, ay] = 0 and [a an] = 0, where we use a multi-index notation as shortcut, i = (j, k), and

j = 1,2 labels the two polarization degrees Finally, we split the energy operator H = fL3 (x, t)dx into polarization
components, H = Hy; + Hy, H; =) , Hjx,

1 1
Hj,k:2(1k]k+EkEk)—wjk( j,k+5), (2.3)
where the Njx = akaaj x are commuting hermitian particle number operators lay, Nm] = 8nma, and [an, Nnl = nmaﬁ
We use the occupation number representation of the a; and al, with normalized basis vectors |nq,...,n;, ..., )

(shortcut |n), e.g. |0) for the vacuum state). The occupation numbers n; are non-negative integers indicating the number
of particles in state i. A scalar product is defined by (n|n')= §, | -+ On n,, - The representation of the a; and a? then
reads

ailng, ..., 0, .. o) = /Mifng, o, n— 1,000, Ny),
ajlnl,...,n,-,...,noo)=\/n,-—i-1|n1,...,ni+1,...,noc), (2.4)

and a;|n) = 0 (zero-vector) if n; = 0. Hence, (a,Tnln/) = (n|a;n’). The particle number operators N; = afai are hermitian,
commute, and are diagonal in this representation, N;|n) = n;|n). )

We define the density operator of an anisotropic polarized photon gas as p = exp(—H;), H: = Zj’k Hj /T, with
angular dependent (and possibly also frequency dependent) temperatures Tj,k = f}(w, Ko) which differ for the polarization
states j = 1, 2. The partition function is Z = Tr[p], and the total internal energy is obtained as expectation value
U = (H) = (H1) + (H2), (H;) = Tr[H;p]/Z.

To evaluate the expectation value of an operator of type G = Zj.kgj’k(l\]j’k + 1/2), where gj is an arbitrary function
of j and k (and other parameters such as space coordinates), we consider Z, = Tr[p,] with p, = exp(—H; — €G). Here,
¢ is a dimensionless parameter put to zero after differentiation, so that (G) = —(logZ.) . = Tr[Gp]/Z. By employing the
above occupation number representation, log Z, can easily be evaluated. We use the shortcut

.
F, =H; + G = Zf] jk+ ), fj,kZ(f]f’k+egj,k), (2.5)
J.k

and find, in multi-index notation i = (j, K),

o0 o0
1
Z= ) exp(—Zﬁ(nf+5>)= Z Hexp —filn; + ))
ni,..., ngo:O = n{,....,Moo=0 i=1
fnt12) _ T a2 Nt _ T
— —Jilly —Ji —Jili — . 2.
I—IZG =[[e7 ) e =]l1== (26)
i=1 n;=| i=1 n;=0 i=1
Thus,
o—fif2
log Z. _Zlog Z(;;k/2+log(1—e—ff ), (2.7)
and by substituting f; i in (2.5),
1
—(logZ,), = -). 2.8
(G) = —(logZ,).c ng ) (2.8)

The continuum limit is performed by replacing Y, — (L*/(27)?) [ dk,

I _r 1
logZ, = “ e ;/(log(l —efiky 4 Efj,k)dk, (2.9)

1
2n)3 Z/ oy — + 5k (2.10)

-1

The expression in parentheses in (2.10) is just (1/2) Coth(a)j,k/(zf}_k)). The fermionic counterpart can be dealt with in like
manner, requiring only some sign changes and the removal of the zero-point terms [22,23].
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To obtain the total energy (H), we put gjx = wjx = k in (2.10). In the following, we will usually drop the infinite
vacuum energy generated by the 1/2 term in (2.10). Eq. (2.3) then simplifies to H; = >, H;  with Hj x = Ef l(Ej k = ®jkNj ki

so that (H;) = Tr[zk «Eik01/Z. Introducing @ = k as integration variable and writing T]k = T(w 1(0) we find the
spectral representatlon of the internal energy (H) = (H;) + (H>) in the thermodynamic limit,

(H;)

o = [ deie. k), doi(o, ko) = pile, ko)dwdSu,
1 w3

(27 )3 eo/fjloko) _ 1’

where dQy, is the surface element of the unit sphere, dQ2y, = sin#dfd¢; the pj(w, Ko) are spectral intensities per steradian

(h =c = kg = 1), and we will occasionally use the shortcut p;x for pj(w, Ko), with @ = k.

The entropy (S) = —Tr[ps log ps] is defined by the normalized density operator ps = p/Z, p = exp(—H;), see after
(2.4), so that Tr[ps] = 1 and (S) = logZ + (H;). The thermodynamic limit of logZ is stated in (2.9), with ¢ = 0 and

fix= a)j,k/fj.k, cf. (2.5). The expectation value (H;) is given by (G) in (2.10) with gj i = Cl)j,k/f}',k, cf. (2.5), and is not to be
confused with the internal energy (H), see after (2.10).

pile. ko) = (Ef\ Eyu) = (2.11)

2.2. Variances and higher-order correlations

We consider random variables G®, n=1, ..., N, defined by operators
C(n)
(n) _ (m pAS
G —;@, N+ 250, (2.12)
Js

where the g(”) and c(") are arbitrary functions and the N;j particle number operators as in (2.3). The partition function
reads

Z=Trp(er, ..., eq)], P, ... ex) = exp(—H; — Y £,G™), (2.13)
n=1
with H; defined after (2.4). The g5, n=1,..., N, are dimensionless and put to zero after differentiation. The expectation

values are thus (G™) = —(logZ) ., = Tr[G™ p]/Z.
We write the exponent of the density operator in (2.13) as

H; + Ze M = Z o kNj k + Bjx/2),

J.k

Qjk = =

Jk n=1

The partition function can be evaluated as in (2.6) and (2.7). Performing the continuum limit, we obtain, cf. (2.9) and
(2.10),

. ﬁj,k_ +Zen . (2.14)

logZ = — 7 Z/ ﬂ“‘ + log(1 — e~ik))dK, (2.15)

and the expectation values are
s,
My — _ = ok Tk
(67) = ~llog2)., = § ! / s T (2.16)

For instance, if we choose GV = H, we can identify g(}() = cj(}() = wjk. If we put G? = logZ,_¢ + H;, with logZ.— in

(2.9), we can identify gﬁ() = wj, k/fj « and cj k — —21log(1 — e~“x/Tik) to recover the entropy (S) = (G?) = Tr[G® p]/Z,
see after (2.11). In the following, we will mostly put c(") 0in (2.12) and (2.16), since these coefficients usually lead to
zero-point singularities when integrated.

Regarding fluctuations of the random variables (2.12), we use the shortcut AG™ = G™ — (G™). Variances and
covariances are calculated via (AG™WAG™) = (GWGM) — (GM)(G™) = (logZ).,,.e,» and higher-order correlations
are assembled analogously, (AG™ AG™ AG") = —(10gZ) , e the minus sign arises in the case of an odd number of
factors [23,24]. We note the ratio

(AG”’)AG("‘)) (G(n)G(m)) (log Z),an.sm 1 (2.17)
= — = X —. .
(GW)(Gm) (GM)(Gm) (logZ) e, (logZ),, L3
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Thus (G™G™) factorizes as (G™)(G"™) in the thermodynamic limit V — oo. This applies to variables structured as in
(2.12). Moreover, their relative fluctuations vanish, since /((AG™)2) /(G™) 1/«/L>3.

3. Polarized electric field strengths in second quantization
3.1. Expectation values defining the Stokes parameters

To describe polarization, we introduce a new set of annihilation and creation operators b;y and b;k, by applying a
unitary rotation to the g;y defined in Section 2.1,

bix) _ ik elk cos Y —e 10t sin arx (3.1)

bax) el sin oy ek cos ax )’ :
The indicated matrix is the most general two-by-two unitary matrix, with determinant e?. (The phase factor e'* can be
put to one from the outset, unless we consider space reflections changing the orientation of the polarization triad &j—1 3,

Ko, cf. after (2.1).) The bj i and their adjoints satisfy the same commutation relations as the g;, cf. after (2.2), and we
note the expectation values

(bIby) = (alay) cos? ¥ + (alay) sin®yr, (biby) = ((ala) — (alaz))e™ siny cos v
(bib1) = ({alay) — (abaz))e ™ siny cos ¥, (blby) = (alay) sin® ¥ + (alay) cos® v, (3.2)

where we have suppressed the k subscript on the operators and angles. The phases e and e of transformation (3.1)
drop out in (3.2), and the angle ¥ and phase e'* can be determined by measuring the Stokes parameters, see (3.10). The
polarized field strength E(x, t) is defined like E(x, t) in (2.1), with the operators a; i replaced by the bj in (3.1),

~ 1 o . ‘
Ex, t)= — Z(Ekel(u—wt) + E;ie—n(kx—w[))’

VA &
Ek = €1E],k + €2E2,k, Ej,k = \/mbj,k’ (33)

where &1, and Ko define the polarization triad. The polarized field amplitudes E"j,k are thus related to the normalized
annihilation operators Ej x = ,/®;j 0k in (2.1) by the unitary transform

Ey = e®(E;e" cos  — Eye e sin ),
E, = e®(E1eeX siny + Ere " cos ), (3.4)

where we again suppressed the k subscript. The expectation values of the products E",.T’klg"j,k of the field amplitudes E‘,-,k
(defining the field strength in the ej—; » directions) read, cf. (2.11) and (3.2),

(é;kél.ﬂ = p1cos® Y + py sin® (E;kél,.a = (p1 — p2)e % sinyr cos ¥,
(El E2x) = (o1 — p2)e sinyrcosyr,  (E] Eax) = pisin® ¢ + p; cos? y, (3.5)

where pj(w, Ko) denotes the spectral density (2.11). Using the double-angle formulas sin cos = sin2y/2, sin? ¢ =
(1 = cos2y)/2 and cos® ¥ = (14 cos2yr)/2, we can write this as

(Ef,kﬁm = (p1+ 02)/2 + (o1 — p2)cos2yr /2,
@,@zx) = (p1+ 02)/2 — (p1 — p2)COS2¢r /2,

(E WEri) = (p1 — p2)e ™ sin2y1 /2, (E] \Ea) = (p1 — pa)e sin2y7/2. (3.6)
These expectation values define the polarization matrix [25]
_ (é;r,kél,k) (é;r,kél,k) _ 1 (I + Qx Uk + iV
plj_ ot ot - 5 U — iV I _Q.k s (37)
<El,kE2.k> <Ez,kE2.k) 2 k 1IVk k

which is hermitian with trace p; + p, (total intensity I) and determinant p;p,. Also indicated in (3.7) are the Stokes
parameters [, Q, U and V, and we note Q2 + U% + V2 = tr’(p;) — 4 det pj;. Inversely,

I = (E]Ey) + (EJE2).  Q = (EJEq1) — (EJEo),

U = (EJEy) + (E]E2), V = —i(EJEq) — (E]E)), (38)
where we have dropped the k subscript. We thus find, by way of (3.6), I = p; + p2 and

Q =68pcos2y, U=25pcosysin2y, V = —28psiny sin2y, (3.9)
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with the shortcut §p = p; — p. We also note the consistency condition sign(U cos x) = —sign(V sin yx ). A solution of Egs.
(3.9)is
. U-—iv
bp=p1—p2=VQ+U>+V2, e¥=—r—0,
VU? +V?
VU2 4+ V2
sin2y = N Cos 2y = L (3.10)

/Q2+U2+V2’ /Q2 + U2 + V2
There are three other solutions of (3.9); the second is obtained by changing the sign of §p, sin2y and cos 2y, the third
by changing the sign of e'* and sin 21, and the fourth by changing the sign of e'X, §0 and cos 2¢,. We will use solution
(3.10), which implies p; > p, and determines the angles unambiguously in the range 0 < ¢ <7 /2 and —7 < x < m, so

that sinyr = /(T — cos 2v)/2 and cos ¢y = /(1 + cos 2¢/)/2. In this way, we can express i and the phase factor e'X in
(3.4) in terms of Stokes parameters. The factors e’ and e of the unitary transform (3.4) do not enter in the expectation
values defining the polarization matrix (3.7). Totally unpolarized radiation Q = U = V = 0 corresponds to ¢ = x =0,
50 that Eqy = Eq @@+, Ey o = E 1@, cf. (3.4); also see Section 3.4.

3.2. Angular temperature and polarization fluctuations extracted from the Stokes parameters

To relate the temperature variables fjk = fj(a), Ko) of the spectral densities pjx = pj(w, Ko) in (2.11) to the Stokes
parameters, we use p; + pp =1 and p; — p = /Q2 + U2 + V2, cf. after (3.8) and (3.10),

1 1
Pk = E(Ik + QI+ U+ V2, pox= E(Ik — Q2+ U+ V). (3.11)

The p; are the eigenvalues of the polarization matrix p; in (3.7). By inverting the spectral density pjx = pj(w, Ko) in
(2.11), we find
5 1)

Il ko) = T T o (@ P

W1th Pjx parametrized as in (3.11). ( , Ko) can thus be extracted from the measured Stokes parameters. We also note
T1 > Tz, since p; — p2 > 0 by definition. In the case of the CMB radiation, T( ,Kp) is frequency independent.

We split off the angular- dependent fluctuatlng part of the temperature, T(w ko) = TOJ + ST(w ko), where TOJ is the
angular-averaged temperature To,] = f T] o, Ko)dQ2, /(4m ) of the respective polarization component labeled j = 1, 2, and
write

Ty(w,Ko) = To 4+ Py + Ty + Px,  Ta(@, ko) = To — Py + Tic — Py, (3.13)

(3.12)

where

To = (To1 + 7A“o,z)/Z, Py = (fo,l - 7A"o,z)/Z,
Tx = (8T +6T2)/2, Px = (6T1 —6Ty)/2. (3.14)

We also note Py > 0 and Py + Py > 0 since fl > fz, and kakoo = kakoO = 0. If the temperatures fj(w, Ko)
are frequency and angular independent, so that Tl,z = Ty =& Py, they define two Planckians (2.11) whose superposition
p1 + p2 gives an isotropic polarized spectral density. If the mean polarization Py is negligible compared with the mean
temperature Ty, the densities p; and p, become identical, resulting in unpolarized isotropic black-body radiation.

3.3. Expansion of the spectral density in angular fluctuations

We write the spectral intensities (2.11) as, cf. (3.13),

1 w?

(27 )3 ew/(To:Po+TicEP) — 1 (3.15)

Pik =
and assume the temperature fluctuations Ty and polarization Py + Py to be much smaller than the mean temperature T,
cf. (3.14). We denote the isotropic unpolarized Planckian by
: 1 w3
180 YT 3.16
P T 2n)p el — 1’ (3.16)
and expand density pjk in (3.15) to second order in the fluctuations,

1 .
pise= P + plio(TicE (Po + P)) + P50 7, (Tie (Po + P, (3.17)
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to find
Prict Paie = 20" + 2p 0 Tie + P55 1, (Tic + (Po + Pe)?).
8o = prac — P2 = 2050 (Po + Pic) + 20’52 1, Ti(Po + Pi). (3.18)

Thus, in linear order, the polarization is related to the Stokes parameters by Py + P ~ ,/Qk + U2 + Vz/(Z,o‘S") cf. (3.10).

Since the temperature and polarization fluctuations Ty and Py + Py are invariant under rotations of the polarization
vectors, they can be expanded in scalar spherical harmonics. In the case of the CMB radiation, the V parameter generating
elliptical/circular polarization has not been measured and is assumed to be negligible.

3.4. Decomposition of the spectral density into totally polarized and unpolarized components
The polarization matrix (3.7) can be decomposed into an unpolarized and a totally polarized component [25],
1 Iunpol 0 1 Itotpol +Q U+ iv
o — ) , 3.19
Py 2 ( 0 Lunpol + 2 u-—iv Liopol — Q ( )

with intensities

Iunpol =202 =1 = Q24+ U2+4Vv?, Lotpol = p1 — P2 = v Q24U +V2 (3.20)

The determinant of the second matrix in (3.19) vanishes, which is the condition defining the totally polarized intensity
Iiotpol. Linear polarization implies V = 0, and circular polarization Q = U = 0. The second-order fluctuation expansions of
the intensities lynpol = 2,02 and Ioepol = o1 — o2 are stated in (3.17) and (3.18). In Section 5.3, we will perform the angular
fluctuation average of Iyspor and liorpor to estimate the polarization degree.

4. Spatial correlation functions

4.1. Two-point correlations of the electric field strength

We start with the Fourier series of the electric field in (2.1), and consider the product

E(x, t)E(y, t 2L3 Z 'k/e—i(kx—wkt)ei(k’y—wk/t) + Ei’kE:k/ei(kx—a)kt)e—i(k’y_wk/t))’ (4.1)
i,kK
with the quantized amplitudes Ej x = /®; «0; k. ]Tk = a)j,ka;k, cf. after (2.2). Using the commutation relation [a;, aZ] =

8in, We can write this as

1 o P
E(x, )E(y, t) = e Z /a)i,kwi,k’a;r,kai,k’(e_‘kxe‘ky + ek Xe—lkY)el(wk—wk/)t

i,kK

1 ik(x—y)
+ o5 2 oY, (4.2)
ik
The off-diagonal terms in (4.2) drop out when taking the expectation value, cf. (2.4),
(E(x, t)E(y, t)) 2L3 Zw, Wi Y) 4oy + ﬁZw e Koy, (4.3)
Performing the continuum llmlt, cf. (2.10) and (2.11), we find
(Ex, OB(Y. 1) = [ BCx, OFLY. O, (44)
where d€y, is the solid angle element, and the spectral kernel reads
1 ﬂl((x y) ik(x— y) 1 ik(x— y)
(E(x, DE(Y, Ohe = 5 + e Zp,k G (45)

with p;x = pj(®, Ko) as in (2.11) and w = k. Evidently, (EX(x, t)) = ((Hq) + (H))/L3, cf. (2.11).
If the temperature T; x defining density p;k in (2.11) is independent of Ko, see after (3.14), we can perform the angular
integration in (4.4) using f e XdQy, = 4 sin(kr)/(kr), to find [26]

(B, OELY. ) = Z [T Do, (46)

wr e/l — 1

with r = |x — y|. The second term in the parentheses results in a zero-point divergence, cf. (2.10), and can be dropped.
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4.2. Energy density correlations of an anisotropic and partially polarized photon gas

We specialize the Fourier series of the product E(x, t)E(y, t) in (4.2) to y = X and consider the fluctuation variable
AE?(x, t) = E2(x, t) — (E*(x, t)), cf. (4.4) and (4.5),

1 i (K
AE*(x, t) = [E Z wi,kwi,k’azkai,k/eﬂ(k"*“’kt)e‘(k X—apt) (4.7)
i, kK’

The expectation value of the product AE*(x, t)AE?(y, t) reads [27]

1 . 1 )
(AEZ(X, t)AEZ(y, t)) = Z<E Z wkNj,keilk()ﬁy»(E Z a)pNj,pelp(X7Y)>
; K )

1 . 1 :
+5 D wpePrY) Z<f3 > e M), (4.8)
p J k

where we applied the commutation relation [a; x, a;p] = §;j0kp, cf. after (2.2), and factorized according to (2.17). In the
continuum limit, this reads

(B 028y, 0) = 3 [ ¢ Vdp(a ko) [ 2 Vdn(o,po)
j

1 4 .
+ P / wpe®*Vdp Y " / e Y pi(w, ko), (4.9)
J

with spectral density dpj(w, Ko) = pj(w, Ko)dwdQy, in (2.11) and w, = p. The first series in (4.9) is the actual correlation
function; the second term in (4.9) has a zero-point divergence due to the dp integral and can be dropped.

5. Fluctuation averages
5.1. Multipole expansion of temperature and polarization correlations in momentum space

The two-point correlation function of the fluctuating temperature field Ty = T(w, K¢) in momentum space (cf. (3.13)
and (3.14)) is defined by an angular average [28,29],

/ 1 / / /
(T(w, ko)T (@, Ky o = rpe] // T(@, qo)T (. q0)3(qody — Kok)d€2q,dS2g; . (5.1)

which only depends on  and the polar angle kok; = cosf. dQq, and qu(/J are the solid angle elements of qq and q;
on the unit sphere, and the subscript zero denotes unit vectors. The density §(qoq, — cos Q)quOdQ%/(Snz) in (5.1) is
normalized. The polarization autocorrelation (P(w, Ko)P(w, Kj))o (with P(w, Kg) = Py, cf. (3.14)), and the cross-correlation
(T(w, ko)P(w, kj))q are defined analogously.

The random fields T(w, ko) and P(w, Ky) are homogeneous, (T(w, ko))q = f T(w, Ko)dQ, /(47) = 0 and (P(w, ko)) =
0, since the mean temperature and mean polarization have been split off, cf. (3.13). The isotropic correlation function (5.1)
admits an expansion in Legendre polynomials [29],

o0

1
(T(w. o T (. Ky = 5— D _(1+1/2)]"(@)Pi(cos6), (5.2)
=1

with koky = cos 6. The multipole coefficients are calculated from the measured temperature fluctuations as [30]
1
Mw) = o // T(w, ko)T(w, l({))P,(koké,)koakoo. (5.3)

An analogous expansion holds for the polarization correlation (P(w, ko)P(w, kj))e with multipole coefficients C,P P and
for the cross-correlation (T(w, ko)P(w, K;)))o with coefficients C/". The averaged squares (T*(w, Ko))a, (P*(w, Kko))o and
(T(w, ko)P(w, ko)) are independent of the angle koky = cos 6, since P,(1) = 1 in (5.2).

In the case of the CMB radiation, the temperature and polarization fluctuations Ty = T(w, ko) and Px = P(w, ko) are
frequency independent and so are the multipole coefficients /T, CP* ~ CFf + ¢ and [ ~ C[ + C® which have been
measured by the Planck satellite [3]. The indicated decomposition into E and B components stems from the multipole
expansion of the Stokes parameters Q and U, with circular polarization V, a pseudoscalar, assumed to be negligible [29].

Here, we only need the scalar combination P o /Q2 + U? + V2 of the Stokes parameters defining the polarization,
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Fig. 1. Temperature-polarization cross-power spectrum of the CMB radiation. Data points (binned) from Ref. [3]. The least-squares fit of the multipole
coefficients /7 ~ C[E, cf. after (5.3), is the blue solid curve. The 1o error band is indicated by the red solid curves, see after (5.5). The fit of the /f

is performed with a series of 12 Gaussians (blue dotted curves), rescaled with a power law, (I + 1/2***C[E/(27) = Z,:Z:l ay exp[—(I — by ?/(202)],
cf. Section 5.2. The power-law scaling exponent u = 0.24009 has been obtained from a fit of the temperature power spectrum [30]. The fitting
parameters a,, b, and o, of the Gaussians are recorded in Table 1. The location b, of the peaks is indicated on the upper and lower abscissae by
the approximately equidistant P,. The residuals of the x? fit are depicted in the lower panel. x2 /dof = 1878.8/1813 = 1.036.

cf. (3.10). The Cf# and C/® coefficients are also negligible as compared with Cff and C/*, and the circular polarization
coefficients CV and cross-correlation coefficients such as C[¥ have not been measured, so that we will identify C/* ~ Cf*

and 7 ~ C[E.

5.2. Gaussian fits to angular power spectra

Analytic representations of the multipole coefficients C/T, Cff and C/* can be obtained from least-squares fits to the
measured power spectra, see Figs. 1-4. The fits are performed with a series of Gaussians and an overall power-law scale
factor. The temperature multipole coefficients C,TT can be fitted with eight Gaussians,

2
(1+1/2) 2+# Zan exp(— — b — (5.4)
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Fig. 2. Close-up of the low-I temperature-polarization cross-power spectrum in Fig. 1 (2 <1 < 110). Data points and notation as in Fig. 1. The filled
black circles are the first three binned data points in Fig. 1. The blue solid curve is the x? fit of the multipole coefficients C/t, the 1o error band
is depicted in red, cf. Section 5.2. Despite the large spread of the data points at low [, the error band defined by the least-squares fit (5.5) is quite
narrow. The blue dotted curves indicate the first two Gaussians in Fig. 1; the subsequent peaks do not contribute in this [ range. Residuals are
shown in the lower panel.

and the C,EE and CITE spectra are fitted with six and twelve Gaussians, respectively. The power-law exponent w and the
parameters a,, b,, o, defining the Gaussians are inferred from the spectral fits, cf. Table 1.

We briefly explain the fits and the error bands depicted in the figures. The fit of the temperature multipoles C,Tr
based on the least-squares functional

2508 CITT(I’L7 (an7 bn, Gn)n:],...,S) - CTT

2 exp,l\2
X'IT(:“’v (an, by, 0n)n=1,...,8) = ( ) (5.5)
; Texp.
Here, the Cexp p 1 =2,...,2508, denote the measured multipole coefficients, and the o ». are the corresponding error
estimates for each C (statlstlcal and systematic, added in square) as recorded in Ref. [3] C”( ,(Gn, by, On)n=1,...8) is

exp,l

the analytic fit fl.ll’lCthfl in (5.4). The chi-square functional X%r in (5.5) attains its minimum at the parameter values x and
an, bp,on,n=1,...,8, listed in Table 1.

The least-squares fits of the polarization power spectra CITE and C,EE are performed analogously, with chi-square

functionals defined as in (5.5): XTZE((a,,, bn, 0n)n=1....12) (summed over 2 < | < 1850 measured multipoles) and
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Fig. 3. Polarization power spectrum of the CMB radiation. Data points (binned) from Ref. [3]. The least-squares fit of the multipole coefficients
CPP ~ CFE (see after (5.3)) is the blue solid curve. The 1o error band is indicated by the red solid curves. The fit of the CF¥ coefficients is performed

with a series of six Gaussians, (I + 1/2)2+*‘Cff/(2n) = Zgzl a, exp[—(l — b,.)z/(Zcrnz)] (blue dotted curves), see the caption to Fig. 1 and Section 5.2.
The fit parameters defining the Gaussians are listed in Table 1. The peaks of the Gaussians are indicated on the upper abscissa by the nearly
equidistant P,. The residuals of the x? fit are depicted in the lower panel. x2 /dof = 1745.9/1681 = 1.039.

XE?E((an, bn, on)n=1....6) (with 2 < | < 1700 multipoles); the power-law exponent p is taken as input from the fit of
the temperature spectrum C,” . The minimization of the chi-square functionals is numerically readily done, since the data
points quite accurately define Gaussian peaks, so that a good initial guess of the parameters (a,, b,, o,,) of the Gaussians
in (5.4) can easily be found, the more so as the Gaussians only weakly overlap and thus only slightly affect the initial
guesses for the neighboring peaks.

To obtain the error band, we rename the fitting parameters u and a,, b,, oy, in (5.5) as yx, k =0, ..., 24, (e.g., yo = U,
VY3n—2 = On, Y3n—1 = bn, Y3n = on, n =1, ..., 8) and denote the 25 x 25 matrix of the second-order derivatives of x?2(yx)
in (5.5) by Hj = (1/2)82x2/8yi8y]~, i,j =0,...,24. The factor of one-half in front of the Hessian stems from the Taylor
expansion of the chi-square functional around the minimum yy; the gradient d x?/dy; vanishes at this stationary point. (In
the case of the XTZE and XI?E functionals, the index range of the Hessianisi,j=1,...,36andi,j=1,..., 18, respectively.)

The inverse of H;; defines the covariance matrix, cov; = Hy 1. the variances of the variables y; (which minimize x2)
are the diagonal elements o,f = covy. Returning to the analytic representation of the multipole coefficients Cj(y) in (5.4),
we calculate the gradient G;; = 8G;/dy;, i = 0, ..., 24, at the stationary point y; of x2. The variance of the fit function
Ci(yx) is then obtained, for each multipole index [, as olz = Zﬁ;‘zo Gi,icov;iGyj, evaluated at y,. The standard deviations oy
define the 1o error band C; & o; depicted in Figs. 1-4. (The multipole index [ is integer, but the fit function C; in (5.4)
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Fig. 4. Close-up of the low-I polarization power spectrum in Fig. 3, covering the multipole range 2 < I < 110. Data points as in Fig. 3. The filled
black circles are the first three binned data points in Fig. 3. The solid blue curve is the x? fit of the multipole coefficients Cf£, cf. Section 5.2, the
1o error band is depicted in red. Despite the large error bars of the data points, the error band is narrow, also compare to Fig. 2. The fit in this
multipole range is indistinguishable from the first Gaussian in Fig. 3. The residuals are depicted in the lower panel.

and the o; are smooth functions for real .) The experimental error bars in Figs. 2 and 4 are large at low multipoles, but
the fluctuations in the data sets average out, as indicated by the narrow error bands at low L Therefore, the multipole
coefficients can be obtained from the analytic fits with good precision o;, despite the large error bars of the low-I data
sets.

5.3. Angular fluctuation average of the polarized and unpolarized intensity components

The fluctuation expansion of the unpolarized and polarized intensity components lynpol = 202,k and liotpol = 01,k — P2,k
in (3.20) is stated in (3.17) and (3.18). The angular average thereof is performed as in (5.1),
(Lunpot) = 20" — 20'2Po + o0 1. (To)a + Ps + (PR)a — 2(TiPi)e).

(lotpo)2 = 2052Po + 2050 1 (TiPro) s (5.6)

-10



142 R. Tomaschitz / Physica A 524 (2019) 130-146

Table 1

Fitting parameters of the multipole coefficients /T, C/t and Cf of the CMB temperature autocorrelation, the temperature-polarization cross-
correlation and the polarization autocorrelation, respectively, see Section 5.2. The x? fits are performed with a series of Gaussians rescaled with a
power law, (I+1/2y+*C/(2n) = Zn a, explf(lfb,,)z/(Z(r,f)J, see after (5.4) and the captions to Figs. 1 and 3. The power-law exponent u = 0.24009
has been obtained from a fit of the temperature power spectrum [30]. Recorded are the amplitudes a,, peaks b, and RMS widths o, of the Gaussians.
The C/* and Cf* power spectra are shown in Figs. 1-4; the fit of the temperature autocorrelation coefficients /™ is depicted in Figs. 1 and 2 of Ref.
[30].

n all[uk?] bIT ol aF K] bIE olt afE[uK?] bEE ot
1 21015. 227.38 93.426 8.8007 38.646 33.299 3.6536 137.77 40.547
2 11276. 536.28 90.761 —170.06 158.94 43.896 92.840 397.80 69.590
3 12474. 818.60 107.11 480.29 311.77 54.615 182.98 690.70 74.397
4 6258.0 1130.1 98.473 —351.45 467.32 47.819 22217 993.19 84.302
5 4530.1 1426.7 123.24 254.92 618.61 49.737 174.67 1290.4 77.453
6 1993.0 1741.6 105.28 —652.36 747.63 74.252 122.98 1629.2 133.47
7 1378.0 20343 148.28 386.35 906.20 58.222 - - -
8 615.01 2390.9 113.98 —428.23 1065.2 57.880 - - -
9 - - - 176.00 1248.2 46.360 - - -

10 - - - —356.98 1365.0 97.899 - - -

11 - - - 153.95 1509.3 47.796 - - -

12 - - - —170.78 1691.1 68.688 - - -

where p*°(w) is the isotropic spectral density in (3.16). The averaged quantities in (5.6) are independent of the wave
vector and read (cf. (5.2) and after (5.3)),

1 ¢ P
(T)a Z(l+1/2 " (TePue = Z—Z 1+1/2)q",
] o0
PS + (Pda = o— D (1+1/2)0", Po=/C"/(4) (5.7)
1=0
As for the microwave background radiation, we find (TZ)o/T¢ = 1.770 x 107°, (TyPx)o/T¢ = —2.791 x 10~'? and

(P2 + (P2)o)/T¢ = 5.348 x 10712, as well as Py/Ty = 6.016 x 1078, where Ty = 2.7255K [31] is the CMB mean
temperature, cf. (3.14). These estimates are obtained by substituting the Gaussian spectral fits (5.4) for the multipole
coefficients in (5.7). (The analytic fits admit a narrow error band at low multipoles, despite the large spread of the data
points, see. Figs. 2 and 4. Therefore, we use the Gaussian fits (5.4) rather than the measured multipole coefficients in series
(5.7).) The angular temperature and polarization fluctuations relative to the mean temperature are AT/Ty = 4.21 x 107>

and AP/Ty = 2.31 x 107%, with AT = ,/(T2)q and AP = /P + (PZ)q. That is, the CMB polarization fluctuations are by
one order smaller than the temperature fluctuations.

The fluctuation-averaged total intensity is (I)o = (lunpot)@ + (lrotpot), Cf. (5.6), and the frequency-dependent
polarization degree is (liotpol) o/ (I)o. The spectral peak of the isotropic Planckian density () in (3.16) is located at
®max/To ~ 2.8214 where To,o‘s"/,oiso = 3, so that (liotpol)a/{I)a ~ 3Po/To = 1.80 x 1077 at the peak frequency wmay, cf.
(5.6).

The specific internal energy of the unpolarized radiation component is Uynpol/V = 4w fooo(lunpol)gdw, cf. (2.11),
and analogously for the energy Uiopoi/V Of the totally polarized component (Iipo1). The frequency integration of the
expansions (5.6) gives

Uunpol 2 4 PO 6 2 2 2

Zumpol _ T parg — 420 4 2 ((T2)g + P2 + (P2 — 2(TuPu)a)l.

v 15 [ To + Toz(( e+ Py + (Pa — 2(TkPk)e)]

U 472, P TP

totpol __ m? T4( () 3( Kk k)Q)’ (5.8)
% 15 2T I

where we substitute the estimates stated after (5.7). The total internal energy is U = Uynpol 4 Utotpol. Only a small fraction
of the CMB radiation is polarized, Uiotpoi /U ~ 4Py/Tp ~ 2.406 x 1077,

5.4. Energy density correlations induced by temperature and polarization fluctuations

We isotropize the energy density correlation (4.9) by performing a fluctuation average (denoted by angle brackets with
a subscript Q) as in (5.1),

((AE*(x, O)AE*(y, t)))g = fe_ik(x_weip(x_w(Pl,km,p + P2,k02,p) @dwrd 2, dwpd2p,

+ @n ) /wpeip(x_wdp/e_ik(x_w(m.k + 02.x) @dwrdQy, . (5.9)
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Here, we use the shortcut p;x = pj(w, Ko) for the spectral density in (2.11) and (4.9), and expand this density in the
temperature and polarization fluctuations as done in (3.17),
(o1kP1p + P2icP2p)e = 20605 + Py Pty 1 (Te)e + PG + (Pi)a)
0 op%, 1. (To) 2 + PG+ (Pe) + 205, oy, (TkTp) e + PG + (PPp)a). (5.10)
(The linear terms vanish because of (Tx)q = (Pk)o = 0, cf. (3.13) and (3.14).) p]if" is the isotropic spectral density in
(3.16), with @ = k. The expectation values (TiTp)o = (T(w, Ko)T(w, Po))e and (PkPp)q are defined by the multipole series

in (5.2), and the constants (Tlf)g and Pg + (Pﬁ)g are stated in (5.7). The analogous second-order expansion of the average
(P1k + P2k)e in (5.9) is

(o1 + p2100 = 208° + picy, 1,(Teda + PG + (P)a). (5.11)
Substituting these expansions into (5.9), we obtain

((AE*(x, )AE*(Y, t)))@ = Giso + Gr + Gp + Giing, (5.12)
where Gis, is the isotropic correlation function of an ideal photon gas at Tp,

Giso = 2 / e XY pis0 q Ay, [ POV ps°dap dQ2p, . (5.13)

The correlation generated by the temperature fluctuations is Gr = Gr1 + Gry, where
Gri =2 / ePXY) o0 d ey, dQp, / e V) oS 1 (T adendu,,
Gry = 2 / e MV o5 pi0 (TicTp) @dwicd Qi dapdp, . (5.14)
The correlation induced by polarization is Gp = Gp1 + Gpa, Where
Gpy = 2 / PV 0y dQ2p, / e M) pe 1, (Pe + (Pi)e)dwndQu,
Gpy = 2 / e MWV pise o9 (Pe + (PiPp))dandQu, dawpd2p, . (5.15)
The singular term Gging in (5.12) is the zero-point divergence, cf. after (4.9),
e 1 .
Gsing = 2 f e M Vpo 4 Ep.‘:‘;o,ro(m%)g + P§ + (P))ldandQy,
1 ip(x-y)
X w C()pe dp. (5.16)

In the following, we will drop this divergent term in (5.12) and regard G(r) = Gijso + Gr + Gp as proper energy density
correlation function, which is finite at r = 0.

6. Spectral representation of fluctuation-averaged energy density correlations

The angular integration of the isotropic correlation Gis, in (5.12) and (5.13), by way of [ e***dQy, = 4 sin(kr)/(kr),
gives the isotropic spectral kernel giso(1; w, '), r = [X — Y|,

Giso(T) = f Siso(T; @, ®")dwde’, (6.1)
0

(47)  ? ' 1 . .,
(@n ) e — 1 e — 1 =) sin(wr) sin(w'r). (6.2)

The spectral representation of the correlation induced by temperature fluctuations, Gr(r) = Gr; + Gr; in (5.14), and the
correlation induced by polarization, Gp(r) = Gp1 + Gpy in (5.15), is defined analogously by

Siso(1 0, 0") =2

o0
Gri,12,p1,p2(T) =/ gri,12,p1,p2(1; @, o')dwdw'. (6.3)
0
The kernel grq(r; w, ') of Gr1(r) reads
. , (4 )? 5 1 w? w?
ng(ra w, W ) = 2(27-’:)6 <Tl(>95[ew//-r0 1 ew/TO — 1),T0,T0

+ (0 < a)/)]rl2 sin(wr) sin(e'r) (6.4)
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Fig. 5. Energy density autocorrelations of the CMB radiation. Gis(r) (black curve) is the isotropic correlation of an ideal photon gas defined by the
mean temperature, cf. (6.1). The temperature fluctuations generate the correlation Gr(r) (red curve), and the polarization fluctuations the correlation
Gp(r) (blue curve), cf. (6.3). All three correlations are long-range: Gis(r) decays oc 1/r® at large distance, whereas Gr(r) and Gp(r) decay o< 1/r®
(dotted lines) and overpower the isotropic correlation. At short distance, r < 0.01cm, the correlations are nearly constant. In the crossover regime,
the correlations Gr p(r) become negative and are depicted as —Gr p(r) in this double-logarithmic plot.

where the temperature average <Tlf)g is a constant defined by the multipole series in (5.7). The kernel gp{(r; w, @) of the
polarization correlation Gpy(r) is obtained by replacing (T?)q in (6.4) by the polarization average Pg 4 (PZ)q, which is also
a constant calculated in (5.7).

To perform the angular integrations defining the correlations Gry po(r) in (5.14) and (5.15), we use the integral
representation [32,33]

/ Py(Kopo)e™*dQu,e P d Sy, = (47 Vjn(kr)in(pr), (6.5)

where P, is a Legendre polynomial and the j, are spherical Bessel functions. The same spherical Fourier integration of the
Legendre series of the temperature correlation in (5.2) gives

2
G S+ 12k igon (66)

I=1
In this way, we find the spectral kernel of correlation Gr,(r) in (5.14),

o .
/(TkTp)Qel dQy, e P*dQ,, = o

( 4 )2 w3 w/3

. /Yy —
gn(r o, o) = (27_[)6 eolTo — 1 ‘To(ew’/To — l),TO
o0
= Z 1+ 1/2)ji(wr )ji(w'T). (6.7)
=1

The spectral kernel gp,(r; w, @) of the polarization-induced correlation Gp,(r) in (5.15) is obtained by replacing the
multipole coefficients Cl” in (6.7) by the coefficients CIP P of the polarization correlation (PiPp)q, cf. after (5.3). In this case,
the summation in (6.7) starts with the monopole [ = 0, to accommodate the Pg term in (5.15), cf. (5.7). The Gaussian
representation of the multipole coefficients stated in (5.4) and in the caption of Table 1 is substituted in series (6.7). The
frequency integrations of the spectral kernels in (6.1) and (6.3) factorize (after interchange of summation and integration).
The integration of the kernels giso(r; w, ') and grq p1(r; w, @) in (6.1) and (6.4) can be done in closed form with the
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Hurwitz zeta function [34]. The factorized integrals of the kernels gr; p2(1; , ') defined by the Neumann series (6.7)
can efficiently be calculated by employing the Airy approximation of high-index Bessel functions [35]. Fig. 5 shows the
isotropic correlation Gis(r) of ideal (isotropic, unpolarized) black-body radiation at the CMB mean temperature Ty, cf.
(6.1). Also depicted are the isotropized CMB correlations Gr(r) = Gr; + Grz and Gp(r) = Gp; + Gp, generated by angular
temperature and polarization fluctuations, cf. (6.3), their asymptotic limit and crossover extending over several decades
in distance.

7. Conclusion

Ideal black-body radiation is unpolarized and isotropic. In Section 2, we derived the spectral density of a photon gas
which is partially polarized and anisotropic. To this end, we used a statistical operator with independent temperature
variables for radiation modes in two freely chosen orthogonal polarization states. In Section 3, we obtained the polarization
matrix by way of a unitary transformation of the annihilation and creation operators and parametrized this transformation
and the temperature variables of the statistical operator by Stokes parameters. In the case of anisotropy, the Stokes
parameters depend on the photonic wave vector. The spectral intensity admits an unambiguous decomposition into an
unpolarized and a totally polarized radiation component.

In Section 4, we derived spatial correlation functions of the electric field strength in a polarized anisotropic photon
gas, at first two-point correlations and then a special case of four-point functions defining energy density correlations.
Up to this point, there are no approximations involved, no particular assumptions regarding the frequency and angular-
dependent Stokes parameters or the smallness of the polarization degree. The polarized radiation component can be
elliptically polarized, including the linear and circular limit cases.

In Sections 5 and 6, we have put the formalism developed to test by applying it to the cosmic microwave background
(CMB) radiation, using precision measurements of the CMB temperature anisotropy and polarization. Thermodynamic
conversion processes of polarized black-body radiation, especially with regard to solar energy applications, have been
studied in Refs. [36,37].

The CMB angular temperature and polarization fluctuations are very small relative to the mean temperature, of
order 107> and 107° respectively, see Section 5.3. Therefore, one can expand the spectral densities and spatial energy
density correlations in the temperature and polarization fluctuations. Subsequently, one performs an angular average
of the fluctuation fields, cf. Section 5.1, which results in isotropic quantities, that is angular-independent intensities, cf.
Section 5.3, and energy density correlations depending only on distance, cf. Section 6.

The energy density autocorrelation G(r) = Gis, + Gr + Gp consists of the isotropic correlation Gis(r) (of an ideal photon
gas defined by the mean temperature) and two isotropized correlations Gr p(r) generated by temperature and polarization
fluctuations. For the CMB radiation, these correlations are depicted in Fig. 5. All three correlations are nearly constant at
short distance and admit long-range power-law decay. At large distance, the isotropic component Gis,(r) decays o< 1/r8
and is dominated by the fluctuation-induced correlations Gr p(r), which both decay o 1/r°.
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