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ture interval from the melting point at 216.6 K up to 2000 K. In the vicinity of the critical
temperature T, = 304.13 K, the calculated critical scaling exponent of the heat capacity
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Closed-form representations of the high- and low-temperature branches of the isobaric
CO,, heat capacity are obtained by nonlinear least-squares fits of multiply broken power-
law distributions, in which the calculated universal scaling exponent is implemented.
The regressed broken power laws cover the temperature range from the melting point
up to T, and from T, to CO, dissociation temperatures. Index functions representing the
Log-Log slope of the heat capacity are used to quantify the crossover from the high-
and low-temperature regimes to the critical power-law scaling regime. Even though the

focus is on the isobaric heat capacity of a specific one-component fluid, the formalism is
kept sufficiently general to be applicable to other thermodynamic functions with critical
singularities and to multi-component mixtures.
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1. Introduction

The aim of this paper is to extend empirical data sets of singular thermodynamic functions, such as the isobaric
heat capacity at critical pressure or the isochoric heat capacity at critical density, into the critical scaling regime [1-5],
where empirical data for fluids are scarce. We will substitute for missing data points by implementing calculated critical
exponents in multiply broken power-law distributions. This will be explained at hand of a specific example, the isobaric
heat capacity of carbon dioxide.

The second objective is to represent the full range of empirical data (e.g., from the melting point up to dissociation
temperatures) and their extension into the critical scaling regime analytically. We will do this by using nonlinear least-
squares regression of multiply broken power-law densities [6] in a temperature parametrization adapted to the critical
scaling regime. Broken power-law densities are sufficiently flexible to model large data sets extending over several
logarithmic decades, which is especially relevant for singular thermodynamic functions, where the power-law scaling
regime is an extremely narrow interval centered at a critical-point parameter, the critical temperature in this paper. To
describe the crossover from the low- and high-temperature regimes to the power-law scaling regime, we will employ
Index functions [7], which represent the slope of the regressed thermodynamic function in double-logarithmic plots.

In Section 2.1, the multiplicative composition of broken power laws is explained, and temperature parametrizations
are introduced that are suitable for critical-point singularities and also apply over the entire empirical temperature range,
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from the melting point via the critical point to dissociation temperatures. The singular function studied in this paper is the
isobaric heat capacity at critical pressure. Index functions are introduced in Section 2.2, and the least-squares regression of
broken power laws is discussed in Section 2.3. The x? functional for the fits is defined, and a systematic way to find initial
values for the fitting parameters is pointed out, which are needed for the minimization of this nonlinear multiparameter
functional.

In Section 3, the critical singularities of isochoric and isobaric heat capacities are sketched, including their relation
to the critical power-law scaling of the isothermal and adiabatic compressibilities and isobaric and adiabatic expansion
coefficients and the speed of sound. In particular, the critical scaling exponent of the isobaric heat capacity at critical
pressure coincides with the scaling exponent of the isothermal compressibility on the critical isobar and is known, for the
3D Ising universality class, from model calculations (such as Monte Carlo simulations [8], conformal bootstrapping [9,10]
and field-theoretic ¢ expansions [11], see also the reviews [1,2]). Special emphasis is given to the dependence of the
scaling exponents on the chosen thermodynamic path to the critical point [12-14].

In Section 4, we model the isobaric CO, heat capacity at critical pressure with multiply broken power laws, using data
points from Refs. [15,16] (that is, synthetic data generated from an empirical multiparameter equation of state for CO,, cf.
Ref. [17], which is based on a variety of experimental data sets). These data cover the interval from the melting point up to
2000 K and can be extended into the critical power-law scaling regime by means of the calculated scaling exponent. The
broken power laws used for the least-squares regression of the high- and low-temperature branches of the heat capacity
are specified in Sections 4.1 and 4.2. High- and low-temperature designations refer in this paperto T > T, and T < T,
respectively.

In Section 5, the Index functions of the isobaric CO, heat capacity are calculated, describing the temperature evolution
of the Log-Log slope of the high- and low-temperature branches of the heat capacity regressed in Section 4. These Index
functions reach a constant limit value (identical with the scaling exponent) in the critical regime where the two branches
of the heat capacity become simple power laws. In this way, one can estimate the temperature interval in which power-
law scaling without perturbative scaling corrections applies, discounting impurities and gravitational rounding effects [3].
This is further discussed in the Conclusion, Section 6.

2. Thermodynamic functions as multiply broken power-law densities
2.1. Temperature parametrizations of functions with critical singularities

We will demonstrate that the temperature evolution of singular thermodynamic functions can accurately be modeled
with broken power laws, which are defined as finite products, cf. Refs. [18-20],

n

p(r) = aor® [ | (14 (x /b 1m)™ (2.1)

k=1

with positive amplitudes ag, by, positive exponents By, real exponent «g and positive or negative exponents 7. It will also
be convenient to write the amplitudes as b, = 10°10k, with real exponent by  as fitting parameter, especially when trying
to find an initial guess for least-squares regression by visually fitting data sets in Log-Log representation. The distributions
(2.1) are composed of power-law segments with smooth transitions, cf. Section 2.3.

The argument 7 in (2.1) is a scaling variable related to the reduced temperature t = T/T. by t = 1/(1 — t) in the
low-temperature regime 0 < t < 1, ¢ > 1, and by t = 1/(t — 1) at high temperature t > 1, T > 0. T, denotes the critical
temperature, and t = 1/ |T/T. — 1|.

Broken power-law densities of type (2.1) can be employed over the full empirical temperature range above the melting
point. Especially the crossover to the critical scaling regime can be accurately represented by broken power laws, as they
are particularly suitable for Log-Log representations of data sets extending over several logarithmic decades, cf. Sections 4
and 5.

Two types of double-logarithmic plots will be used. First, plots of a positive quantity Q(t) in reduced temperature
(abscissa Log t, ordinate Log Q(t), where Log denotes the decadic logarithm). Data sets are labeled by (t;, Q;)i=1...n, Qi > 0,
where the t; = T;/T. are a discrete set of reduced temperatures.

To depict features of the quantity Q(t) close to the critical point, it is convenient to use double-logarithmic plots in
the scaling variable t = 1/ |t — 1|, t = T /T, which maps T. to infinity. To this end, we split the data set (t;, Q;)i=1,... n into
a low- and high-temperature component below and above T.: (&;, Q;)i=1 where t; < 1, and (t;, Qi)i:lw-sNhigh where
ti> 1and N = Njow + Nhigh-

The low-temperature data set (7;, Q)i=1,... n,,,, With 7; = 1/(1 —t;) can then be plotted in Log-Log representation, with
abscissa Log 7; and ordinate Log Q;, where the t; range in the interval 1 < t < oo. Analogously for the high-temperature
data points (t;, Qi)i:la---»Nhigh’ with t; = 1/(t; — 1) in the interval 0 < 7 < oco.

If Q(7) is a broken power law density (2.1) regressed from the low-temperature data set (z;, Q;)i=1,....n,, il the interval
1 < 7 < oo or from the high-temperature data (t;, Qi)i:LuuNhigh in the interval 0 < T < o0, we can in either case substitute
v = 1/|t — 1] into the respective regressed density to find Q(z) as a function of reduced temperature t = T/T.. (The
shortcut Q(t) will be used for Q(1/ |t — 1|), where Q(7) is a broken power law of type (2.1).)

,,,,, Niow
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The asymptotic limit of the distributions (2.1) is a simple power law,
n

p(t — 00) ~ Broot k-1 Asignnd - B — ¢, H(l/bk)ﬂkSign(Uk). (2.2)
k=1
Since the parametrization of p(7) in reduced temperature t = T /T, is found by substituting t = 1/ |t — 1], the limit (2.2)
corresponds to p(t — 1) ~ B |t — 1|~@+Xk=1 Asignn)) which is singular if the power-law exponent in (2.2) is positive.

2.2. Index functions of broken power laws

Deviations from power-law scaling can be quantified by Index functionals. The Index of a multiply broken power-law
distribution (2.1) is defined as, cf. Refs. [6,7],

_P@ ~ (z/by)fi/ e
Index[p(7)]: = mr =oap+ ; Slgn(ﬂk)ﬂkwa (23)
where the prime indicates differentiation. More generally, the Index of a composite function is
p'(f(z))
Index[p(f(7))] = f'(o)r. (2.4)
p(f(z))
Thus, using the reciprocal scaling variable 7 = 1/t = |t — 1] (also referred to as reduced temperature),
Index[p(1/7)] = —Index[p(z)]l;=1/z. (2.5)

The power laws (2.1) are form invariant with respect to the variable substitution r = 1/7. That is, p(1/7) is also a broken
power law that can be cast into the form (2.1). The t parametrization mapping T to infinity rather than zero is more
convenient for regression, cf. Section 2.3.

The Index represents the slope of p(t) in Log-Log coordinates, Index[p(t)] = dlogp(r)/dlogt. As power-law
distributions of type (2.1) can stretch over several logarithmic decades, a Lin-Log (linear ordinate) representation of
Index[p(7)] is usually most suitable. Index[p(t)] can undergo sign changes, of course. The Index of a simple power law is
the power-law exponent, Index[At%] = «, i.e. the slope of the straight line At in Log-Log coordinates.

2.3. Least-squares regression of broken power laws

When minimizing the least-squares functional, it is preferable to write the broken power-law distribution (2.1) (with
by = 10P10k and real exponents biok) as

n

p(z) = apre® [ (1 + br Py, (2.6)
k=1

where the parameters Bk, ﬁk, 7k are related to by, B, 1k in (2.1) by

by = (10"10%)~ A/ B = B/ Il i = i (27)
and inversely,

biox = LOg(B;Uﬂk), B = Br |ﬁk Mk = k. (2.8)

Log denotes the decadic logarithm, and the exponents Bk and amplitudes by, are positive.
The least-squares regression of the broken power laws for the heat capacity in Section 4 will be based on the x?
functional

o i) — i)
X2, @, (oo B e, )i = S RO (29)

the broken power law (2.6).

When performing nonlinear least-squares fits with multiply broken power-law densities, it is essential to have a good
initial guess for the parameters. To find that, one uses the parametrization in (2.1), rather than the rescaled parameters
in (2.6). We assume the factors in (2.1) ordered by increasing amplitude by < byy1 and use a Log-Log plot of the data
points (7, p;)iz1...n- The distribution p(t) in (2.1) consists of n+ 1 approximate power-law segments, oc T, g®o+F1sign(n),

plots show as straight segments. The amplitudes b, define the break points between the power-law segments and the
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exponents 7, determine the extent of the transitional regions; if || < 1, this implies a narrow transitional interval with
a sudden change of slope at by, cf. Ref. [6].

As mentioned, the factors in (2.1) are ordered by increasing amplitude, by < b, < --- < by. In the range 7 < by,
the factors defined by the amplitudes by, by 1, ..., b, are close to one and can be dropped. Therefore, one can obtain an
initial guess by visually fitting the factors one by one, increasing the t range in each step by adding the respective data
points and the respective factor, which is facilitated by the fact that the above mentioned power-law segments appear as
straight line segments in Log-Log plots.

3. Critical singularities of heat capacities, compressibility and volume expansivity

The isothermal compressibility is defined as «r(T,P) = —=Vp/V = pp/p = 1/(pP,), where p(T, P) is the molar
density, V = 1/p(T, P) the molar volume and P(T, p) the pressure (defined by an equation of state). Subscript commas
followed by a variable indicate derivatives. The critical point parameters are denoted by (T, P, pc, V¢). We will mainly
use a (T, P) parametrization and the reduced quantities t = T /T, p = P/P..

If the critical point is approached along the critical isochore, V(T, P) = V,, the isothermal compressibility scales as
kr ~ [t — 1|7V ~ |p — 1|77, with (3D Ising) scaling exponent y ~ 1.2371, cf. e.g. Refs. [1-5]. To save notation, we drop
the non-universal and path-dependent amplitude factors in the scaling relations [1,2,21]. The critical scaling exponents
of carbon dioxide are in the 3D Ising universality class, to which most one-component fluids (including the quantum
fluid hydrogen but not helium) belong. The most accurate 3D Ising exponents have been obtained with Monte Carlo
simulations [8] and conformal bootstrapping [9].

The above power-law scaling also holds if the critical point is approached along the coexistence curve (of a single-
component fluid), which terminates at the critical point in the (T, P) plane, or on a path tangential to the coexistence
curve at the critical point. In contrast, if the path to the critical point is the critical isotherm t = 1 or the critical isobar
p = 1, in which case the angle between the path and the direction of the coexistence curve at the critical point is finite,
the isothermal compressibility scales as k1 ~ |p — 1]7V% or kr ~ |t — 1|7'*/%, with critical exponent § = 4.7898, cf.
Refs. [12,22]. (The quoted critical exponents in this section are 3D Ising exponents.)

The scaling exponents of the isochoric heat capacity Cy(T, P) likewise depend on the direction of the path relative to
the coexistence curve at the critical point. Along the critical isochore or coexistence curve, Cy(T, P) is weakly divergent,
Cy ~ [t —17% ~ |p— 1|7%, with critical exponent « = 0.1101. If the path is the critical isotherm or critical isobar, the
isochoric heat capacity scales as Cy(Te, P) ~ |p — 1]7%/¥® or Cy(T, P.) ~ |t — 1|7*/%#®) where B = 0.3264 is the scaling
exponent of the order parameter [12,22,23]. The critical exponents are related by « +28 +y =2 and o + B(1+8) = 2.
Derivations of the quoted power laws from critical scaling theory can be found in Refs. [24-27]. Thermodynamic paths to
critical lines or critical surfaces in multi-component fluid mixtures are chosen with respect to coexistence hypersurfaces,
cf. Refs. [12-14,28,29].

Isobaric (Cp) and isochoric (Cy) heat capacities are related by the identities Cp — Cy = T(P1)?pp/p? or Cp — Cy =
T(P.r)?kr/p, with density o(T,P) and pressure P(T, p) obtained from the equation of state. The isobaric expansion
coefficient (volume expansivity) reads ap = V.r/V = Prpp/p = Prkr, with molar volume V(T, P) as above, so that
Cp = Cy + VTa,%/KT. See, for instance, Ref. [30] for a derivation of these identities. Since P(T, p) and its temperature
derivative P (T, p) are finite at the critical point, ap and «7 have the same scaling exponents.

As the scaling of the isochoric heat capacity is rather close to logarithmic, and since Cp = Cy + Toz,% /(pkr), the leading
singularity of the isobaric heat capacity Cp coincides with that of the isothermal compressibility and isobaric expansivity.
In particular, Co(T, P) ~ |1 — t|™" if the path to the critical point is the critical isochore, and Gp(T, P.) ~ |t — 1|7 +1/% at
critical pressure [12,22].

The adiabatic (isentropic, reversible adiabatic) compressibility reads «s = —V p(P, S)/V, where V(P, S) is the molar
volume parametrized by pressure and entropy. «s is related to the isothermal compressibility by the heat capacity ratio,
ks = krCy /Cp. The leading singularities of xr and Cp cancel each other out, so that «s scales like Cy.

The adiabatic expansion coefficient (isentropic expansivity) is defined as os = V (T, S)/V, where V(T, S) is the molar
volume parametrized by temperature and entropy. «s is related to the adiabatic compressibility by as = 1/(Pks) and
to the heat capacity ratio by as = (Cp/Cv)pP, ,/P (pressure P(T, p)), so that as scales inversely proportional to xs and
Cy. Finally, the speed of sound vy is related to the adiabatic compressibility by vs = 1/4/kspM, where M is the molar
mass and p the molar density. Hence, vs ~ |1 — t|*/? if the critical point is approached along the critical isochore, and
Us ~ |1 — £|%/@P% at critical pressure.

4. Modeling the isobaric CO, heat capacity at critical pressure with broken power laws

We split the temperature range into a low-temperature interval [Ty, Tc], covering temperatures from the melting
point to the critical point, and a high-temperature interval above T. extending to 2000 K. In both intervals, broken power
laws of type (2.1) will be used to model the isobaric CO, heat capacity at critical pressure (P. = 7.3773 MPa), especially
the crossover to the critical scaling regime, cf. Section 3.

Synthetic experimental data for the isobaric heat capacity of carbon dioxide, cf. Refs. [15,16], are plotted in Fig. 1, at
critical pressure, from the melting temperature at Tr,e;r = 216.6 K up to 303.5 K (data points as filled squares) and from 305
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Fig. 1. Isobaric heat capacity of carbon dioxide at critical pressure. Data points from Refs. [15,16] (which are synthetic data based on a multiparameter
equation of state [17]), covering the low-temperature interval from the melting temperature T = 216.6 K up to 303.5 K (171 data points, filled
squares) and the high-temperature range from 305 K up to 2000 K (440 data points, open squares). The critical temperature of carbon dioxide
is T. = 304.13K. Depicted is a Log-Log (decadic double-logarithmic) plot of the isobaric CO, heat capacity Cp(t) (at the critical pressure of
P. = 7.3773MPa) versus reduced temperature t = T/T.. The lower and upper temperature limits are indicated by the vertical green and red
dotted lines. The red and green solid curves are the regressed high- and low-temperature branches of Cp(t). The regression is discussed in Section 4
and Figs. 2 and 3, where temperature parametrizations more adapted to thermodynamic functions with critical singularities are used.

K up to 2000 K (open squares). The critical temperature of carbon dioxide is T. = 304.13 K. Even though a pronounced
singularity emerges in Fig. 1, the indicated temperature ranges are still separated from the power-law scaling regime,
which is a narrow interval centered at T, where Cp ~ Ay |1 — T/T.|V*~1 with critical exponent § = 4.7898 holds, cf.
Section 3. (The amplitudes A, and A_ referto T > T. and T < T, respectively.) Ideal power-law scaling only occurs at
temperatures differing from T, by a tiny fraction of 1 K. Therefore, a plot of the heat capacity Cp(t) in reduced temperature
t =T/T. as in Fig. 1 is unsuitable to visualize the scaling regime and the crossover to the data points depicted in Fig. 1.

The same data sets [15,16] are plotted double-logarithmically in Figs. 2 and 3 in different parametrizations. The low-
temperature (Tper < T < Tc) data points are depicted as filled squares and the high-temperature (T, < T < 2000K) data
as open squares, like in Fig. 1. In Fig. 2, the heat capacity Cp(7) is parametrized with the scaling variable 7 = 1/ |t — 1],
t = T/T, cf. after (2.1). The least-squares fits described below are performed in this parametrization. In Fig. 3, the
regressed heat capacity is reparametrized with the inverted variable, i.e. with reduced temperature T = 1/t = |1 —t|. In
this section, least-squares regression will be used to derive an analytic representation (2.1) of the isobaric heat capacity
at critical pressure, which covers the temperature range from Ty up to 2000 K, including the scaling regime above and
below T. where simple power-law scaling occurs.

4.1. Isobaric heat capacity at critical pressure in the high-temperature regime

The data sets (t;, Cp;), 77 = 1/(T;i/T. — 1), in the high-temperature regime comprise 440 data points in the interval
between 305 K and 2000 K (open squares in Fig. 2, taken from Refs. [15,16]). The least-squares fit of the heat capacity
component above T, is performed with the broken power law, cf. Section 2,

Ce(T) = ag (1+ (t/by)P2/m2)12(1 4 (/b3 )3/ 13 Y13, (4.1)

1
(1+ (t/by)P1/m)m
with positive amplitudes ag, by and positive exponents S, 1, as parameters. Scaling theory predicts the isobaric heat
capacity at critical pressure to scale as Cp(t — 00) ~ A, 7'~/ with exponent § = 4.7898, cf. Section 3. This can be used
to eliminate one fitting parameter in (4.1), by substituting 85 = 1 — 1/8 + 81 — B2, with 1 — 1/§ = 0.7912. The scaling
amplitude is obtained from the regressed parameters, A, = aob‘f ! /(bgzbf3 ), cf. the caption to Table 1. The asymptotic
power-law scaling A, 7'~/ is depicted as red dashed straight line in Fig. 2.
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Fig. 2. Isobaric heat capacity Cp(7) of carbon dioxide at critical pressure, parametrized with the scaling variable ¢ = 1/|T/T. — 1|. The open and
filled squares are data points from Refs. [15,16], the same as in Fig. 1. In the high-temperature regime, T/T. > 1, r = 1/(T/T. — 1), the data points
are depicted as open squares and in the low-temperature regime, T/T. < 1, T = 1/(1—T/T,), as filled squares. In this t parametrization, the critical
temperature is mapped to infinity, t(T.) = oco. The filled squares cover the interval [Tet, 303.5 K] and the open squares the interval [305K, 2000 K].
The red and green solid curves depict the high- and low-temperature heat capacities Cp(7) in (4.1) (for T > T.) and (4.3) (for T < T.) regressed from
the depicted data sets, cf. Tables 1 and 2 and Section 4. The x2 functional used for the regression is stated in (4.2); residuals of the least-squares
fits of the high- and low-temperature branches (4.1) and (4.3) of Cp(7) are shown in the lower panels, indicating relative errors below one percent.
The red and green dashed lines represent simple power laws, Ay 7!~"/%, which are the asymptotes of the high- and low-temperature components
of Cp(7), respectively, cf. Section 4 and the captions of Tables 1 and 2. These straight lines have a Log-Log slope of 1— 1/§ = 0.7912, which is the
critical exponent of the isobaric heat capacity at critical pressure of a fluid in the 3D Ising universality class such as CO,, cf. Section 3.

The least-squares functional to be minimized is

N

x2(ag, (bi, B Mdk=1,2,3) = Z

i=1

(Co(i) — Cpi)?

, (4.2)
Cos

where (t;, Cp i)i=1,..n, N = 440, are the data points mentioned above, and Cp(7; ag, (bk, Bk, Mk)k=1.2.3) is the broken power
law (4.1). The fitting parameters do, (bk, Bk, Mk )k=12,3 are recorded in Table 1. (The decadic logarithm Log by rather than
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Table 1

Fitting parameters of the high-temperature (T > T.) isobaric heat capacity of carbon dioxide at critical pressure P. = 7.3773 MPa. The nonlinear
least-squares fit to data sets specified in Section 4 is performed with the broken power law, cf. (4.1),

Co() = ao(1+ (7 /by V™)™ (1 4 (v /by )P2/m2 Y2 (1 4 (z /b3)f3/ms )3,

parametrized with the scaling variable (reciprocal reduced temperature) r = 1/(T/T. — 1), T > T.. Because of the critical power-law scaling,
Cp(t — 00) ~ A t'"1/% where 1—1/8 = 0.7912 is the calculated critical exponent of the isobaric heat capacity at P, one of the fitting parameters
can be eliminated, e.g., by substituting 83 = 1 — 1/8 + 1 — B2. The least-squares functional is stated in (4.2), and the regression is explained in
Section 4.1, see also Section 2.3. The data points and the regressed heat capacity Cp(7) in the high-temperature interval between T. and 2000 K are
depicted in Fig. 2 (open squares, red solid curve), including a residual plot. The regressed parameters dao, (by, Bk, 1k Jk=1.2,3 of Cp(7) are listed in this
table. Log by denotes the decadic logarithm of the amplitudes by. Also recorded are the minimum of the least-squares functional x? and the degrees
of freedom of the fit (dof: number N of data points minus number of fitting parameters). The amplitude of the critical power law Cp ~ A 7!~/ is

inferred from the regressed parameters, A, = aobf1 /(bf2 bg3) = 4.660]/(mol K).

ao [J/(molK)] Log by B m Log by B2 2

53.2889 - 0.561891 1.21177 0.999673 0.00220725 1.76494 2.22004

Log bs B 3 x* dof

1.56900 0.238027 0.66239 7.55 x 107> 440 - 9
Table 2

Parameters of the low-temperature (Tyer < T < T.) branch of the isobaric heat capacity of carbon dioxide at critical pressure. The least-squares
regression is performed with the broken power law, cf. (4.3),

Co(x) = ao(1 + (/b)) MY (1 + (2 /by)al 2 )2,

parametrized with the scaling variable t = 1/(1 — T/T.), T < T.. The asymptotic critical power-law scaling of the low-temperature branch,
Cp(t — 00) ~A_t'"1/% with calculated exponent § = 4.7898 can be implemented by identifying 8, = 1 — 1/8 — ;. The least-squares functional is
assembled analogous to x2 in (4.2), and the regression is explained in Section 4.2. The data points and the regressed low-temperature heat capacity
Cp(7) including a residual plot of the fit are depicted in Fig. 2 (filled squares, green solid curve). The regressed Cp(t) is applicable in the interval
between the melting point (where Cp(7) has a discontinuity) and T.. The parameters ao, (bk, Bk, nk)k=1.2 of Cp(r) are listed in this table, Log by
denoting the decadic logarithm of by. Also recorded are the minimum of the least-squares functional x? and the degrees of freedom (dof) of the
fit, cf. the caption of Table 1. The critical scaling amplitude A_ is calculated from the regressed parameters as A_ = ag/(b’f‘ b§2) = 3.563]/(mol K).

ao [J/(molK)] Log by B m Log by B2 n2
74.3358 0.808595 0.194948 0.0933792 1.94849 0.596252 0.893048
x? dof
3.33x 107 171 -6

the amplitude by is listed in this table.) The regressed high-temperature (T > T.) branch (4.1) of the isobaric heat capacity
Cp(7) is depicted in Fig. 2 as red solid curve.

Remark. For the minimization of x?, it is essential to have a good initial guess of the fitting parameters. A systematic way
to find initial values for multiply broken power-law distributions of type (2.1) (or (4.1) as a special case) is outlined in
Section 2.3, cf. after (2.9). Once an initial guess for Cp(7) has been found, it is also advisable to simplify the parametrization
in (4.1) when minimizing the x? functional, by introducing rescaled fitting parameters by, Bk, 7, defined in (2.6)-(2.8).

In Fig. 1, the isobaric heat capacity is parametrized with reduced temperature t = T/T.. The red solid curve in this
figure is the regressed high-temperature Cp(7) in (4.1) with T = 1/(t — 1) substituted (shortcut Cp(t)).

Fig. 3 shows the same data sets as Fig. 2, also in decadic Log-Log representation, but now parametrized with reduced
temperature £ = 1/t = |1 — t|. The depicted data points are (%;, Cp;), with 7; = |1 — T;/T.| and Cp; as in Fig. 2. Apart
from this reparametrization and an extended temperature range toward T, Fig. 3 is otherwise analogous to Fig. 2, the
main difference being that the critical temperature T, is mapped to zero (7(T.) = 0) instead of infinity. The asymptotic
power laws Ay 71/3~1 of the isobaric heat capacity in the scaling regime above and below T, (red and green dashed lines
in Fig. 3) have a negative slope 1/6 — 1 = —0.7912 in 7 parametrization. The red solid curve in Fig. 3 is a plot of the
high-temperature heat capacity parametrized with T = t — 1, that is Cp(t) in (4.1) with t = 1/7 substituted (shortcut
Cp(7)).

4.2. Low-temperature interval between melting point and critical temperature

The broken power-law density defining the low-temperature branch of the isobaric heat capacity at critical pressure
in the interval [Tert, Tc] is obtained analogously to the high-temperature counterpart in Section 4.1. The data set (;, Cp ;)
used for the regression in this interval comprises 171 data points between Ty = 216.6 K and 303.5 K (filled squares in
Fig. 2, cf. Refs. [15,16]).

The least-squares fit of the low-temperature isobaric heat capacity is performed with the broken power law, cf. (2.1),

Col(r) = ao(1 + (2/b1 )M Y1 (1 + (x /b )22, (43)
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Fig. 3. Isobaric heat capacity Cp(%) of carbon dioxide at critical pressure P. = 7.3773 MPa, parametrized with reduced temperature ¢ = |T/T. — 1].
In the high-temperature regime, T/T. > 1, the data points are depicted as open squares and in the low-temperature regime, T/T. < 1, as filled
squares. The red and green solid curves show the broken power laws (4.1) and (4.3) (with T = 1/% substituted and parameters in Tables 1 and 2)
representing the high- and low-temperature branches of the CO, heat capacity Cp(7). Apart from this reparametrization with the reciprocal variable
7 and an extended temperature interval, the data points, regressed heat-capacity curves (4.1) and (4.3) and the residuals of the fits depicted in the
lower panels are the same as in Fig. 2. The red and green dashed straight lines show the critical power laws A.7'/%~! (with exponent § = 4.7898
and amplitudes A. stated in the captions of Tables 1 and 2) asymptotic to the high- and low-temperature branches of Cp(7), cf. Section 4. The green
and red dotted vertical lines indicate the melting temperature and the upper experimental temperature limit of 2000 K, where thermal dissociation
into CO and O, sets in.

where the amplitudes ag, by, and exponents f, 1y are positive. To implement the asymptotic critical power-law scaling
Cp(t — 00) ~ A_T'~1/% cf. Section 3, we substitute 8, = 1 — 1/8 — B in (4.3). The asymptote A_z'~1/% with amplitude
A = ao/(bfl b§2) is shown as green dashed line in Fig. 2; the regressed amplitude A_ is stated in the caption of Table 2.

The least-squares functional x2(ao, (bx, Bk, M )k=1.2) reads as in (4.2), now assembled with Cp(7) in (4.3) and data points
(ti, Cp.i)i=1,..n» Ti = 1/(1—18), N = 171, as indicated above. The fitting parameters ao, (by, Bk, 1k )k=1,2 are listed in Table 2.
The regressed low-temperature Cp(7) in (4.3) is shown in Fig. 2 as green solid curve.

In Fig. 1, the low-temperature heat capacity (4.3) is plotted as a function of reduced temperature t = T /T, Cp(t =
1/(1 — t)) (shortcut Cp(t), green solid curve in Fig. 1). In Fig. 3, the green solid curve depicts Cp(7) in (4.3) with t = 1/7

8
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Fig. 4. Index functions of the isobaric heat capacity of carbon dioxide at critical pressure, parametrized with scaling variable ¢ = 1/|T/T. — 1|. The
red and green solid curves depict the Log-Log slope Index[Cp(7)] = dlog Cp(7)/dlog T of the high- and low-temperature branches of the heat capacity
Cp(t), cf. Sections 2.2 and 5. (The latter are depicted in Fig. 2, covering the intervals [T, 2000 K] and [Tpeit, Tc].) The plotted high- and low-temperature
Index functions Index[Cp(7)] are stated in (5.1) (red solid curve, t = 1/(T/T.—1), T > T.) and (5.2) (green solid curve, t = 1/(1-T/T.), T < T¢), with
parameters recorded in Tables 1 and 2. The open squares along the high-temperature Index curve and the filled squares along the low-temperature
Index curve correspond to the heat capacity data points depicted in Fig. 2 by the same markers, see also after (5.1) and (5.2). The vertical red
and green dotted lines indicate the experimental temperature limits Tper and 2000 K. The scaling exponent 1 — 1/8 = 0.7912 of the isobaric heat
capacity at critical pressure is indicated by the black dashed horizontal line, which is the asymptote of the depicted Index curves, i.e. the constant
7 — oo limit of Index[Cp(7)] in (5.1) and (5.2). This horizontal line is also a plot of the constant Index function (Log-Log slope) of the asymptotic
critical power laws Ayt~ in Fig. 2.

substituted (shortcut Cp(7)), double-logarithmically plotted against the inverted scaling variable T = 1/t = 1 —t,
t = T/T. < 1. The green dashed straight line in Fig. 3 is the power-law asymptote A_71/%-1,

The Log-Log slope of the T > T. and T < T, heat-capacity branches (red and green solid curves, respectively) in
the temperature intervals covered by data points (open and filled squares in Figs. 2 and 3) is noticeably smaller than
the calculated scaling exponent 1 — 1/§ = 0.7912 of the 3D Ising universality class, as will be quantified in Section 5
by means of Index functions. The slope of 0.7912 is represented in Fig. 2 by the red and green dashed straight lines,
which are asymptotes of the high- and low-temperature branches of Cp(7). In the reduced temperature parametrization
T =1/t = 1—t of Fig. 3, the slope of the depicted red and green asymptotes of Cp(7) is —0.7912.

5. Index functions of the CO, heat capacity
5.1. Index function of the high-temperature isobaric heat capacity at critical pressure

Fig. 4 shows the Index function (cf. Section 2.2) of the regressed high-temperature heat capacity Cp(7) in (4.1),
(t/by)P1/m (T /by)P2/m (z/b3)P3/m
"1+ (¢/by)Pi/m >1+ (t/by)Paim >14 (t/b3)Pslms

To better relate Fig. 4 to Fig. 2, we have plotted data points (t;, Index[Cp(7;)])i=1,..n (Open squares) on the (red solid)
Index curve, using the abscissas t; of the data points (t;, Cp;)i—1,.. n in Fig. 2 (also indicated by open squares).

The red solid curve in Fig. 5 depicts the Index function Index[Cp(7)] of the reparametrized high-temperature heat
capacity Cp(7) in Fig. 3. Plotted in Fig. 5 is Index[Cp(7)] versus Log?, where T =t — 1,t = T/T. > 1 is the reduced
temperature. The Index function Index[Cp(7)] is obtained from Index[Cp(7)] in (5.1) by substituting T = 1/7 and an
overall sign change, cf. (2.5). The open squares in Fig. 5 depict data points (%;, Index[Cp(%;)])i=1....n On the Index curve
with abscissas 7; from the corresponding high-temperature data points (%;, Cp i)i=1,.. n in Fig. 3.

Index[Cp(7)] gives the Log-Log slope of the high-temperature heat capacity curve Cp(7) in Fig. 3. By the way, Log-Log
slopes have also been used to define temperature-dependent effective critical exponents of thermodynamic functions in
Refs. [31-33]; see also Ref. [7] and references therein for the use of Index functions in other research fields.

Index[Cp(7)] = —B (5.1)

9
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Fig. 5. Index functions of the isobaric heat capacity of carbon dioxide at critical pressure, parametrized with reduced temperature 7 = |T/T. — 1|.
The red and green solid curves are plots of the Index functions Index[Cp(7)] of the high- and low-temperature branches of the heat capacity Cp(%)
in Fig. 3. The (red solid) high-temperature curve Index[Cp(T)] is a plot of —Index[Cp(7)] in (5.1) with T = 1/7 substituted, and the (green solid)
low-temperature curve is obtained from (5.2) by the same substitution and an overall sign change, cf. (2.5). The open and filled squares plotted along
the Index curves correspond to the heat capacity data points depicted in Fig. 3. The vertical red and green dotted lines indicate the experimental
temperature limits. The scaling exponent 1—1/8 = 0.7912 of the isobaric heat capacity at critical pressure is indicated by the black dashed horizontal
line, which is the asymptote of the depicted high- and low-temperature Index functions Index[Cp(7)] for T — 0. This horizontal line also depicts
the constant Index function of the critical power laws A.7'/4~! asymptotic to the high- and low-temperature heat capacity curves in Fig. 3.

5.2. Low-temperature Index function

The reasoning in this section is analogous to the high-temperature counterpart in Section 5.1. The Index function of
the regressed low-temperature heat capacity Cp(7) in (4.3) covering the interval [Tyer, Tc] is depicted in Fig. 4 as green
solid curve,

(t/by)Pr/m (t/by)P2/m
1+ (z/by)fr/m 214 (t/by)P2/m’

which represents the Log-Log slope of the low-temperature (T < T.) branch of Cp(7) in Fig. 2. Along the (green solid)
Index curve in Fig. 4, we have indicated data points (z;, Index[Cp(;)])i=1...n (filled squares) with the same abscissas ; as
the low-temperature data points (t;, Cp ;)i=1.....

Fig. 5 shows the Index function Index[Cp(7)] (green solid curve) of the reparametrized low-temperature heat capacity
Cp(7) in Fig. 3 (which is Cp(7) in (4.3) with T = 1/7 substituted), depicting the Log-Log slope of Cp(7). The scaling variable
in this case is the reduced temperature 7 = 1 —t, t = T/T. < 1. Index[Cp(7)] is obtained from Index[Cp(7)] in (5.2) by
substituting T = 1/7 and a sign change, cf. (2.5). The filled squares in Fig. 5 are data points (7;, Index[Cp(7;)])i=1...n ON
the Index curve with abscissas 7; stemming from the low-temperature data points (%;, Cp ;)i=1,.n in Fig. 3.

Outside the empirical data range (open and filled squares in Figs. 1-5), the Index functions in Fig. 4 do not exceed 0.7
(or —0.7 in Fig. 5). The slope of 1 — 1/8 = 0.7912 exhibiting the critical power-law scaling of the isobaric heat capacity
is only reached at temperatures extremely close to T. = 304.13K, in the interval |T/T. — 1| < 107 (see Figs. 4 and 5),
far outside the temperature range of the depicted data points [15,16]. The regressed broken power laws in (4.1) and (4.3)
extrapolate the empirical data range into the scaling regime, by making use of the calculated critical exponent § = 4.7898
of the 3D Ising universality class, cf. Section 4.

Index[Cp(7)] = B (5.2)

6. Conclusion

The topic of this paper was the phenomenological analytic modeling of thermodynamic functions with critical
singularities. Specifically, empirical data sets covering the temperature range from the melting point to the high-
temperature regime were used for the regression of the isobaric CO, heat capacity at critical pressure. The power-law
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scaling regime of the isobaric heat capacity is manifested in a narrow interval centered at the critical temperature,
separated from the available data points [15,16] by about two orders of magnitude in reduced temperature, as illustrated
by Index functions in Figs. 4 and 5.

As for other thermodynamic functions, such as the isochoric heat capacity or the isothermal compressibility, mea-
surements in the critical region were reported for a limited number of one-component fluids. For instance, the scaling
exponents and amplitudes of the isochoric heat capacity at critical density and/or the isothermal compressibility on
the critical isochore were measured for hydrogen [34], nitrogen [35], water [36-38], carbon dioxide [39-42], neon [35],
xenon [43], sulfur hexafluoride (SFg) [40,44-47], fluoroform (CHF3) [48], and also helium [3,49], the latter being in a
different universality class. See also Refs. [14,15,28,29,50,51] for experiments on the critical scaling properties of binary
and ternary mixtures. Multiply broken power-law densities as defined in (4.1) are quite adaptable and can be used
for all thermodynamic quantities enumerated in Section 3, provided that one can find data sets covering an extended
temperature or pressure range, cf. e.g. Refs. [15-17].

Given the scarcity of experimental data in the power-law scaling regime, the next best option is to extrapolate the
data range analytically by means of calculated critical exponents. In Section 4, we used the calculated exponent § of
the 3D Ising universality class to extend the empirical data range of the isobaric CO, heat capacity at critical pressure
into the power-law scaling regime. This was done by way of closed-form multiply broken power laws, replacing the
truncated ascending series expansions and range-shrinking methods around the critical temperature customarily used in
experimental papers, cf. e.g. Refs. [28,34,35,43-46,48-52].

Truncated series with one or two correction terms and different series coefficients above and below T. (for instance,
Cp =A% 1(140a.7%+---), where A = 0.523 is a universal correction-to-scaling exponent [8-10]) are efficient in the
extended scaling regime, typically within an interval T = |T/T. — 1] < 0.01 or 0.1. These series are used to experimentally
infer critical amplitudes and occasionally also critical indices [50,51], but they are not suitable for the global modeling
of thermodynamic functions over the complete temperature range from the melting point to dissociation temperatures,
which is the topic of this paper. The broken power laws (4.1) and (4.3) are non-perturbative and applicable over the
entire temperature range, and the critical scaling is implemented by means of calculated critical indices. That is, critical
exponents are input and the regression is not a test of scaling predictions but based on them.

In the case of the isobaric CO, heat capacity at critical pressure, the empirical data sets from Refs. [15,16] do not extend
into the |T/T. — 1| < 1073 range, cf. Fig. 3, whereas ideal power-law scaling without correction terms only occurs in the
IT/T. — 1| < 1073 interval, cf. Fig. 5, where we invoked the calculated critical exponent. The data sets from Refs. [15,16]
cover temperatures from the melting point to 2000 K, except in the vicinity of T.. These are synthetic precision data, with
relative error below one percent, obtained from a multiparameter equation of state [17] and available in machine-readable
format. The relative errors of the least-squares fits of the broken power laws are also below one percent, as can be seen
from the residual panels of Figs. 2 and 3. The regressed broken power laws of the high- and low-temperature branches
of the CO, heat capacity are also depicted in these figures, parametrized with the scaling variable t = 1/|T/T. — 1|
or the reciprocal variable 7 = |T/T. — 1|. The latter is the standard reduced temperature parametrization in critical
scaling theory, but the inverse t is more suitable for the least-squares regression of multiply broken power laws, cf.
Section 2.3. In T parametrization, the critical temperature is mapped to infinity, (T — T.) — oo, cf. Figs. 2 and 4, and
in T parametrization to zero as in Figs. 3 and 5, otherwise these reciprocal parametrizations are equivalent.

Figs. 4 and 5 show the Index functions (cf. Sections 2.2 and 5) of the high- and low-temperature branches of the
isobaric CO, heat capacity at critical pressure, which represent the Log-Log slope of the broken power-law densities (4.1)
and (4.3) in Figs. 2 and 3. Within the empirical data range (from Refs. [15,16], indicated by the open and filled squares in
Figs. 2 and 3), the Log-Log slope of the heat capacity curves barely reaches a value of 0.7. The critical power-law scaling
regime, where the slope coincides with the scaling exponent 1 — 1/§ = 0.7912, is separated from the empirical data
range by at least two logarithmic decades in reduced temperature, as illustrated by Fig. 5. A limitation of heat capacity
measurements in the scaling regime is gravitational density stratification resulting in a rounding of power-law slopes,
cf. e.g. Refs. [35,40,53]. Gravitational rounding of the experimental slopes already sets in at about |T/T, — 1| ~ 1074, cf.
Ref. [53], and the ideal power-law scaling interval is by one order narrower, as pointed out above.

To summarize, empirical data are used in a temperature range where their relative error is estimated to be below one
percent [15,16], and calculated exponents accurate to several decimal digits [8,9] are used in the critical regime, and this
suffices to obtain a non-perturbative analytic closed-form representation of the heat capacity covering the temperature
range from the melting point to dissociation temperatures including the critical power-law scaling regime. This is done
with nonlinear multiparameter fits of broken power laws, cf. Sections 2.1 and 4, which are uniformly accurate over the
complete temperature range, as can be seen from the residual plots in Figs. 2 and 3.
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