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of an isothermal closed-form EoS, a broken power-law density depending on four parameters determined
by least-squares regression. The EoS is put to test with high-pressure data sets of copper up to 60 TPa
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the Thomas-Fermi free-electron regime. In the low and intermediate pressure range up to a few hundred
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and fifth-order Birch-Murnaghan and Lagrangian EoSs, subject to the finite-strain expansion parameter
used. The pressure evolution of the compression modulus of copper is obtained from the regressed EoS.
A closed-form expression of the free energy over the full pressure range up to the Thomas-Fermi limit is
derived and compared with finite-strain theory.
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1. Introduction

The aim is to find an equation of state (EoS) for solids that is
applicable in the ultra-high pressure regime and also reproduces
finite-strain EoSs in the low and intermediate pressure range, such
as the third- and fourth-order Birch-Murnaghan EoSs or EoSs based
on the Lagrangian finite-strain expansion. To this end, we intro-
duce a four-parameter broken power-law density as high pressure
EoS, and put it to test with high- and ultra-high pressure data
sets of copper, using shockless compression data up to 450 GPa [1]
and a data set obtained from DFT calculations covering pressures
up to 60 TPa [2]. The parameters of the EoS are determined by
least-squares regression, using the compression modulus at zero-
pressure and its derivative as input parameters obtained from low-
pressure ultrasonic measurements [3-5].

Based on the regressed high-pressure EoS of copper, we deter-
mine the pressure evolution of the compression modulus as well
as the density dependence of the free energy of copper, which
can be obtained in closed form and remains applicable at ultra-
high pressure. The high-pressure asymptotics of the EoS and its
relation to the Thomas-Fermi free-electron limit is discussed as
well. We then perform a finite-strain ascending series expansion
of the broken power-law EoS and the associated free energy, us-
ing Eulerian and Lagrangian finite-strain expansion parameters.
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We demonstrate that the third-, fourth- and fifth-order Birch-
Murnaghan EoSs (in the case of an Eulerian expansion) and the
corresponding Lagrangian EoSs can be recovered in this way, as
well as other finite-strain EoSs defined by a general finite-strain
exponent «, see below. The proposed EoS is thus an extension of
finite-strain EoSs (which are truncated series expansions) into the
high pressure and density regimes.

This paper is organized as follows. In Section 2.1, the high-
pressure EoS is introduced, a four-parameter EoS that is a bro-
ken power-law density in density-versus-pressure representation
p(P). The associated compression (bulk) modulus K(P) and its
derivatives at zero pressure are derived. In Section 2.2, we use
high-pressure data sets of copper extending up to 60 TPa and
discuss least-squares regression of the broken power-law EoS. In
particular, we explain how to use this EoS to extrapolate low-
and intermediate-pressure data sets into the ultra-high pressure
Thomas-Fermi regime.

In Section 3, the relation of the broken power-law EoS to finite-
strain theories, cf. e.g. Refs. [6-13], is studied, based on the finite-
strain expansion parameter f = —&/(3a), € = (p/po)* — 1, where
po denotes the density at zero pressure and « is the finite-strain
exponent. Eulerian finite-strain expansions require the exponent
o = 2/3, leading to Birch-Murnaghan EoSs, and Lagrangian finite-
strain EoSs are defined by o = —2/3. In Section 3.1, we invert the
broken power-law EoS p(P) to obtain the pressure-versus-density
representation P(p), and then perform an ascending series expan-
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sion thereof in powers of &, which can be done without specifying
the finite-strain exponent «. In Section 3.2, this epsilon expan-
sion is shown to lead to the third-, fourth- and fifth-order Birch-
Murnaghan and Lagrangian EoSs, depending on how many orders
in € are taken into account and on the choice of «. In this way, we
demonstrate that the broken power-law EoS is effectively a sum-
mation of truncated series expansions in ¢. In contrast to EoSs
based on finite-strain expansions, the proposed closed-form EoS
remains applicable at high- and ultra-high pressure. We also use
the high-pressure EoS of copper, obtained from a least-squares fit
in Section 2.2, to illustrate the very limited pressure range (up to
a few hundred GPa) in which Eulerian and Lagrangian finite-strain
expansions can be used.

In Section 4.1, we derive the free energy of copper by inte-
grating the broken power-law EoS inferred by least-squares regres-
sion. The free energy calculated in this way is applicable over the
full pressure range, covering the crossover from the low to the
ultra-high pressure regime. In Section 4.2, an ascending series &
expansion of the free energy is performed, from which the finite-
strain EoSs discussed in Section 3 (such as the Birch-Murnaghan
and Lagrangian EoSs) can be derived. Finally the Eulerian and La-
grangian finite-strain & expansions of the free energy of copper
are compared with the free energy obtained from the regressed
closed-form EoS. Section 5 contains the conclusions.

2. High-pressure equation of state as broken power-law density
2.1. Compression modulus and its derivatives

The isothermal EoS discussed in this paper is a broken power-
law density in p(P) (density-versus-pressure) representation,

p(P) 1 a+ P\
Po _(1+(a/b)ﬂ/’7)’7<1+< b ) ) 2

with positive fitting parameters a, b, 8, n. Asymptotically, p(P —
0) ~ pg and p(P) « P# in the opposite high-pressure regime, and
the amplitudes a, b and exponent 7 determine the crossover be-
tween these two power-law limits, which appear as straight lines
in log-log plots of density p(P). Similar (multiply) broken power-
law densities have been used to model heat capacity data of
crystals [14,15]. These densities are quite efficient to analytically
reproduce, via least-squares regression, the fine-structure of data
sets extending over several logarithmic decades [16]. pp in (2.1)
denotes the mass density at zero (i.e. ambient) pressure; zero-
pressure values will be indicated by a subscript zero. The first ratio
in (2.1) is just a normalization constant, so that p(P — 0)/pg ~ 1.
The second factor is structurally similar to the (inverted) Mur-
naghan EoS p(P)/po = (1 + PK{/Ko)'/Xo, cf. e.g. Ref. [17], where
Ko denotes the bulk modulus K(P) at zero pressure and K its
pressure derivative. The Murnaghan EoS is thus a special case of
EoS (2.1) with a=0, b = Ko/K}, and g =n = 1/K{. The parame-
ter a has no counterpart in the Murnaghan EoS, but is essential
to make the EoS (2.1) analytic at zero pressure, since the expo-
nent 8/n (to be inferred from a least-squares fit) is non-integer. In
the low-pressure regime, the EoS (2.1) is equivalent to finite-strain
EoSs (such as the third- and fourth-order Birch-Murnaghan EoSs),
as will be demonstrated in Section 3. The closed-form EoS (2.1) is
thus an extension of finite-strain series expansions into the high
pressure range.
The compression modulus based on EoS (2.1) reads

—B/n

p(P) 1 a+ P

K(P) = =—(a+P)| 1+ ,
p'(P) B b

and admits the ascending series expansion K(P) = Ko + K{P +

KypP?/2 + I<(()3)P3/6 +---, with zero-pressure coefficients

(2.2)
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Egs. (2.3) can be solved for the amplitudes a and b,

_ _ _ K’ n/B

a=ko 1l poko 1P (”(1 KOﬂ)) .25

Kjn—1 Kon—1 B—n
so that

n(l—Kéﬁ))‘W g BA—Kim)
b= —%~ .1 byP/m="____0°°
o ( B = A=K

(2.6)

We can then substitute (2.5) and (2.6) into (2.4) to find

, (1=K —Kin)
7 nKo(B—m)
(KB = D(Kgn — D*(B+n)

K5 (B —n)? '
The first of these equations can be solved for B8, which is substi-
tuted into the second to arrive at

)

(2.7)

@ _
ks =

_ 1K+ KoK{n?
Ky(1 = Kyn) + KoKgn’
K} + (2KoKy — K(HKn?
nKo(Kyn — 1) '

The second of these equations is quadratic in 1 and solved by

(2.8)

3
K =

KoK$Y £ R
+= 12400 "2 RN
2(KP2KG — 2KoKy? + KoKyK )

1/2

R:= (4K{K? — 8KoK{> +4KoKoKGK S + K2KS?) 2. (2.9)

In this way, we can express the fitting parameters a, b, 8, n in
Eq. (2.1) by the compression modulus at zero pressure Ky and its
derivatives K[()”:l’2’3). In fact, substituting n. into (2.8) gives B,
and substitution of ny and B4 into (2.5) gives ax and by as func-
tions of I(é“=0‘1’2’3).

The correspondence (a, b, 8, 1) <—>(K0,K(’),K(’)/,K(()3)), made ex-
plicit here is not one-to-one. First, all parameters (a,b, 8,7)
in the EoS (2.1) have to be positive, which puts constraints
on the 1(6”20’1’2’3). Conversely, positivity of K; imposes a con-
straint on (a, b, B8,n), see the second equation in (2.3). Finally,
one set of parameters Ké”:O"l’z’?‘) can correspond to two sets of
(ax,by, BL,n+) or one set or none, depending on whether the
latter are positive, cf. (2.9).

The EoS (2.1) is a phenomenological EoS that can be traced back
to finite-strain expansions, cf. Section 3, and does not make as-
sumptions on interatomic potentials. The four fitting parameters of
EoS (2.1) are related to the compression modulus and its deriva-
tives at zero pressure, which are measurable quantities by way
of low-pressure ultrasonic experiments. Typically, Ko and Kj are
known from acoustic measurements, so that only two independent
fitting parameters remain in EoS (2.1), which can be regressed from
high-pressure data sets. The derivatives K and K(()3) can then be
calculated from the regressed parameters, as exemplified in Sec-
tion 2.2 with data sets of copper.



R. Tomaschitz

Table 1
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Input and fitting parameters of the closed-form EoS of copper at ambient temperature of 300 K.
The broken power-law EoS p(P) used for the fit is defined in (2.1) with amplitudes a, b in (2.5)
substituted. The compression modulus Ky at zero pressure and its derivative K(’] obtained from
ultrasonic measurements [3] are taken as input parameters, cf. Section 2.2. The fitting parameters
are the exponents S and 7 in EoS (2.1); the least-squares fit is depicted in Fig. 1. Also recorded
are the minimum of the least-squares functional y?2 = ZIN:, (p(Py) — ,o,-)z/,oi2 and the degrees of
freedom (dof: number N of data points (P;, p;) minus number of fitting parameters). The data
sets are referenced in the caption of Fig. 1. The standard error of the x? fit, SE = (ZIN:] (p(Pi) —
0i)*/N)1/2, and the determination coefficient, R2 = 1 — YN, (0(P;) — p;)?/(No'2), with sample
variance 02 = YN | (pi — $)?/N and mean 5= YN | pi/N, are listed as well.

Ko [GPa] Ky B n X

dof SE 1—R?

1335 5.36 0.45901 1.3949

1.17 x 1073

116—-2 00145 1.73x10~*

2.2. Least-squares regression of the EoS of copper

The broken power-law EoS (2.1) is non-perturbative and can
also be used at ultra-high pressure. A practical way to perform
a least-squares fit over an extended pressure range is to eliminate
the amplitudes a, b in EoS (2.1) by substituting (2.5) and (2.6) into
the EoS, so that p(P)/po only depends on two fitting parameters
B and n, provided that Ko and K, are known input parameters. In
case that also the second derivative K{] is known from acoustic ex-
periments, one can eliminate 8 by substituting (2.8) into the EoS,
so that there is only one fitting parameter 7 left.

If only Ko is known, one can use Ky, 8,7 as fitting param-
eters, typically with Kj ~ 5 as initial guess, cf. e.g. Refs. [3-5].
Alternatively, one can solve the first equation in (2.3) for b, b =
a(KoB/a — 1), to be substituted into the EoS (2.1), so that a,
B, n are fitting parameters and Ky is experimental input. Finally,
there is the option to use EoS (2.1) as it stands for least-squares re-
gression, and to determine Ky and its derivatives from the fitting
parameters (a, b, 8, n) by way of (2.3) and (2.4).

The high-pressure asymptotic limit of EoS (2.1) and the com-
pression modulus (2.2) reads

pB) (P P
po ax@mEmn P

from which one can obtain an initial guess for the exponent 8 by
fitting a power law (which appears as straight-line in log-log plots)
to high-pressure data. Also, K/ := K’(P — o0) = 1/. For compar-
ison, the EoS p(P) « P3/5 of a non-relativistic degenerate electron
gas (Thomas-Fermi free-electron limit [6,11]) gives K/, =5/3, so
that g = 3/5. Phenomenological thermodynamic arguments were
used in Refs. [18,19] to suggest the inequality K/, > 5/3 instead
of K, =5/3 advocated in Ref. [6], which implies the constraint
B < 3/5 on this exponent, although this is not a necessary equilib-
rium condition. The fact that the material will undergo structural
transitions [19] does not exclude the Thomas-Fermi limit either.
If discontinuities emerge in the empirical density-pressure curve
partitioning the pressure range into intervals, one has to per-
form a least-squares fit of (2.1) in each of the intervals. Whether
K., >5/3 or K., =5/3 applies in the high-pressure limit is ul-
timately to be decided empirically; both options will be studied
here.

In Figs. 1 and 2, we consider two high-pressure data sets for
copper: a data set up to 450 GPa, obtained by shockless compres-
sion [1], which is extended to 60 TPa with data points from DFT
calculations [2], all at ambient temperature. Ultrasonic estimates
of Ko and Kj [3-5] are used as input parameters, cf. Table 1. The
EoS (2.1) with (2.5) substituted then depends on two fitting pa-
rameters, the exponents 8 and 7. The least-squares fit is depicted
in Fig. 1, the fitting and goodness-of-fit parameters are listed in
Table 1. The pressure dependence of the compression modulus is
also depicted in this figure, as well as the Murnaghan EoS, which
is determined by the input parameters Ko and K alone. Once the

(2.10)

Table 2

Parameters derived from the least-squares fit of the broken power-law EoS (2.1)
of copper. The x? fit is described in Fig. 1 and Table 1 and Section 2.2. Recorded
are the amplitudes a, b in EoS (2.1), calculated via (2.5) with fitting parameters
in Table 1. K{ and K((]s) denote the second- and third-order pressure derivatives
of the compression modulus K(P) at zero pressure and ambient temperature, cal-
culated via (2.4), which define the expansion coefficients (3.8) of the finite-strain
approximations to the EoS. The amplitudes a, b and exponents B, n (see Table 1)
completely determine the EoS (2.1) and its inversion (3.1), the latter being the start-
ing point of the finite-strain expansions in Sections 3.2 and 4.2. po is the ambient
(zero-pressure) density of copper.

K& [1/GP%]  po [g/cm’]
3.739 x 103 8.939

a [GPa]
19.291

b [GPa]
205.03

K{ [1/GPa]
—5.427 x 1072

exponents B and 7 are known, one can calculate the amplitudes
a, b in the EoS via (2.5), as well as the second- and third-order
derivatives of the compression modulus by way of (2.7), which are
listed in Table 2. We find K., =1/8 ~ 2.18, so that the constraint
K., > 5/3 mentioned above is satisfied.

In Fig. 2, we perform a one-parameter fit of EoS (2.1) (with am-
plitudes (2.5) substituted), using Ko, K; and the exponent g =3/5
as input parameters and 7 as fitting parameter, assuming the
Thomas-Fermi limit K/, =5/3 in the ultra-high pressure regime
instead of the constraint K/, > 5/3. First, we perform a fit of the
same data sets (up to 60 TPa) as in Fig. 1. The density-pressure
curve obtained in this way is depicted as solid red curve in
Fig. 2, and the fitting and goodness-of-fit parameters are recorded
in Table 3. The goodness-of-fit parameters are, of course, worse
than those of the two-parameter fit of the same data set in Ta-
ble 1.

In Fig. 2, we also perform a second one-parameter fit, with
the same input parameters Ko, K and 8, but discard the ultra-
high pressure data obtained from DFT calculations. That is, in the
%2 functional (cf. the caption of Table 1), only the experimental
data (up to 450 GPa) are included. The fit obtained in this way is
depicted in Fig. 2 as blue solid curve, and the fitting and goodness-
of-fit parameters are listed in Table 4. For comparison, we have
also indicated, in linear-log representation, the two-parameter fit
discussed in Fig. 1, which is shown as green solid curve.

In case that the second derivative K of the bulk modulus is
also known from ultrasonic measurements, the exponent 7 can
be obtained by solving the first equation in (2.8) instead of us-
ing least-squares regression, so that all parameters of EoS (2.1)
are determined by specifying K(()n:O,l,Z) and B = 3/5. The least-
squares fits depicted in Figs. 1 and 2 will be further discussed in
Section 5.

We study the EoS (2.1) of copper at ambient temperature, for
lack of high-pressure data at high temperature. The four fitting pa-
rameters in EoS (2.1) are actually temperature-dependent functions
a(T), b(T), B(T), n(T), to be inferred by least-squares regression.
To this end, one needs isothermal pressure-density measurements
taken at a sequence of temperatures T,. A least-squares fit of EoS
(2.1) can then be performed to each of these pressure isotherms,
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Fig. 1. EoS and compression modulus of copper at ambient temperature. Data points up to 450 GPa (circles) obtained by shockless compression [1] and up to 60 TPa (squares)
from DFT calculations [2]. The two-parameter x? fit (solid red curve) is performed with the EoS p(P) defined in (2.1) (with amplitudes a, b in (2.5) substituted). The fitting
parameters are the exponents g and 7 in EoS (2.1); the compression modulus Ko at zero pressure and its derivative K are taken as input from low-pressure acoustic
experiments, cf. (2.5) and Table 1. The blue solid curve shows the compression modulus K(P), cf. (2.2). The red dotted curve depicts the Murnaghan EoS stated at the
beginning of Section 2.1. The residuals of the least-squares fit are depicted in the lower panel. Goodness-of-fit parameters are listed in Table 1. Parameters derived from the
fit, the amplitudes a, b in EoS (2.1) and higher-order derivatives of Ko, are recorded in Table 2. (For interpretation of the colors in the figure(s), the reader is referred to the

web version of this article.)

Table 3

One-parameter least-squares fit of the broken power-law EoS (2.1) with implemented Thomas-Fermi
free-electron limit. The recorded parameters are described in the caption of Table 1, except that the
exponent f is taken, like Ko and K, as input parameter, so that the exponent 1 remains the only
fitting parameter of the closed-form EoS in (2.1) and (2.5). The high-pressure limit of the EoS scales
as p(P) o« PP, where the exponent § is identified with the scaling exponent g = 3/5 of a non-
relativistic degenerate electron gas, cf. Section 2.2. The data sets used in the x? functional (defined
in the caption of Table 1) are the same as for the two-parameter fit in Fig. 1. This one-parameter
fit of the copper EoS is depicted in Fig. 2 as red solid curve labeled ‘2’ in the figure.

Ko [GPa] K} B n x? dof SE 1-R?
1335 536  3/5 23923  3.481x 1073 116 -1 00203  3.41x10°4
Table 4

One-parameter least-squares fit of the EoS (2.1), with implemented Thomas-Fermi limit and reduced data
set. The regression is described in the caption of Table 3, the only difference being that the high-pressure
data set obtained from DFT calculations is discarded in the x?2 functional, namely the data points indi-
cated by squares in Fig. 2. That is, only the empirical data points up to 450 GPa obtained by shockless
compression [1] (circles in Figs. 1 and 2) are taken into account in the 2 fit. The listed input, fitting
and goodness-of-fit parameters are described in the caption of Table 1. The regressed parameter is the
exponent 7. This least-squares fit is depicted in Fig. 2 as blue solid curve labeled ‘3.

Ko [GPa] K B n X2 dof SE 1-R?
1335 536 3/5 215455 6.30 x 107> 84—1 1.34 x 1073 3.80 x 107

to obtain the values of the fitting parameters at the respective pendence of fluid EoSs was used in Ref. [20]. Another option to
temperature T,. Finally the parameters of EoS (2.1) are turned extend the cold EoS (2.1) to high temperatures is to add the ther-
into smooth functions of temperature by performing a polynomial mal pressure from a Debye model to the inverted EoS, cf. (3.1), and
least-squares fit to each of the four data sets a(Ty), b(Ty), B(Ty), to specify a suitable density dependence of the Debye temperature,
n(Ty). A similar method to empirically find the temperature de- cf. Refs. [21-24].
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Fig. 2. EoS of copper in lin-log representation. Data points as in Fig. 1. The green curve (labeled ‘1’) depicts the two-parameter fit (with exponents 8, n as fitting parameters
and Ko, Kj as input) of the EoS in (2.1) and (2.5) as described in Fig. 1. The red curve (labeled ‘2’) is a one-parameter fit to the same data set (with exponent 7 as fitting
parameter and Ko, K as input), assuming the Thomas-Fermi free-electron limit at ultra-high pressure, which requires the exponent g = 3/5, cf. Sections 2.2 and 5. The blue
curve (labeled ‘3’) is also a one-parameter (1) fit, but to the experimental data (circles) [1] only, without taking into account the high-pressure data points (squares) of the
DFT calculation [2]. Residuals of the one-parameter fits are shown in the lower panels; residuals of the two-parameter fit (green curve) are indicated in Fig. 1. The fitting

and goodness-of-fit parameters of the one-parameter fits are listed in Tables 3 and 4.

3. Relation of the broken power-law EoS to finite-strain
equations of state

3.1. Low-pressure finite-strain epsilon expansion

The EoS (2.1) can be inverted in closed form to obtain pressure
as a function of density,

P =b[(p/p0)"/"(1+ (@/b)?/") = 1]"" —a, (31)

where pg is the density at zero pressure. For comparison, the Mur-
naghan EoS reads P = (KO/K(’))((p/,oo)Ké —1), cf. e.g. Refs. [25,26].
We define the epsilon expansion parameter ¢ := (p/p0)% — 1,
where the finite-strain exponent o can be positive or negative, and
substitute /09 = (1 + &)/* into EoS (3.1),

P(e) =b[(1+ &)Y/ @P (1 + @/b)?") —1]"" —a. (3.2)

This equation is equivalent to EoS (3.1), which is independent of
the finite-strain exponent « defining the expansion parameter &.
Eulerian strain requires the exponent o = 2/3, Lagrangian strain

o = —2/3. Since p > po, € is negative for negative . We also
eliminate the parameters a and b in (3.2) via (2.5) and (2.6), and
finally perform the low-pressure (|¢| << 1) epsilon expansion of
EoS (3.2),

1 Ko(K) — ) ,

P=—Koe+ ——25—&* + 3’ +cae® 4+, (3.3)
o 20

where the parameter dependence of the indicated series coef-
ficients is c3(a; B, n; Ko, Kj) and ca(a; B, 1; Ko, Kj). We do not
explicitly state these coefficients c3 4 here, as they are lengthy ex-
pressions; in Mathematica®, the series (3.3) can readily be gener-
ated by expanding P(¢) in (3.2) via FullSimplify[PowerExpand|Se-
ries[...]]].

By substituting B(n; Ko, K{), Kj) (calculated in (2.8)) into the
coefficient c3(a; B, n; Ko, Kj), we obtain a handier expression in
which the exponent 7 drops out,
c3(a; Ko, K§) = 6%(1%1% + KoK{ — 3Kjor + 20%). (3.4)
Substitution of n+ (calculated in (2.9)) and B+ = B(n+; Ko, Ky, K))
(cf. (2.8)) into the coefficient c4(c; B, 1; Ko, Ké) gives
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Ko

2404
—6a (K> + Kok{) + 11Kga* —6a®],  (3.5)

which does not depend on the choice of sign in n, cf. (2.9).

To summarize, the finite-strain epsilon expansion of the EoS
(3.1) reads

ca(; Ko, K§) [K3 + 4KoK{ Ky + K3KSY

Koe K —o o N2
P=——|1 &+ —c3la; Ko, Kpy)e
o [ + 2a +K0 3( 0 O)

+ iC4(Ot; Ko, K(’))g3 +-- } (3.6)
Ko
where € = (p/pp)* —1, cf. (3.2), and the coefficients c3 4 are stated
in (3.4) and (3.5). The truncated power-series expansions (3.6) dif-
fer for different «. However, they are derived from one and the
same EoS, namely (3.1), which is independent of the finite-strain
exponent « defining the expansion parameter €.

We briefly comment on the reasoning behind finite-strain ex-
pansions, cf. e.g. Refs. [27-30]. Assuming isotropic stress (hydro-
static pressure), as we do throughout this paper, a cube of initial
side length ap gets compressed to a side length a, and we write
a—ap = hga, where the contraction factor hg is a negative constant,
defined with respect to the compressed side length a. The volume
compression is thus Vo/V = (1 — hg)® = (1 — 2fg)3/2, with finite-
strain parameter fg :=hg —h2/2. Inversely, fg = (1—(Vo/V)?/3)/2.
This is the Eulerian definition of finite strain. The Lagrangian def-
inition is based on a — ag = hiag, where the contraction factor hp
refers to the initial side length ap of the cube. In this case, the vol-
ume contraction is V/Vo = (1+h1)* = 1+2f1)%?, fL:=h.+h?/2,
so that fi = ((V/Vg)%3 — 1)/2. Some authors define the finite-
strain parameter with the opposite sign, to render f positive for
compression [6]. Evidently, there is some arbitrariness in the defi-
nition of f as a function of V/Vy; the above definition of fr and
fL is customary in elasticity theory, for isotropic strain.

Finite-strain equations of state, P = —F y, are obtained by as-
suming a truncated ascending series expansion for the free energy
in terms of a finite-strain parameter, F = Zﬁlzl Arf¥, and by ex-
pressing the series coefficients Aj through the compression mod-
ulus and its derivatives Ké”) at zero pressure, similarly as done
in Section 2.1. Different choices of f(V/Vp) in this truncated ex-
pansion will lead to different EoSs, and one can also try more
general functions than fg and fi, so long as f(V/Vy) — 0 for
V — Vy. There is, of course, no guarantee that one will obtain
a viable EoS in this way. For instance, one can try linear combina-
tions of fg and fi [27] or the generalized finite-strain parameter
f==((Vo/V)* —1)/(3a), cf. Ref. [6], where « is a positive or
negative exponent, so that o = £2/3 corresponds to Eulerian/La-
grangian strain, respectively. As the volume ratio Vo/V coincides
with the density ratio p/pg, we can write f = —&/(3w), where
e =(p/po)* —1 is the expansion parameter used in (3.3) and (3.6)
and in the subsequent sections. Since the free energy F is defined
from the outset as a (truncated) ascending series based on the as-
sumption |f| << 1, finite-strain EoSs derived from it tend to fail
at high density and pressure [18], cf. Section 4.2 for an explicit
example of a finite-strain free-energy expansion.

3.2. Equivalence of the finite-strain epsilon expansion with the
Birch-Murnaghan and Lagrangian EoSs

As mentioned in Section 3.1, finite-strain EoSs, such as the
Birch-Murnaghan and Lagrangian EoSs, are customarily derived
from a free energy functional assumed to be a truncated power se-
ries in the finite-strain parameter f = —&/(3Ba), € = (p/pp)* — 1,
with @ =2/3 for the Birch-Murnaghan EoS and o = —2/3 for the
Lagrangian EoS, cf. e.g. Refs. [7,8,11,12,27-33]. (To save notation,
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we use ¢ instead of f as expansion parameter.) These EoSs are
special cases of a generalized finite-strain EoS [6] that leaves the
finite-strain exponent « unspecified (as a fitting parameter) and is
defined by the truncated power series

K
p:EO(p/po)““g(] +a16 +ae? +azed +- ), (3.7)

with coefficients a; = (Kj — 3o — 2)/(2a) and
_ 1 B7d " ’ 2
ay = W(KOKO + KoKg — 3Ko(1+20) + 3+ 120 + 112%),

1
a3 = g3 (Ko + KEKS +4KoKoKg — (K6 + KoKg) (4 + 10a)
+ Ko (6 + 300 + 350:%) — (4 + 300 + 700% + 500) .

(3.8)

By putting o = 2/3, one obtains the third-, fourth- and fifth-order
Birch-Murnaghan equations, depending on how many terms are
included in the series expansion. The n-th order EoSs (usually re-
ferred to in this way) are actually of order n — 1 in epsilon, the
third-order EoS being truncated after the aj¢ term in (3.7), the
fourth-order EoS after the ay&? term, etc. In contrast, the finite-
strain expansion of the free energy (4.10) is in terms of a,e"*2,
so that the free energy of the fifth-order Birch-Murnaghan or La-
grangian EoS (o = —2/3) is indeed of fifth order in &.

The factor (p/p0)**! in (3.7) is identical with (1+&)171/® (see
after (3.1)), which is not expanded in (3.7). If we expand this fac-
tor as well in ¢, the series expansions in (3.4)-(3.6) are recovered.
Alternatively, we may write the EoS (3.1) or (3.2) as

(p/po)**!

Qroe {b[(1 &)@ (14 (a/b)#/7) 11" —a},

(3.9)

P(e) =

where the factor in curly brackets admits the epsilon expan-
sion stated in (3.4)-(3.6). If we also expand the denominator
(14 &)1/ in (3.9), we recover the finite-strain EoS in (3.7) and
(3.8). In brief, we have demonstrated that the fifth-order finite-
strain expansion (3.7) is reproduced by the EoS (3.9). The latter,
as emphasized after (3.6), is identical with our starting point, the
EoS (3.1), which is independent of the finite-strain exponent o and
also applies at high pressure. (The exponent « defines the expan-
sion parameter € = (p/pp)* — 1 and the proportional finite-strain
parameter f = —¢&/(3a), cf. Section 3.1.)

The coincidence of the finite-strain expansion (3.7) with the
epsilon expansion of EoS (3.9) terminates with the aze3 term in
(3.7). Higher orders cannot be equivalent, since EoS (3.9) only
depends on four parameters (a, b, 8, n), whereas each additional
term ape™ in (3.7) derived from finite-strain theory depends on a
new parameter, namely the n-th derivative K(()") of the compres-
sion modulus at zero pressure. In practice, only the third- and
fourth-order finite-strain EoSs, mainly Birch-Murnaghan with Eu-
lerian strain exponent o = 2/3, have been used when comparing
with experimental data, cf. e.g. Refs. [34-38]. Here, we employ the
closed-form EoS (2.1) for least-squares regression, cf. Section 2.2,
instead of the finite-strain expansions (3.7), which are recovered
in the low-pressure regime as demonstrated above.

Fig. 3 illustrates the (pressure) range of validity of the third-,
fourth- and fifth-order Birch-Murnaghan and Lagrangian EoSs by
comparing with high-pressure data sets of copper and with the re-
gressed closed-form EoS (3.1) (using parameters a, b, 8, n recorded
in Tables 1 and 2). The series coefficients a;—1 3 of the finite-
strain expansions in (3.7) and (3.8) are listed in Table 5, calculated
from the compression modulus and its derivatives I(é"=0’1’2’3) in
Tables 1 and 2. Since finite-strain expansions are ascending series
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Fig. 3. Eulerian (Birch-Murnaghan) and Lagrangian finite-strain approximations to the high-pressure EoS of copper at ambient temperature. The closed-form EoS P(p) in (3.1)
is depicted as red solid curve (based on the least-squares fit in Fig. 1 and Tables 1 and 2). pp denotes the zero-pressure density of copper, cf. Table 2. The dotted black curve
labeled ‘M’ indicates the Murnaghan EoS, cf. after (3.1), with Ko and K; in Table 1. The dashed red, green and blue curves labeled ‘BM3’, ‘BM4’ and ‘BM5’ show the third-,
fourth- and fifth-order Birch-Murnaghan EoSs, respectively, stated in (3.7) and (3.8), which are defined by the Eulerian finite-strain exponent o =2/3 and the compression
modulus Ko and its derivatives listed in Tables 1 and 2. The expansion coefficients a;—1 2 3 of the EoSs in (3.8) are recorded (for copper) in Table 5. The dotted red, green and
blue curves labeled ‘L3, ‘L4’ and ‘L5’ show the third-, fourth- and fifth-order Lagrangian EoSs, also defined by the finite-strain expansions (3.7) and (3.8) but with exponent
o = —2/3, cf. Table 5. The finite-strain EoSs accurately fit the low-pressure data up to a few hundred GPa, but they are not suitable for the high-density regime, since they

are ascending series expansions in &€ = (p/pp)* — 1 subject to |e| << 1.

Table 5

Series coefficients of the third-, fourth- and fifth-order finite-strain expansions of
the closed-form EoS (3.1) and free energy (4.2) of copper. The ascending series
& expansion is stated in (3.7) for the EoS and in (4.10) for the free energy. The
finite-strain exponent o defines the expansion parameter & = (p/po)* — 1, cf. Sec-
tions 3 and 4.2; po denotes the zero-pressure density. The Birch-Murnaghan ex-
pansions depicted in Figs. 3 and 4 are obtained with the Eulerian finite-strain
exponent « = 2/3, and the Lagrangian expansions shown in these figures are de-
fined by o = —2/3. The listed expansion coefficients a;(c) are calculated as stated
n (3.8), depending on the compression modulus and its zero-pressure derivatives

K, "123) recorded in Tables 1 and 2 and based on the two-parameter x? fit of
the broken power-law EoS (2.1) in Fig. 1.

o4 ai(a) az (@) az(@)
2/3 1.02 —0.05479 —1.556
-2/3 —4.02 10.025 —18.37

expansions in € = (p/pp)¥ — 1, based on the assumption |¢| << 1,
it is not surprising that they fail at high pressure/density, but
they are reasonably accurate up to pressures of a few hundred
GPa, approximating the closed-form EoS (3.1). The latter has a
well-defined high-pressure asymptotics and, more importantly, can
be applied in the crossover regime (at TPa pressures), where the
finite-strain expansion parameter is neither large nor small.

4. Free energy at ultra-high pressure and comparison with
finite-strain theory

4.1. Closed-form expression of the free energy and high-pressure
asymptotics

The free energy functional is obtained by integrating the
broken power-law EoS P(p) in (3.1), using P = —F y. Instead
of volume, we use density as parameter, p/po = Vo/V (where
the zero-subscripts indicate zero-pressure values) so that P =
F,ppz/(vopo). As for the EoS in (3.1), we define the shortcut

o= (1+ (a/b)f/")~"po and write (3.1) as P(p) =b((p/po)"/" —
1)"/B — a. The free energy then reads

P

F(p) P(p)

V—0:p0/7dp+cF’ (4.1)
fo

where cr is an arbitrary integration constant independent of den-
sity p. Hence,

52 = poblo(p) +Poa<% - %) er. (42)
0
Io(p) == /((p/ﬁo)”” - 1)”/'3‘;—‘2’
fo
(p/po)V1-1
- X1/B (x+ 1)1 1dx, (43)
£0

0

where we used the variable transform x = (0/00)'/7 — 1. F/Vy is
actually a function of p/po, and the zero-pressure density po, cf.
Table 2, only enters via this ratio. Accordingly, when plotting F/V
against p/pg, we do not even need to specify Vo and pg. Fig. 4
shows the plot of (F(p) — F(po))/Vo for copper (with parameters
a, b, B, n in Tables 1 and 2); the zero-pressure free energy density
F(po)/ Vo is subtracted, so that the integration constant cg in (4.1)
drops out.

The second integral in (4.3) is a standard representation of a
hypergeometric function,

n_B < \1/m 1+1/8
I S Y -1
o(p) 0 B 77((p/po) )

< 2F1(1+m. 14+ n/B:2+n/8: —((p/p0)"/" = 1)),
(4.4)
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Fig. 4. Eulerian and Lagrangian finite-strain approximations to the free energy of copper, at ambient temperature. The red solid curve depicts the free energy density F(p)/Vo
in (4.2) and (4.4), obtained by integration of the high-pressure EoS (3.1) (with parameters in Tables 1 and 2). pp and V( denote density and volume at zero pressure; the
zero-pressure free energy F(pp) is subtracted in the plot, cf. after (4.3) and (4.6). As for the units used, 1 GPa =1 kJ/cm>. The dashed red, green and blue curves labeled
‘BM3’, ‘BM4’ and ‘BM5’ show the free energies of the third-, fourth- and fifth-order Birch-Murnaghan EoSs, cf. Fig. 3, based on the finite-strain expansion (4.10) of the free
energy with Eulerian finite-strain exponent o = 2/3 and expansion coefficients a;—; 3 in (3.8) and Table 5. The dotted red, green and blue curves labeled ‘L3’, ‘L4’ and
‘L5’ depict the free energies of the third- fourth- and fifth-order Lagrangian EoSs, also defined by the finite-strain expansion (4.10) with Lagrangian finite-strain exponent
o = —2/3, cf. Table 5 and Section 4.2. As in Fig. 3, the Eulerian expansions give slightly better approximations to the closed-form free energy (4.2) (red solid curve) at low
and intermediate densities (as compared with the Lagrangian counterparts), but these ascending series expansions cannot be used at high pressure, irrespective of the choice
of the finite-strain exponent «, in contrast to the free energy (4.2) derived from the closed-form EoS (3.1).

where p/po = (14 (a/b)?/")p/po. This representation is efficient
for low and intermediate pressure.

In the asymptotic high-density regime p/f¢ >> 1, it is prefer-
able to split the second integral in (4.3) as fo(p/p")l/n_l =7 -
f(‘;o/ o)1 where the first integral is a beta function and the sec-
ond another representation of a hypergeometric function,

n T —n/B)TA +n/B)
Io(p) = -
0P =2 ra+n

1 5y 1/ — 1)1/Bn
bon—n/p 6/ )

x2F1(14+n.n—n/B;1+n—n/B;
—1/((p/p0)"" = 1)).

The ascending series of »F{ can be substituted here to obtain the
high-density asymptotic expansion. In any case, the closed-form
expression of the free energy of EoS (3.1) is defined by (4.2) and
(4.4) or (4.5). Singularities can emerge in (4.5) for special param-
eter values 8 and 7, in which case one has to perform limit pro-
cedures in (4.5) or, preferably, recalculate integral (4.3) (which is
always well-defined for positive parameters) with the respective
special exponents. In leading order (in p/pg >> 1), the asymptotic
EoS P o p'/# (see (2.10)) can be substituted into the integral (4.1)
to find the high-pressure scaling F o< p!/#=1 for g < 1, F ~ const
for 8 > 1, and F oclog(p/po) for p=1.

(4.5)

4.2. Finite-strain low-density expansion of the free energy

To obtain the finite-strain expansion of the free energy in terms
of ¢ = (p/po)* — 1, cf. Section 3.1, we start with F(p) in (4.1)
and split the integral there (taking note of g9 < pg since pg =
(1+ (a/b)?/M~" py),

Po
P(p)

P
F P
) —Zd,o +CF,
ol

- =P0 —de-f—dl-‘,
0

7 (4.6)

dr == po

Po Po
where df is a constant independent of density, and P(p) is the
EoS (3.1). The zero-pressure density po drops out in df; the latter
is calculated via dr = F(pg)/Vo and (4.2) and (4.4). We can then
write

F
—— =pol1(e) +dF,

Vo
I :=/[b((,0//30)1/”—1)"/’3 —a]p—’g =fg(y)dy,
o 0
bl(1 1/(@m 1 p)B/my — 111/8 —
g(y) = [(A+y) (1+ (a/b)P/"y —1] a 47)

poar(1+ y)lt/ett
The variable transformation y = (p0/00)“ — 1 has been used here,
so that the expansion parameter &€ = (p/p0p)% — 1 appears as up-
per integration boundary. The finite-strain expansion of the free
energy is found by expanding the integrand g(y) in (4.7) in an as-
cending series in y and subsequent term-by-term integration. The
free energy F in (4.7) is identical with (4.2) and is independent of
the finite-strain exponent « defining the expansion parameter &.
As a consistency check, we note

P=—Fy=a(p/p0)**"Fe/Vo, (4.8)
with p/po = Vo/V as in Section 4.1. Substitution of F(¢) calcu-
lated in (4.7) reproduces the closed-form EoS (3.9).

The ascending series expansion of g(y) in (4.7) is obtained by
equating P(¢) in (3.9) with P in (3.7) (and renaming ¢ there as y),

Ko

gy = poazy(l +ary +ay? +asy’ +--), (4.9)
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with coefficients a;—; » 3 listed in (3.8). Term-by-term integration
of the dy integral in (4.7) gives the finite-strain expansion of the
free energy,
F Ko /1 a ar

_ _0<_82 + 3 4

as g
— = —&+ ="+ =+ dr,
Vo~ o2 +5 + >+ F

410
2 3 4 ( )

where € = (p/po)* — 1, and dF is an integration constant, cf. (4.6).
The coefficients aj—; » 3 are functions of the finite-strain exponent
o« and the compression modulus and its derivatives I(é"=0‘1’2’3)
at zero pressure, explicitly given in (3.8). By substituting the ex-
pansion (4.10) into (4.8), the finite-strain ascending series expan-
sion (3.7) of the EoS (3.1) is recovered. The finite-strain parameter
f =—¢/Ba) can be used as expansion variable in (4.10) instead
of ¢, cf. Section 3.1.

In Fig. 4, finite-strain expansions of the free energy of cop-
per are compared with the free energy derived from the high-
pressure EoS (3.1), cf. Section 4.1. The closed-form free energy den-
sity (F(p) — F(po))/Vo of copper is depicted in Fig. 4 as red solid
curve, calculated by way of (4.2) and (4.4), with parameters a, b, 8,
n listed in Tables 1 and 2. The zero-pressure free energy F(00)/Vo
is subtracted, which is identical with the integration constant df
in (4.6) and (4.10).

Also shown in Fig. 4 are the Eulerian (o = 2/3, corresponding to
the Birch-Murnaghan EoS) and Lagrangian (o = —2/3) finite-strain
expansions of the free energy in (4.10) with series coefficients
ai=1,2,3 for copper listed in Table 5. The dashed curve in Fig. 4
labeled ‘BM3’ (third-order Birch-Murnaghan) is obtained by termi-
nating the series expansion (4.10) after the &3 term, and the curves
‘BM4’ and ‘BM5’ by adding the fourth- and fifth-order terms. The
Lagrangian finite-strain expansions are analogously labeled ‘L3’
‘L4’, and ‘L5’ in this figure. The corresponding finite-strain EoSs are
depicted in Fig. 3 (labeled in the same way) and can be recov-
ered from the finite-strain expansion (4.10) of the free energy by
differentiation, cf. (4.8). In the low-pressure range, the finite-strain
expansions approximate the free energy density of copper based
on the closed-form EoS (3.1) (solid red curve, cf. (4.2) and (4.4))
quite well, but they fail at high pressure, as do the finite-strain
EoSs in Fig. 3.

5. Conclusion

The broken power-law EoS (2.1) is capable of modeling ultra-
high pressure data sets, as demonstrated with copper compression
data covering an extended pressure range up to 60 GPa, cf. Figs. 1
and 2 and Section 2.2. The inverted EoS (3.1) is also of closed form
and admits a finite-strain ascending series expansion, which co-
incides with the third-, fourth- and fifth-order Birch-Murnaghan
or Lagrangian EoSs, depending on the choice of the exponent «
defining the finite-strain expansion parameter f = —¢/(3w), € =
(p/po)* — 1, cf. Section 3. In Figs. 3 and 4, we determined the
range of applicability of finite-strain expansions, which are accu-
rate up to pressures of a few hundred GPa.

The proposed EoS (2.1) depends on four fitting parameters, two
of which (the amplitudes a, b) can be replaced by the compression
modulus at zero pressure Ko and its first derivative K, cf. (2.5),
usually determined by acoustic low-pressure experiments. Thus, by
specifying Ko and K; as experimental input, the EoS (2.1) only de-
pends on the exponents 8, n as fitting parameters, which were de-
termined for copper by a least-squares fit depicted in Fig. 1. Based
on this two-parameter fit, the high-pressure limit of the pressure
derivative of the compression modulus, K/, = K'(P — co) =1/~
2.18, is in accordance with the phenomenological bound K/, > 5/3
suggested in Refs. [18,19].

The EoS (2.1) admits a simple power-law P o p'/# as asymp-
totic high-pressure/high-density limit, cf. (2.10). Assuming the
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Thomas-Fermi free-electron limit K., =5/3 of a degenerate non-
relativistic electron gas as ultra-high pressure limit (suggested in
Ref. [6], in contrast to the bound K/, > 5/3) requires the ex-
ponent B = 3/5, cf. Section 2.2, so that only the exponent 7 in
EoS (2.1) remains as free fitting parameter to model the crossover
to the ultra-high density regime. This possibility was explored in
Fig. 2 and Tables 3 and 4, where we studied the crossover to the
Thomas-Fermi limit, first by using the same data set as for the
two-parameter fit in Fig. 1, and then with a reduced data set up
to 450 GPa (based on shockless compression [1], discarding the
ultra-high pressure data obtained from DFT calculations [2]).

By comparing the goodness-of-fit parameters of the three least-
squares fits depicted in Figs. 1 and 2, we come to the conclusion
that the assumption of the Thomas-Fermi free-electron limit as
universal (i.e. material independent) ultra-high pressure limit re-
mains a viable option, attractive because of its predictive power.
In fact, as discussed in Section 2.2, it is possible to express the
two amplitudes a, b and the exponent 7 in EoS (2.1) by the com-
pression modulus and its first and second derivatives at zero pres-
sure, Ké":0‘1‘2). These parameters can in principle be determined
by low-pressure ultrasonic experiments, even though that is rarely
done for the second derivative K, cf. e.g. Refs. [27,39]. If we then
use the exponent 8 = 3/5 required by the Thomas-Fermi limit, the
EoS (2.1) is completely determined by low-pressure experiments,
in particular the crossover to the ultra-high pressure regime. This
crossover is inaccessible by Eulerian (Birch-Murnaghan) or La-
grangian finite-strain expansions, as demonstrated in Figs. 3 and 4.

It becomes a matter of practical convenience whether to use a
two-parameter (7, 8) fit as done in Fig. 1 or a one-parameter fit
by specifying the Thomas-Fermi limit 8 = 3/5 in EoS (2.1). Cur-
rently, experimental data are usually only available for pressures
well below 1 TPa, cf. e.g. Refs. [21-24,40-47]; at pressures above
a few hundred GPa, Hugoniot shock compression is mostly em-
ployed [42,45]. For this reason, when extrapolating to ultra-high
pressure, it is preferable to specify Ko and K; (inferred from low-
pressure ultrasonic measurements) as well as the Thomas-Fermi
limit § =3/5 in EoS (2.1) (with amplitudes a, b in (2.5) substi-
tuted) and to determine the remaining parameter 7 in EoS (2.1)
by least-squares regression from the available GPa data points, cf.
Fig. 2 and Table 4.

The third- and fourth-order Birch-Murnaghan equations and the
generalized Vinet equation [42,45] are arguably the most widely
used phenomenological EoSs when performing least-squares fits to
high-pressure data. These equations involve truncated series ex-
pansions, which tend to break down in the TPa pressure regime, cf.
Fig. 3. Here, we have found a closed-form EoS, cf. (2.1) and (3.1),
which amounts to a summation of finite-strain expansions up to
the fifth order and is suitable for the crossover to ultra-high pres-
sure. In case that discontinuities caused by structural transitions
are perceptible in the data sets, one has to perform a separate fit
of the EoS in each pressure interval defined by the discontinuities.
And even if pressure-induced transitions cannot be identified, be it
because the available data sets do not extend to pressures where
they occur or because the discontinuities are not sufficiently pro-
nounced relative to the scatter in the data, one can still obtain an
estimate of the pressure-density relation at ultra-high pressure by
implementing the Thomas-Fermi free-electron limit into the EoS,
as done in Section 2.2.
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