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Effective real-space correlations of crystal lattice vibrations 
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A B S T R A C T   

Effective phonon fields coupled to a temperature-dependent permeability tensor are introduced to model 
empirical thermodynamic functions of crystal lattices and the temperature variation of Debye-Waller factors 
inferred by X-ray, γ-ray or neutron diffraction. The permeabilities generate a varying Debye temperature and a 
temperature-dependent spectral cutoff in the partition function as well as an effective temperature-dependent 
oscillator mass, to be calculated from diffraction and heat capacity data. The zero-point internal energy of the 
phonon field is extracted from low-temperature Debye-Waller B-factor measurements. The varying spectral 
cutoff, Debye temperature and oscillator mass determine the temperature evolution of real-space correlation 
functions. Closed integral representations are derived for the effective two-point function correlating isotropic 
lattice vibrations in monatomic cubic crystals as well as for the reduced four-point function correlating fluctu
ations around the mean-squared atomic displacement. The correlations are long-range with power-law tails and 
become oscillatory at low temperature. The formalism is illustrated with the correlation functions of copper.   

1. Introduction 

The aim is to develop an effective field theory of phonons that can 
accurately model empirical thermodynamic functions and Debye-Waller 
factors. To this end, we employ temperature-dependent permeabilities 
in the Lagrangian of the wave field. In the bosonic quantization resulting in 
the phonon partition function, the permeabilities emerge as temperature- 
dependent Debye temperature and spectral cutoff and give rise to a 
temperature-dependent effective oscillator mass. We also demonstrate 
that the varying Debye temperature, spectral cutoff and oscillator mass can 
unambiguously be reconstructed from measurements of the heat capacity 
and vibrational amplitudes defining the Debye-Waller B-factors. The field 
theory is first worked out for monatomic cubic lattices and subsequently 
extended to anisotropic compound crystals. 

The crossover from the cubic low-temperature scaling of the lattice 
heat capacity to the constant high-temperature regime is usually not 
very accurately reproduced by a constant Debye temperature and 
spectral cutoff, so that a temperature-dependent Debye temperature 
θ(T) has been frequently invoked to model this crossover [1–8]. 
However, a phonon partition function with varying Debye temperature 
does not define an equilibrium system, since the equilibrium condition 
∂S/∂U = 1/T on the internal-energy derivative of entropy is violated. In 
Ref. [9], it was demonstrated that this equilibrium condition can be 
preserved by allowing the spectral cutoff Λ(T) of the partition function 
to also vary with temperature, in addition to θ(T). Here, we provide the 

underlying field-theoretic framework for a varying Debye temperature, 
spectral cutoff and oscillator mass; the latter does not affect the ther
modynamic variables but enters in Debye-Waller factors and correlation 
functions. 

The proposed effective field theory of lattice vibrations is non- 
perturbative; in particular, it does not require anharmonic modifica
tions of the oscillator potential or the introduction of a non-uniform 
density of states or the addition of Einstein terms at optical fre
quencies. The derived phonon partition function defines a genuine 
equilibrium system, despite the temperature dependence of the Debye 
temperature. The temperature variation of θ(T) and Λ(T) improves the 
accuracy of the Debye heat capacity in the intermediate temperature 
range where occasionally a phonon excess emerges unaccounted for by 
the standard theory. 

X-ray, γ-ray and neutron diffraction measurements of Debye-Waller 
B-factors suggest a faster-than-linear increase of the B-factors at high 
temperature, in contrast to the prediction of the Debye theory. The 
constant Debye temperatures inferred from caloric and diffraction 
measurements usually also differ in the standard theory. Here, we show 
that the varying Debye temperature extracted from the experimental 
heat capacity is also suitable to model the temperature evolution of 
empirical Debye-Waller B-factors, which is accurately reproduced by a 
temperature-dependent Debye temperature and oscillator mass over the 
full temperature range up to the melting point. (The varying spectral 
cutoff of the thermodynamic variables scales out in B-factors.) The 
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attempt here is to model observables depending on Debye temperature, 
spectral cutoff and oscillator mass consistently with the same set of 
temperature-dependent functions. Another example to that effect, apart 
from thermodynamic functions and B-factors studied in this paper, is the 
electrical and thermal resistivity of metals due to electron-phonon 
scattering, where the Debye temperature enters in the Bloch-Grü
neisen integral. 

The zero-point internal energy of the phonons is extracted from the 
zero-temperature limit of the empirical B-factors. This is another marked 
difference to the Debye theory, where the zero-point energy is already 
determined by the constant caloric Debye temperature and usually dif
fers from the value obtained from low-temperature B-factor diffraction 
measurements. 

Once the temperature variation of the spectral cutoff, Debye tem
perature and effective oscillator mass has been reconstructed from 
empirical data, closed integral representations for the real-space corre
lation functions can be obtained. We will derive the effective two-point 
correlation of lattice vibrations as a function of temperature and dis
tance, and also the four-point correlation of fluctuations around the 
mean-squared atomic displacement. The short- and long-distance as
ymptotics of these correlations, which become oscillatory at low tem
perature, will be discussed as well. 

A specific example will be studied, the correlation functions of the 
copper lattice, but the method introduced here to infer the effective 
partition and correlation functions from heat capacity data and empir
ical Debye-Waller factors has much wider applicability and can be 
extended to anisotropic (non-cubic) and compound crystals as done in 
Section 6. Possible recently studied applications include Heusler and 
half-Heusler alloys [10–17], perovskites [18,19], intermetallics [20], 
zinc-blende alloys [21,22], cuprates [23], zirconates [24,25], 
transition-metal nitrides [26], rare-earth compounds [27,28], etc. There 
are no particular requirements as to the material parameters. Micro
scopic interactions are modeled effectively by permeability tensors, 
which can be reconstructed from the empirical heat capacity and 
Debye-Waller factors of the atomic constituents in the formula unit. 

This paper is organized as follows. In Section 2.1, we introduce the 
effective phonon field of monatomic cubic lattices, coupled to a 
temperature-dependent permeability tensor. The purpose of this tensor 
is to effectively account for anharmonicity and deviations from the 
uniform density of states assumed in the Debye theory. The Lagrange 
formalism and quantization are outlined, and the partition function, 
internal energy and entropy of lattice vibrations in elemental cubic 
crystals are derived. (In Sections 2-5, the field theory is developed for 
elemental cubic crystals, and a step-by-step extension of the formalism 
to anisotropic compounds is given in Section 6.) In Section 2.2, the effect 
of temperature-dependent permeabilities on the two-point correlation 
function of atomic vibrational displacements is analyzed in real space, 
including the zero-distance limit which defines the Debye-Waller B- 
factor. The permeabilities in the Lagrangian can be reconstructed from 
the varying Debye temperature θ(T), spectral cutoff Λ(T) and effective 
oscillator mass meff(T), whose temperature dependence is inferred from 
heat capacity and B-factor measurements. 

In Section 3 and Appendix A, the real-space four-point autocorrela
tion of lattice vibrations in monatomic cubic crystals is derived. Like the 
two-point function, this correlation depends on θ(T), Λ(T) and meff(T). 
The reduced four-point function correlates fluctuations around the 
mean-squared displacement, and the zero-distance limit of this corre
lation determines the next-to-leading order in the cumulant expansion of 
the exp( − 2M) Debye-Waller intensity factor. In Appendix A, the long- 
range asymptotics of two- and four-point lattice correlations is stud
ied. The correlations are nearly constant at short distance and admit 
long-range power-law decay; oscillations emerge at low temperature in 
the crossover regime, without affecting the positivity of the correlations. 
In contrast to other bosonic systems, the correlations are singularity free, 
like the zero-point lattice energy, because of the spectral cutoff. 

In Section 4.1, the calculation of the temperature-dependent spectral 

cutoff Λ(T) and Debye temperature θ(T) from the molar internal energy 
and entropy is explained; the latter are obtained from the empirical 
isochoric lattice heat capacity and diffraction measurements of the B- 
factor. In Sections 4.2, 4.3 and Appendix B, the high- and low- 
temperature limits of Λ(T) and θ(T) are derived, and a relation be
tween the zero-temperature limit of the B(T)-factor and the zero-point 
internal energy is pointed out, so that low-temperature measurements 
of the B-factor can be used to infer the zero-point lattice energy. 

In Section 5, the real-space correlations of lattice vibrations in copper 
are studied. Available heat capacity data of copper [33] cover the low- 
and high-temperature regimes as well as the crossover where deviations 
from the Debye heat capacity emerge, and an accurate Mössbauer γ-ray 
determination of the Debye-Waller B-factor over an extended tempera
ture range is also on hand [37]. First, a least-squares fit is performed to 
the empirical lattice heat capacity, using a multiply broken power-law 
density as fit function. Then the zero-point internal energy is extracted 
from the low-temperature limit of B-factor measurements, and the 
temperature evolution of the lattice entropy and thermal component of 
the internal energy is obtained by integrations of the regressed heat 
capacity. These empirical functions, entropy and internal energy, 
unambiguously determine the temperature dependence of the spectral 
cutoff Λ(T) of the partition function and the varying Debye temperature 
θ(T) as well as the effective phonon speed ceff(T) in the dispersion 
relation. The effective oscillator mass meff(T) is calculated from the 
measured temperature variation of the B-factor; meff(T) coincides with 
the atomic mass at zero temperature, but is otherwise temperature 
dependent. Having determined these variables, the two-point autocor
relation of lattice vibrations in copper and the reduced four-point 
function correlating fluctuations around the mean-squared vibrational 
amplitude of the copper atoms are calculated as functions of distance 
and temperature, and their properties are discussed. 

In Section 6, we explain the extension of the field theory outlined 
above for monatomic cubic crystals to (anisotropic) compounds. In this 
case, different Debye temperatures θj(T) and spectral cutoffs Λj(T) are 
employed for the field components (indexed by j), to be determined from 
the Debye-Waller factors Bj(T) of the respective atomic constituents of 
the compound. In Section 7, we present our conclusions. 

2. Effective phonon fields coupled to permeability tensors 

2.1. Temperature-dependent permeabilities, effective partition function, 
internal energy and entropy of lattice vibrations 

We start by modeling lattice vibrations with a massless real 3-vector 
field un(x, t), n = 1,2, 3, coupled to an isotropic permeability tensor gαβ 

with components g00 = − μ1/2ε, gab = δab/μ1/2 and ga0 = 0, 
where ε(T) and μ(T) are positive temperature-dependent permeabilities. 
The Lagrangian of the field reads L = −

∑
ngαβ∂αun∂βun/2 or L =

∑
n(μ1/2ε(∂tun)

2
/2 − (∇un)

2
/(2μ1/2)), leading to the wave equations 

gαβ∂α∂βun = 0 or (Δ − με∂2
t )un = 0 for the vibrations. (Summation over 

Greek indices α, β = 0, ...,3 is implied.) The energy density and flux 
vector read 

ρ =
∑3

n=1

(
1
2
μ1/2ε(∂tun)

2
+
(∇un)

2

2μ1/2

)

, Sk = −
∑3

n=1
∂tun

∂kun

μ1/2 , (2.1)  

so that the continuity equation divS + ∂tρ = 0 is satisfied. The wave 
equations are solved by the Fourier modes uj(x,t;k) = ε̂j

(k)ϕj,kei(kx− ωk t), 
with temperature-dependent frequencies defined by the dispersion 
relation ωk = ceff(T)k, where ceff = 1/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ε(T)μ(T)

√
is the effective phonon 

speed (the same for longitudinal and transversal modes, being the 
counterpart to the averaged constant sound velocity of the Debye the
ory) and k = kk0 with unit wave vector k0. The ̂εj

(k) constitute a triad of 
orthonormal polarization vectors, in particular ε̂3

(k) = k0 and 
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∑
j ε̂

j
m(k)ε̂

j
n(k) = δmn. (Upper indices refer to the polarization triad and 

lower ones to vector components.) 
We will use box quantization, discretizing the wave vector as k =

2πn/L, n ∈ Z3, where L is the box size. The Fourier decomposition of the 
polarization components of the wave field un =

∑
ju

j
n reads 

uj
n(x, t) =

1̅̅̅
̅̅̅̅

2L3
√

∑

k
ε̂j

n(k)
(

ϕj,kei(kx− ωk t) + ϕ*
j,ke− i(kx− ωk t)

)
, (2.2)  

with expansion coefficients ϕj,k. The time-averaged products 
∑

n
∂tuj

n∂tul
n = L− 3δjl

∑

k
ω2

kϕj,kϕ*
j,k,

∑

n
∇uj

n⋅∇ul
n = L− 3δjl

∑

k
k2ϕj,kϕ*

j,k,

∑

n
∂tuj

n∇ul
n = − L− 3δjl

∑

k
kωkϕj,kϕ*

j,k,

(2.3)  

are needed to obtain the mode decomposition of the time-averaged 
energy density and flux vector, summed over the polarization 
components, 

ρ(x)= 1
L3

∑

j,k
μ1/2εω2

kϕj,kϕ*
j,k =

1
2

1
L3

∑

j,k
ωk
(
a†

j,kaj,k + aj,ka†

j,k
)
, (2.4)  

S(x)=
1
L3

∑

j,k
k0ε1/2ω2

kϕj,kϕ*
j,k =

1
2

1
L3

∑

j,k
k0

ωk
̅̅̅̅̅εμ√
(
a†

j,kaj,k + aj,ka†

j,k
)
. (2.5)  

Here, we replaced the field amplitudes by bosonic annihilation and 
creation operators ϕj,k→aj,k/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ1/2εωk

√
, ϕ*

j,k→a†

j,k/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ1/2εωk

√
, and sym

metrized. The normalization is chosen so that the effective Hamiltonian 
admits the temperature-dependent harmonic oscillator representation 
Heff =

∫

L3 ρ(x,t)dx =
∑

j,kωk(T)(Nj,k + 1 /2), where the Nj,k = a†

j,kaj,k are 
commuting hermitian particle number operators, and we used the 
commutation relations [aj,k,a†

l,k′ ] = δkk′ δjl. The quantized energy density 

(2.4) reads ρ = Heff/L3. A multi-index notation i = (j,k) will be 
employed as shortcut for the summation indices. The ai and their ad
joints satisfy the commutation relations [ai,a†

n] = δin, [ai,an] = 0, [a†

i ,a
†
n]

= 0, as well as [an,Nm] = δnman and [a†
n,Nm] = − δnma†

n. 
The statistical operator reads ρ̂ = exp( − Heff(T) /T), the partition 

function is defined by the trace Z = Tr[ρ̂], and the total internal energy is 
obtained as expectation value U = 〈Heff〉T = Tr[Heff ρ̂]/Z. The expecta
tion value of an operator of type Gj =

∑
kgj,k(Nj,k +1 /2) reads, in 

bosonic quantization at finite temperature [29], 

〈Gj〉T
=

L3

(2π)3

∫

gj,k

(
1

eωk/T − 1
+

1
2

)

dk , (2.6)  

where gj,k is an arbitrary function of j and k and other parameters such as 
temperature, atomic density and space coordinates. Applying (2.6) to 
the effective Hamiltonian by identifying gj,k = ωk(T), we find the total 
internal energy U =

∑
j〈Heff,j〉T , with polarization components 

〈Heff,j〉T
=

4πL3

(2π)3

∫Λ(T)

0

ωk(T)
(

1
eωk(T)/T − 1

+
1
2

)

k2dk, (2.7)  

where ωk = ceff(T)k and ceff = 1/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ε(T)μ(T)

√
. The upper integration 

boundary in (2.7) is a temperature-dependent spectral cutoff Λ(T) to be 
specified. The internal energy of the Debye theory is recovered by 
assuming a temperature-independent ceff and Λ, cf. Section 5. Using a 
dimensionless integration variable, z = ωk/T, we find the polarization 
components of the energy density as 

ûj =
〈Heff,j〉T

L3 =
4π

(2π)3Λ3kBT
(

D(d) +
d
8

)

, D(d) :=
1
d3

∫d

0

z3dz
ez − 1

, (2.8)  

with d(T) = θ(T)/T and Debye temperature θ(T) = ceff(T)Λ(T), so that 
the internal energy density summed over the three polarizations is û =

U/V =
∑

j ûj. The effective oscillator density is noscil = (4π /(2π)3
)Λ3. 

The units ℏ = kB = 1 have been restored in (2.8); we will use 1/cm units 
for the spectral cutoff Λ(T) and wavenumber k (integration variable in 
(2.7)), so that θ(T)[K] = ℏceffΛ/kB, with ceff [cm /s]. 

The partition function Z = Tr[ρ̂] evaluated in occupation number 
representation reads, in the thermodynamic limit [9], 

log Z = −
4πL3

(2π)3

∑

j

∫Λ(T)

0

(

log
(
1 − e− ωk(T)/T)+

1
2

ωk(T)
T

)

k2dk. (2.9) 

The entropy, S = − Tr[ρ̂S log ρ̂S], is defined by the normalized sta
tistical operator ρ̂S = ρ̂/Z, cf. after (2.5), so that Tr[ρ̂S] = 1 and S =

log Z+ U/T. Thus, by substituting (2.7) and (2.9), we find S =
∑

j〈Sj〉T, 
where 

〈Sj〉T =
4πL3

(2π)3

∫Λ(T)

0

(
ωk

T
1

eωk/T − 1
− log

(
1 − e− ωk/T)

)

k2dk, (2.10)  

with dispersion relation ωk = ceff(T)k. Integration (by parts) analogous 
to (2.8) gives the entropy density 

ŝj =
〈Sj〉T

L3 =
4π

(2π)3kBΛ3
(

4
3

D(d) −
1
3

log
(
1 − e− d)

)

, (2.11)  

with d = θ(T)/T and θ = ceff(T)Λ(T). The total entropy density of lattice 
vibrations is obtained by summation over the polarizations, ŝ = S/V =
∑

j ŝj. 

2.2. Effective two-point correlations of lattice vibrations and mean- 
squared atomic displacement 

Employing the mode decomposition (2.2) of the phonon field, we 
consider the product 

uj
n(x, t)ul

m(y, t) =
1

2L3

∑

k,k′

ε̂j
n(k)ε̂l

m(k
′

)
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ1/2εωk

√
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ1/2εωk′

√

×
(

a†

j,kal,k′ e− i(kx− ωk t)ei(k′ y− ω
k′

t)

+ aj,ka†

l,k′ ei(kx− ωk t)e− i(k′ y− ω
k′

t)
)
, (2.12)  

where the upper and lower indices on uj
n and ε̂j

n label polarization and 
vector components, respectively. Using the commutation relations 
stated after (2.5), this can be written as 

uj
n(x)u

l
m(y) =

δjl

2L3

∑

k

ε̂j
n(k)ε̂

j
m(k)

μ1/2εωk

(

Nj,k +
1
2

)

(eik(x− y) + e− ik(x− y)), (2.13)  

provided that this product is employed for the calculation of expectation 
values, where the off-diagonal terms k ∕= k′ , j ∕= l drop out, which can 
easily be seen in occupation number representation [29]. (For the same 
reason, we omitted the aj,kal,k′ and a†

j,ka†

l,k′ terms in (2.12).) The Nj,k =

a†

j,kaj,k denote particle number operators, cf. after (2.5). The time vari

able in uj
n(x, t) has been dropped, as the equal-time correlations are time 

independent. 
Applying relation (2.6) for expectation values at finite temperature 

to the operator product (2.13), we obtain 
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〈uj
n(x)u

l
m(y)〉T =

δjl

2(2π)3

∫Λ(T)

0

∫

S2

ε̂j
n(k)ε̂

j
m(k)

eik(x− y) + c.c.
μ1/2εωk

×

(
1

eωk/T − 1
+

1
2

)

k2dkdΩk0 ,

(2.14)  

where dΩk0 = sin θdθdϕ is the solid-angle element and ωk = ceff(T)k, 
ceff = 1/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ε(T)μ(T)

√
, see the beginning of Section 2.1. Λ(T) is a 

temperature-dependent spectral cutoff, the same as in the thermody
namic functions (2.7) and (2.9). Summation over the polarizations and 
subsequent integration over the solid angle by way of 

∫

S2
e±ikxdΩk0 =

4π sin(kr)/(kr) gives 

〈un(x)um(y)〉T =
4πδnm

(2π)3

∫Λ(T)

0

1
μ1/2εωk

sin(kr)
kr

(
1

eωk/T − 1
+

1
2

)

k2dk, (2.15)  

where un =
∑

ju
j
n and r = |x − y|. Using a dimensionless integration 

variable z as in (2.8), we find 

〈un(x)un(y)〉T =
4π

(2π)3
Λ3T
θ2

1
μ1/2ε

1
d

∫d

0

sin
(
zrT
/

ceff
)

zrT
/

ceff

(
1

ez − 1
+

1
2

)

zdz,

(2.16)  

where θ(T) = ceff(T)Λ(T) is the Debye temperature and d = θ(T)/ T. The 
long-range asymptotics of the two-point correlation function 
C(2)(r, T)= 〈un(x)un(y)〉T in (2.16) will be studied in Appendix A. Due to 
the isotropic permeability tensor, C(2)(r,T) does not depend on the 
chosen vector component (labeled n). 

In the short-distance limit r = |x − y|→0, the first ratio in the inte
grand of (2.16) drops out, so that the expectation value of the squared 
field component 〈u2

n(0)〉T = 〈un(x)un(x)〉T reads 

〈u2
n(0)〉T =

4π
(2π)3

Λ3T
θ2

1
μ1/2ε

(

D1(d) +
d
4

)

,

D1(d) :=
1
d

∫d

0

zdz
ez − 1

.

(2.17) 

In addition to the varying Debye temperature θ(T) = Td(T), spectral 
cutoff Λ(T) and phonon speed ceff(T) = θ(T)/Λ(T), we introduce a 
temperature-dependent effective oscillator mass meff(T) and identify the 
product of the permeabilities in (2.17) as 

μ1/2ε =
4π

3(2π)3meffΛ3 =
1
3
meff(T)noscil(T), (2.18)  

where noscil = (4π /(2π)3
)Λ3 is the effective oscillator density, cf. after 

(2.8). This choice of μ1/2ε (which amounts to a normalization of the 
phonon field, cf. (2.2) and after (2.5)) allows us to identify the expec
tation value of the squared field amplitude 〈u2

n(0)〉T in (2.17) with the 
mean-squared atomic vibration [9], 

〈u2
n(0)〉T =

3
meff(T)

ℏ2T
kBθ2(T)

(

D1(d(T) ) +
d(T)

4

)

, (2.19)  

where the units (ℏ = kB = 1) have been restored, so that 〈u2
n(0)〉T[cm2]. 

The effective phonon speed is related to the permeabilities by ceff = 1/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ε(T)μ(T)

√
, cf. the beginning of Section 2.1. Combining this with μ1/2ε =

meffnoscil/3 in (2.18), we find the permeabilities as ε = (ceffmeffnoscil/3)2 

and μ = 1/(c2
effmeffnoscil/3)2. 

The final expression for the correlation function (2.16) is 

〈un(x)um(y)〉T =
3δnm

meff

ℏ2T2

kBθ3

∫θ/T

0

sin
(
zrkBT

/(
ℏceff

) )

zrkBT
/(

ℏceff
)

(
1

ez − 1
+

1
2

)

zdz,

(2.20)  

with temperature-dependent Debye temperature θ = ceff(T)Λ(T), 
phonon speed ceff(T), spectral cutoff Λ(T) and oscillator mass meff(T). 
The units have been restored in (2.20). 

3. Real-space four-point correlation and second-order Debye- 
Waller factor of elemental cubic crystals 

Because of the isotropy of the permeability tensor reflecting the cubic 
lattice symmetry, the autocorrelation 〈un(x)un(y)〉T in (2.15) of the 
vector component un(x) is identical to that of a scalar field. That is, we 
can treat the field components un in the Lagrangian, energy density and 
flux vector, cf. (2.1), as three scalar fields coupled to the same perme
ability tensor, and replace the Fourier expansion (2.2) by 

un(x, t) =
1̅̅̅
̅̅̅̅

2L3
√

∑

k

(
ϕn,kei(kx− ωk t) + ϕ*

n,ke− i(kx− ωk t)
)
. (3.1) 

The quantization ϕn,k→an,k/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ1/2εωk

√
, ϕ*

n,k→a†

n,k/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ1/2εωk

√
. of the 

scalar triplet (3.1) also leads to the time-averaged energy density (2.4) 
and flux vector (2.5). The commutation relations stated after (2.5) 
apply, e.g., [aj,k, a†

l,k′ ] = δkk′ δjl, where the indices j and l refer to the 
components of the scalar field triplet un rather than to polarization 
components. (Summations like U =

∑
j〈Heff,j〉T in (2.7) then also refer to 

the components of the triplet.) By using the scalar Fourier expansion 
(3.1) as starting point, we can obtain the thermodynamic variables in 
Section (2.1) as well as correlation functions such as (2.20) and the four- 
point correlation discussed below without invoking clumsy polarization 
triads. That is, instead of vector fields, we will use multi-component 
scalar fields. In the case of elemental cubic crystals, the components of 
the scalar triplet (3.1) are coupled to the same permeability tensor, cf. 
the beginning of Section 2.1. In Section 6, we will use multi-component 
scalar fields to effectively model compound crystals, describing (aniso
tropic) vibrations of the various atomic constituents by coupling the 
field components to different permeability tensors. 

In Appendix A, we derive a closed analytic expression for the reduced 
equal-time four-point function of the individual field components (3.1), 

C(4)(x, y;T) = 〈
(
u2

n(x) − 〈u2
n(0)〉T

)(
u2

n(y) − 〈u2
n(0)〉T

)
〉T

= 〈u2
n(x)u

2
n(y)〉T − 〈u2

n(0)〉
2
T ,

(3.2)  

which is independent of the field index n owing to isotropy. The 
expectation value 〈u2

n(0)〉T has already been obtained in (2.17). The 
calculation of correlation C(4)(x, y;T) is sketched in Appendix A. We find 

C(4)(r, T) = C(4)(x, y;T) = 〈Â(r)〉2
T + 〈B̂(r)〉T 〈Â(r)〉T, (3.3)  

where 

〈Â(r)〉
T
=

4π
(2π)3

∫Λ(T)

0

1
μ1/2εωk

sin(kr)
kr

k2dk
eωk/T − 1

, (3.4)  

〈B̂(r)〉
T
=

4π
(2π)3

∫Λ(T)

0

1
μ1/2εωk

sin(kr)
kr

k2dk=
4π

(2π)3
1

μ1/2εceff

1
r2 (1 − cos(Λr)),

(3.5)  

with r = |x − y|, ωk = ceff(T)k and μ1/2ε as in (2.18). For comparison, the 
two-point correlation (2.16) reads, in this notation, 
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C(2)(r,T) = 〈un(x)un(y)〉T = 〈Â(r)〉T +
1
2
〈B̂(r)〉T , (3.6)  

which is already reduced, since 〈un(x)〉T = 0. We also record the iden
tities 

〈u2
n(0)〉T = 〈Â(0)〉T +

1
2

〈B̂(0)〉T , (3.7)  

〈u2
n(x)u

2
n(y)〉T = 〈Â(r)〉2

T + 〈B̂(r)〉T 〈Â(r)〉T + 〈u2
n(0)〉

2

T , (3.8)  

〈u4
n(0)〉T = 2〈Â(0)〉2

T + 2〈B̂(0)〉T 〈Â(0)〉T +
1
4
〈B̂(0)〉2

T , (3.9)  

and the cumulant κ̂T : = 3〈u2
n(0)〉

2
T − 〈u4

n(0)〉T, cf. (3.15), 

κ̂T = 〈Â(0)〉2

T + 〈B̂(0)〉T 〈Â(0)〉T +
1
2
〈B̂(0)〉2

T . (3.10) 

Finally we substitute ceff(T) = θ(T)/Λ(T), cf. after (2.8), and μ1/2ε =

4πmeff(T)Λ3(T)/(3(2π)3
), cf. (2.18), into 〈Â(r)〉T and 〈B̂(r)〉T as stated in 

(3.4) and (3.5), and restore the units to find 

〈Â(r)〉T =
3

meff

ℏ2T2

kBθ3

∫θ/T

0

sin(zTΛr/θ)
zTΛr/θ

zdz
ez − 1

, 〈Â(0)〉T =
3

meff

ℏ2T
kBθ2D1(θ/T),

(3.11)  

where D1(d) denotes the Debye function in (2.17), and 

〈B̂(r)〉T =
3

meff

ℏ2

kBθ
1

Λ2r2
(1 − cos(Λr) ), 〈B̂(0)〉T =

3
2meff

ℏ2

kBθ
. (3.12) 

The spectral cutoff Λ(T) and wavenumber k are in 1/cm units, cf. 
(3.4) and (3.5), and θ(T) = ℏceff(T)Λ(T)/kB, with ceff [cm /s], cf. the 
beginning of Section 2.1. The units of 〈Â(r)〉T and 〈B̂(r)〉T are cm2, and 
atomic mass units will be used for the effective oscillator mass meff(T). 

At zero temperature, 〈Â(r)〉T=0 = 0, since the r dependent ratio of 
the integrand in (3.11) drops out, so that one can invoke 
D1(d →∞) ∼ π2/(6d) and use the fact that θ(T = 0) stays finite, cf. 
Section 4.3. The average 〈B̂(r)〉T in (3.12) and the two-point correlation 
C(2)(r, T) in (3.6) remain finite at T = 0, since θ(T = 0), Λ(T= 0) and 
meff(T= 0) are finite. The reduced four-point function C(4)(r, T) in (3.3) 
vanishes at T = 0, since 〈Â(r)〉T=0 = 0. 

The relative fluctuations σ/〈u2
n(0)〉T, σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

〈u4
n(0)〉T − 〈u2

n(0)〉
2
T

√

, of 
the mean-squared vibrational amplitude can also be assembled from 
(3.7)-(3.12). The fluctuations vanish at low temperature, σ/ 〈u2

n(0)〉T ∼

2πT/
( ̅̅̅

3
√

θ(T)
)
. In the high-temperature limit (which is not attained 

below the melting point), σ/〈u2
n(0)〉T ∼ 1, where we used D1(d →0) ∼ 1 

in (3.11). 
In Section 5, we will study the Debye-Waller intensity attenuation 

factor exp( − 2M), which can be expanded as, cf. Ref. [31], 

M
(
Q2,T

)
=

Q2

(4π)2

(
B(T) + B2(T)Q2 + ⋯

)
, (3.13)  

where Q2 = (4π sin θ/λ)2 is the squared diffraction vector orthogonal to 
a Bragg plane; λ denotes the wavelength of the incident X-rays/γ-rays 
and 2θ is the scattering angle. The B-factors in (3.13) are generated by 
lattice vibrations orthogonal to the respective Bragg plane. For cubic 
lattice symmetry, the vibrations are isotropic and one can identify, cf. 
(3.7), (3.9) and (3.10), 

B(T)=
(4π)2

2
〈u2

n(0)〉T , B2(T)=
(4π)2

4!
(
3〈u2

n(0)〉
2

T − 〈u4
n(0)〉T

)
, (3.14)  

where the averages refer to normal vibrations parallel to a coordinate 

axis. These B-factors define the first two orders of the cumulant 
expansion 

2M
Q2 = 〈u2

n(0)〉T +
Q2

12
(
3〈u2

n(0)〉
2
T − 〈u4

n(0)〉T
)
+ O

(
Q4). (3.15)  

Conversely, the averaged vibrational amplitudes 〈u2
n(0)〉T and 〈u4

n(0)〉T 
in (3.7) and (3.9) are determined by the B(T) and B2(T) coefficients in 
(3.13) and (3.14), which can be inferred from a least-squares fit of the 
intensity factor exp( − 2M(Q2,T)) at the respective temperature. 

4. Temperature-dependent spectral cutoff and varying Debye 
temperature of elemental cubic crystals 

4.1. Extracting the spectral cutoff Λ(T) and Debye temperature θ(T) from 
heat capacity data and the Debye-Waller B-factor 

We write the spectral (i.e. wavenumber) cutoff of the internal energy 
(2.7) and entropy (2.10) as Λ(T) = n1/3

at h(T), where nat is the atomic 
density of the solid and h(T) a dimensionless scale factor. The effective 
oscillator density is noscil = (4π /(2π)3

)nath3, cf. after (2.8). The internal 
energy and entropy densities can be converted to molar quantities by 
multiplying Eqs. (2.8) and (2.11) by V/mol and substituting nat =

na/mNAmol/V for the atomic density, where NA is the Avogadro constant 
and na/m denotes the number of atoms per molecule or formula unit. The 
molar internal energy (in units of J/mol) thus reads, cf. (2.8), 

U(T) = 3
4π

(2π)3na/mRh3T
(

D(d) +
d
8

)

, (4.1)  

where d = θ(T)/T and R = NAkB = 8.314 J/(K mol) is the gas constant. 
The molar entropy (in units of J/(K mol)) is found as, cf. (2.11), 

S(T) = 3
4π

(2π)3na/mRh3
(

4
3

D(d) −
1
3

log
(
1 − e− d)

)

. (4.2) 

The dimensionless factor h(T) defines the spectral cutoff Λ(T) =

n1/3
at h(T). The effective phonon speed is ceff(T) = kBθ(T)/(ℏn1/3

at h(T)), cf. 
after (2.8). The oscillator mass meff(T) does not enter in the thermody
namic variables, but emerges in the B-factors and correlation functions 
as normalization factor of the field amplitudes, cf. (2.18) and (3.1). 

The internal energy and entropy are related to the lattice heat ca
pacity CV(T) (in units of J/(K mol)) by U(T) =

∫ T
0 CVdT + U0 and S(T) =

∫ T
0 CV/TdT, where the zero-point internal energy U0 is an integration 

constant. In Section 5, an analytic representation of CV(T) will be ob
tained from a least-squares fit of a multiply broken power-law density to 
heat capacity data of copper. The analytic fit function can then be in
tegrated as indicated to find the molar internal energy and entropy. The 
zero-point energy U0 can be determined from X-ray/γ-ray or neutron 
diffraction measurements of the Debye-Waller B-factor at low temper
ature, cf. (3.14), (4.14) and Section 5. 

Once U(T) and S(T) are known, one can extract the varying Debye 
temperature θ(T) and the spectral cutoff factor h(T) from (4.1) and (4.2). 
The varying Debye temperature θ(T) = Td(T) is obtained by solving, cf. 
Ref. [9], 

3
4

TS(T)
U(T)

= Δ(d), Δ(d) := 1 −
2 log(1 − e− d) + d

8D(d) + d
, (4.3)  

for d(T). The Debye function D(d) is defined in (2.8). Δ(d) is an invertible 
function, monotonously decreasing from infinity at d = 0 to zero at d =

∞. The Debye temperature is thus unambiguously determined by the 
inverse of Δ(d), 

θ(T) = TΔ− 1
(

3
4

TS(T)
U(T)

)

. (4.4) 
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The spectral cutoff Λ(T) = n1/3
at h(T) is obtained by solving (4.1) for h(T), 

h(T) =

(
1
3
(2π)3

4π
1

na/mRT
U(T)

D(d) + d/8

)1/3

, (4.5)  

with U(T) and d = θ(T)/T in (4.4) substituted. 
The cumulant κ̂T = 3〈u2

n(0)〉
2
T − 〈u4

n(0)〉T in (3.10) can be assembled 
as, cf. (3.11) and (3.12), 

κ̂T =

(
3

meff

ℏ2T
kBθ2

)2(

D2
1(d) +

1
2

dD1(d) +
d2

8

)

, (4.6)  

where D1(d) is a Debye function defined in (2.17). The mean-squared 
vibrations 〈u2

n(0)〉T in (2.19) and the cumulant (4.6) define the Debye- 
Waller B-factors (3.14), that is B(T)= 8π2〈u2

n(0)〉T and B2(T) =

2π2 κ̂T/3. Asymptotic limits d = θ(T)/T→0,∞ of the functions derived in 
this section are listed in Appendix B. 

4.2. High-temperature asymptotics of the spectral cutoff, Debye 
temperature and B-factors 

In the high-temperature regime, the molar lattice heat capacity ap
proaches the classical limit CV(T →∞) ∼ cV∞, cV∞ := 3na/mR, where na/m 

denotes the number of atoms per molecule or formula unit and R the gas 
constant. Since U(T) =

∫ T
0 CVdT + U0 and S(T) =

∫ T
0 CV/TdT, the 

asymptotic limits of the internal energy and entropy are 
U(T →∞) ∼ cV∞T and S(T →∞) ∼ cV∞ log T+ sV∞, with constant sV∞. 
Thus, 

3
4

TS(T)
U(T)

∼
3
4

(

log T +
sV∞

cV∞

)

, (4.7)  

where we can replace the left-hand side by the limit Δ(d →0) in (B.3). 
Solving this equation for d = θ(T)/T, we find the constant asymptotic 
limit of the Debye temperature, θT→∞ ∼ exp(4 /3 − sV∞ /cV∞). The 
asymptotic limit of the spectral cutoff Λ(T) = n1/3

at h(T) is obtained by 
substituting U ∼ cV∞T for Ud→0 in (B.1) and solving for h, which gives 
hT→∞ ∼ (6π2)

1/3. 
Substitution of the limit θT→∞ into the mean-squared vibration 

〈u2
n(0)〉T,d→0 in (B.4) and the cumulant κ̂T,d→0 in (B.5) gives 

〈u2
n(0)〉T→∞ ∼

3
meff(T)

ℏ2T
kB

exp
(

−
8
3
+ 2

sV∞

cV∞

)

, κ̂T→∞ ∼ 〈u2
n(0)〉

2

T→∞,

(4.8)  

which defines the high-temperature limit of the B-factors, cf. after (4.6). 

4.3. Low-temperature limits and zero-point internal energy 

Reasoning analogous to Section 4.2 applies in the low-temperature 
regime. The lattice heat capacity scales as CV(T →0) ∼ cV0T3, with 
constant amplitude cV0, so that the internal energy converges to its zero- 
point limit, U(T →0) ∼ U0, and the entropy scales as S(T →0) ∼ cV0T3/

3, cf. after (4.2). Hence, 

3
4

TS(T)
U(T)

∼
1
4

cV0T4

U0
, (4.9)  

where we substitute Δ(d →∞), cf. (B.3), on the left-hand side. Solving 
this equation for d = θ(T)/T, gives 

θT→0 ∼

(
32π4

15
U0

c0V

)1/4

(4.10)  

as finite low-temperature limit of the Debye temperature. The low- 
temperature limit of the cutoff factor hT→0 is also finite, obtained by 

substituting U ∼ U0 for Ud→∞ in (B.1) and solving for h, 

hT→0 ∼

(
(2π)3

4π
8
3

U0

na/mR
1

θT→0

)1/3

=

(
5

2π2
c0V

na/mR

)1/3

θT→0, (4.11)  

with θT→0 in (4.10). The zero-temperature limits of the B-factors (see 
after (4.6)) are determined by the averages 

〈u2
n(0)〉T=0 =

3
meff(0)

ℏ2

kB

1
4

(
15

32π4

cV0

U0

)1/4

, (4.12)  

κ̂T=0 =

(
3

meff
(
0
)

ℏ2

kB

)21
8

(
15

32π4
cV0

U0

)1/2

, (4.13)  

derived from the mean-squared amplitude 〈u2
n(0)〉T,d→∞ in (B.4), the 

cumulant κ̂T,d→∞ in (B.5) and θT→0 in (4.10). The effective oscillator 
mass of monatomic crystals at zero temperature is identified with the 
atomic mass, meff(0) = m. Solving Eq. (4.12) for U0 gives 

U0 =

(
3
m

ℏ2

kB

1
4

)4 15
32π4

cV0

〈u2
n(0)〉

4
T=0

, (4.14)  

so that the zero-point internal energy of the lattice vibrations can be 
inferred from a measurement of the Debye-Waller factor 
B(0)= 8π2〈u2

n(0)〉T=0 at a temperature close to zero, since the mean- 
squared vibration 〈u2

n(0)〉T is nearly constant at low temperature, cf. 
Section 5. The constant cV0 in (4.14) is the empirical amplitude of the 
cubic low-temperature scaling of the lattice heat capacity, see the 
beginning of this section. We may write (4.14) as 

U0
[
J/mol

]
= 8.4309× 103 cV0

[
J/
(
K4 mol

)]

(
m
[
u
]〈

u2
n(0)〉T=0[Å

2])
4, (4.15)  

where we used ℏ2/(ukB) = 48.509 Å2K. 

5. Effective correlation functions of lattice vibrations in copper 

We start with a least-squares fit to the data set [33] of the lattice heat 
capacity of copper, depicted in the double-logarithmic plot in Fig. 1, by 
employing a multiply broken power law [34–36] for the molar heat 
capacity, 

CV(T)= b0T3
(

1 + (T/b1)
β1/η1

)η1 1
(

1 + (T/b2)
β2/η2

)η2
. (5.1)  

The amplitudes b1 < b2 and exponents β1, η1 and β2, η2 are positive, and 
β2 = 3+ β1, b0 = 3Rbβ1

1 /bβ2
2 , so that the classical limit CV(T →∞) ∼ 3R is 

recovered. The low-temperature limit is CV(T →0) ∼ b0T3, and the units 
used are CV [J /(K mol)], b0[J/(K4 mol)] and b1[K], b2[K]. 

The parameters b0, b1, b2, η1, η2 and β1, β2 are recorded in Table 1. 
The independent parameters varied in the χ2 fit are b1, β1, η1, η2. The 
amplitude b0[J/(K4 mol)] = 4.7369 × 10− 5 is taken as experimental 
input (so that cV0 = b0 and na/m = 1 in Section 4.3) and β2 = 3+ β1, 

b2 = (3Rbβ1
1 /b0)

1/β2 . Multiply broken power laws composed of factors 
(1 + (T/bi)

βi/|ηi |)
ηi are quite efficient to fit data sets extending over 

several logarithmic decades. In (5.1), there are three successive power 
laws, ∝T3, T3+β1 , 1, in the intervals T < b1, b1 < T < b2 and b2 < T, 
respectively. The exponents ηi determine the curvature in the transi
tional regions around the break points bi between the straight power-law 
slopes in log-log plots. 

In Fig. 1, we have also indicated the Debye approximation, 

CD(T) = 9na/mR
[

4D(θD/T) −
θD/T

eθD/T − 1

]

, θD =

(
12
5

π4na/mR
b0

)1/3

, (5.2) 
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with Debye function D(d) in (2.8) and na/m = 1 (number of atoms per 
formula unit) for monatomic crystals. The constant Debye temperature 
of copper is θD = 344.92 K, and the constant spectral cutoff hD =

(6π2)
1/3 is required to recover the classical high-temperature limit, cf. 

Section 4.2. In contrast to the Debye approximation (5.2), the empirical 
lattice heat capacity of copper in log-log representation has an inflection 
point in the crossover region between the low- and high-temperature 
regimes, see Fig. 1; the tangent of the regressed heat capacity CV(T) at 
the inflection point is shown as black dotted straight line. The zero-point 
internal energy of the Debye approximation is U0,D = 9na/mRθD/ 8, cf. 

(B.1), with gas constant R = 8.314 J/(K mol), so that U0,D =

3226 J/mol for copper. 
In the previous sections, we explained how to model empirical de

viations from the Debye heat capacity (5.2) by a temperature-dependent 
Debye temperature θ(T) and spectral cutoff h(T). In this case, the zero- 
point internal energy U0 is not any more determined by the Debye 
temperature but is an integration constant (see after (4.2)) to be 
extracted from the zero-temperature limit of the experimental Debye- 
Waller B(T)-factor. The empirical temperature evolution of the mean- 
squared atomic vibration 〈u2

n(0)〉T of copper (which gives the B-factor 
8π2〈u2

n(0)〉T, cf. after (4.6)) was obtained in Ref. [37] by least-squares 

Fig. 1. Lattice heat capacity of copper. Data points (circles) from Ref. [33]. The least-squares χ2 fit (solid red curve) is performed with the multiply broken power-law 
density CV(T) in (5.1), the fitting parameters are recorded in Table 1. The classical 3R limit is indicated by the horizontal black dotted line. The blue dashed curve is 
the Debye approximation (5.2) with constant Debye temperature θD = 344.9 K. The black dotted straight line depicts the tangent ∝Tκ at the inflection point of this 
log-log plot (black diamond, T = 18.93 K, CV = 0.377 J/(mol K)) with slope κ = 3.295. Residuals of the χ2 fit are depicted in the lower panel. 

Table 1 
Fitting parameters of the lattice heat capacity CV(T) of copper. The recorded amplitudes bi and exponents βi, ηi define the multiply broken power-law density (5.1) used 
for the χ2 fit depicted in Fig. 1. χ2 =

∑N
i=1(CV(Ti) − CVi)

2
/C2

Vi denotes the minimum of the least-squares functional. The data points used are recommended values from 
Ref. [33]; no error bounds are given in this reference, but the data are corrected for thermal expansion. The degrees of freedom (dof: number N of data points (Ti,CVi)

minus number of independent fitting parameters), the standard error of the fit, SE = (
∑N

i=1(CV(Ti) − CVi)
2
/N)

1/2
, and the determination coefficient R2 = 1 −

∑N
i=1(CV(Ti) − CVi)

2
/(Nσ2), with sample variance σ2 =

∑N
i=1(CVi − CV)

2
/N and mean CV =

∑N
i=1CVi/N, are also listed.  

b0[J/(K4 mol)] b1 [K] b2[K] β1  β2  η1  η2  χ2  dof SE 1 − R2  

4.7369× 10− 5  19.248 40.205 2.8404 3+ β1  1.1640 3.0031 2.17× 10− 3  53 − 4  8.08× 10− 2  6.53× 10− 5   
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regression from Mössbauer γ-ray diffraction data, based on the fit 
function 

〈u2
n(0)〉T =

3
m

ℏ2T
kBθ2

X

(

D1(dX) +
dX

4

)

+ m2T2 + m3T3, (5.3)  

with dX = θX/T, atomic mass m, and Debye function D1(d) in (2.17). The 
constant X-ray Debye temperature θX ≈ (340 ± 12) K (in this case 
obtained by using a Mössbauer 46 keV γ-ray source) and the constants 
m2 ≈ (6.3±1.3) × 10− 9Å2

/K2 and m3 ≈ 0 were inferred from the data 
fit in Ref. [37]. Similar values were obtained in Ref. [38], also by 
Mössbauer spectroscopy. The data sets used to infer (5.3) were corrected 
for thermal expansion [39–41], so that 〈u2

n(0)〉T represents the 
temperature evolution at constant volume, assumed throughout this 
paper. The zero-temperature limit of (5.3) is 〈u2

n(0)〉T=0 = 3ℏ2/

(4mkBθX), cf. (B.4), which can be written as 〈u2
n(0)〉T=0[Å

2
] = 36.382/

(m[u]θX[K]), using ℏ2/(ukB) = 48.509 Å2K. For copper, m[u] = 63.546, 

so that 〈u2
n(0)〉T=0 = 1.6839 × 10− 3Å2. The zero-point energy U0 is 

calculated by substituting this 〈u2
n(0)〉T=0 into (4.15). Also needed in 

(4.15) is the amplitude cV0[J/(K4 mol)] of the cubic low-temperature 
scaling of the heat capacity, which can be identified with b0 in Table 1 
according to (5.1). We find U0 = 3046 J/mol, somewhat lower than the 
zero-point energy of the Debye model, cf. after (5.2). 

The temperature dependence of the Debye temperature θ(T), cf. 
Fig. 2, and the spectral cutoff Λ(T) = n1/3

at h(T), cf. Fig. 3, can be calcu
lated by way of (4.4) and (4.5), with the internal energy U(T) =

∫ T
0 

CVdT + U0 and entropy S(T) =
∫ T

0 CV/TdT as empirical input functions, 
using the regressed heat capacity CV(T) in (5.1) and the zero-point en
ergy U0 as specified above. The effective phonon speed defining the 
dispersion relation is ceff(T) = kBθ(T)/(ℏn1/3

at h(T)), cf. after (4.2); for 
copper, ceff(T)[cm /s] = 2979 θ(T)[K]/h(T), see Fig. 4, calculated with 

the atomic density nat[1 /Å3
] = 0.0849, based on a molar mass of 

63.546 g/mol and a mass density of 8.96 g/cm3. 
Once the varying Debye temperature θ(T) and spectral cutoff h(T)

are known, the effective oscillator mass meff(T) is obtained by 
substituting the regressed function (5.3) (representing the experimental 
mean-squared vibration 〈u2

n(0)〉T) into (2.19) and solving this equation 
for meff(T), 

meff(T)[u] =
145.53

〈u2
n(0)〉T [Å

2]

T[K]

θ2(T)[K]

(

D1(d(T) ) +
d(T)

4

)

, (5.4)  

where d(T) = θ(T)/T and, cf. (5.3), 

〈u2
n(0)〉T

[
Å2] =

145.53
m[u]

T[K]

θ2
X[K]

(

D1(dX) +
dX

4

)

+ m2T2 + m3T3. (5.5)  

The fitting parameters θX, m2, m3 in (5.5) are stated after (5.3), dX =

θX/T, and m = 63.546 u is the atomic mass of copper. The numerical 
factor in (5.4) and (5.5) stems from 3ℏ2/(ukB) = 145.53 Å2K. At zero 
temperature, the effective oscillator mass meff(T), plotted in Fig. 5, co
incides with the atomic mass, meff(0) = m, and θ(0) = θX, cf. (4.10) and 
after (5.3). 

The Debye-Waller factor B(T), cf. (2.19) and after (4.6), 

B(T)
[
Å2]

= 8π2 145.53
meff(T)[u]

T[K]

θ2(T)[K]

(

D1(d(T) ) +
d(T)

4

)

, (5.6)  

coincides with the regressed experimental B-factor 8π2〈u2
n(0)〉T in (5.5) 

and is plotted in Fig. 6, together with the B-factor BD(T) of the Debye 
model. BD(T) is defined by the mean-squared vibration 〈u2

n(0)〉T as stated 
in (5.5), but with m2 = m3 = 0 and θX replaced by θD. (The constant 
caloric Debye temperature θD obtained from a least-squares fit based on 
CD(T) in (5.2) usually deviates from the Debye temperature θX obtained 

Fig. 2. Varying Debye temperature of copper. The temperature dependence of the Debye temperature θ(T) (red solid curve) is calculated from the temperature 
variation of the internal energy and entropy, cf. (4.4) and after (5.3). θ(T) approaches constant limit values at low and high temperature, cf. Sections 4.2 and 4.3; the 
constant high-temperature limit is not attained within the solid phase. (In the figures, the temperature range is cut off at the melting point of copper, at 1357.8 K.) 
The black dashed straight line indicates the constant Debye temperature θ = 344.9 K, used in the Debye approximation (5.2) of the heat capacity depicted in Fig. 1. 
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from the fit (5.3) of the mean-squared atomic displacement measured by 
diffraction.) One can also recover BD(T) from B(T) in (5.6), by putting 
meff(T) = m (atomic mass) and θ(T) = θD, d(T) = θD/ T. At zero tem
perature, BD(0)/B(0) = θX/θD, since D1(d →∞) ∼ π2/(6d). At high 
temperature, BD(T)∝T, since D1(d →0) ∼ 1, see Fig. 6. 

The Debye-Waller intensity factor e− 2M, where M = (Q2 /(4π)2
)(B +

B2Q2 + ⋯), cf. (3.13), also depends on the second-order coefficient 
B2 = 2π2 κ̂T/3, defined by the cumulant κ̂T = 3〈u2

n(0)〉
2
T − 〈u4

n(0)〉T, cf. 
after (4.6). The temperature variation of this factor reads, cf. (4.6), 

B2(T)
[
Å4] =

2π2

3

(
145.53
meff(T)

T
θ2(T)

)2(

D2
1(d) +

1
2

dD1(d) +
d2

8

)

, (5.7)  

where meff(T)[u] is in atomic mass units, and T[K], θ(T)[K] and d(T) =

θ(T)/T. The Debye approximation B2,D(T) of B2(T) is found by replacing 
meff(T) in (5.7) by the atomic mass m[u] = 63.546 of copper and θ(T) by 
the constant Debye temperature θD = 344.92 K, cf. after (5.2). At high 
temperature, B2,D(T)∝T2, and B2,D(0)/B2(0) = θ2

X/θ2
D at zero tempera

ture, see after (B.5) and (5.6) and Fig. 6. 
The two-point correlation function of lattice vibrations, C(2)(r, T) =

〈Â(r)〉T + 〈B̂(r)〉T/2, cf. (3.6), and the reduced four-point correlation 
C(4)(r, T) = 〈Â(r)〉2

T + 〈B̂(r)〉T〈Â(r)〉T, cf. (3.3), are assembled with the 
averages calculated in (3.11) and (3.12), 

〈Â(r)〉T =
145.53
meff(T)

T2

θ3(T)

∫θ/T

0

sin(zTΛr/θ)
zTΛr/θ

zdz
ez − 1

, (5.8)  

〈B̂(r)〉T =
145.53
meff(T)

1
θ(T)

1
(Λr)2 (1 − cos(Λr) ). (5.9)  

The units used here are stated after (5.7) and 〈Â(r)〉T[Å
2
], 〈B̂(r)〉T[Å

2
], 

Λ(T)[1 /Å], r[Å], and Λ(T) = n1/3
at h(T), where nat[1 /Å3

] is the atomic 
density and h(T) is dimensionless, cf. after (5.3). For copper, n1/3

at =

0.43953/Å. The asymptotic limit of 〈Â(r)〉T for large Λr is stated in 

(A.11), where we substitute 3ℏ2/(ukB) = 145.53 Å2K and use the units 
enumerated above. C(2)(r,T) measures the correlation of atomic dis
placements as a function of distance and temperature, cf. (2.20), and 
C(4)(r,T) correlates fluctuations around the mean-squared displacement, 
cf. (3.2). In Fig. 7, these correlations are plotted for copper, at selected 
temperatures representing the high, intermediate and low temperature 
regimes. Asymptotically, 〈Â(r)〉T ∝1/r and 〈B̂(r)〉T = O(1 /r2). In the 
opposite short-distance regime Λr << 1, 〈Â(r)〉T and 〈B̂(r)〉T are nearly 
constant and converge to the limits 〈Â(0)〉T and 〈B̂(0)〉T stated in (3.11) 
and (3.12). At high temperature, 〈Â(r)〉T overpowers the oscillatory 
〈B̂(r)〉T also in the short-distance and crossover regimes, so that the 
correlations C(2)(r,T) and C(4)(r, T) are non-oscillatory like 〈Â(r)〉T. At 
low temperature, 〈B̂(r)〉T dominates 〈Â(r)〉T at small distances, which 
causes the oscillations of the correlation functions in the crossover re
gion depicted in Fig. 7, since 〈B̂(r)〉T is oscillatory in the crossover and 
long-range regimes. 

6. Heat capacity and Debye-Waller factors of anisotropic 
compounds 

The purpose of this section is to explain how the phenomenological 
field theory developed in this paper for cubic elemental crystals can be 
extended to cover the (anisotropic) compounds mentioned in the 

Fig. 3. Spectral cutoff of the thermodynamic variables of copper. The cutoff factor Λ(T) = n1/3
at h(T) in the spectral representation of the thermodynamic functions in 

(2.7)–(2.11) depends on the atomic density of copper, nat = 0.0849/Å3, cf. after (5.3), and a dimensionless cutoff factor h(T) (red solid curve), cf. the beginning of 
Section 4.1. h(T) is calculated from the internal energy U(T) and the Debye temperature θ(T) via (4.5), see also Section 5. The low- and high-temperature limits of 
h(T) are constant, cf. Sections 4.2 and 4.3. At high temperature, h(T) converges to the constant cutoff factor of the Debye approximation, hD = (6π2)

1/3 (black dashed 
line), cf. after (5.2). In the low-temperature regime, h(T) depends on the zero-point internal energy U0, cf. (4.11), inferred from the experimental Debye-Waller B- 
factor, cf. Section 5. 
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Fig. 4. Effective phonon speed of copper. ceff(T) (red solid curve) is calculated from the Debye temperature θ(T) in Fig. 2 and the spectral cutoff h(T) in Fig. 3, cf. 
after (5.3), and converges to finite limit values at low and high temperature (since θ(T) and h(T) admit finite limits). At low temperature, ceff(T) approaches the 
constant averaged phonon speed of the Debye approximation (depicted as black dashed straight line). The constant high-temperature limit of ceff(T) is not attained 
below the melting point. 

Fig. 5. Effective oscillator mass of copper. Depicted is meff(T) in (5.4) (solid red curve), extracted from the measured temperature variation of the Debye-Waller B- 
factor and Debye temperature θ(T), cf. Section 5 and the caption of Fig. 6. The horizontal dashed line indicates the atomic mass of copper, which is the low- 
temperature limit of meff(T). The temperature range is cut off at the melting point. 
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Introduction. 

6.1. Empirical modeling of the thermodynamic variables of anisotropic 
compounds 

Lattice vibrations of compounds are described by a multiplet of real 
massless scalar fields uj(x, t), coupled to permeability tensors gαβ

j with 

components g00
j = − μ1/2

j εj, gab
j = δab/μ1/2

j and ga0
j = g0a

j = 0, where 
εj(T) and μj(T) are positive permeabilities depending on temperature, cf. 
Section 2.1 and the beginning of Section 3. The field components and 
permeability tensors are indexed by the multi-index j = (n, Ξ). The 
index Ξ = 1, ...,N labels the atomic species in the formula unit. Each 
atom of species Ξ is represented by three one-dimensional harmonic 
oscillators vibrating parallel to the coordinate axes labeled n = 1,2, 3 
(normal vibrations). The field component uj=(n,Ξ)(x, t) is generated by the 
normal vibrations of atomic species Ξ parallel to the coordinate axis 
labeled n. The coordinate system can be arbitrarily chosen; for instance, 
in the case of hexagonal lattice symmetry, one will conveniently choose 
the hexagonal axis and two perpendicular axes in the basal plane. 
Instead of a vector field coupled to an anisotropic permeability tensor, 
we use, for each atomic species, a scalar triplet whose components are 
coupled to different isotropic permeability tensors, cf. the beginning of 
Section 3. 

The Lagrangian of the field multiplet reads L = −
∑

jg
αβ
j ∂αuj∂βuj/2, 

leading to the wave equations (Δ − μjεj∂2
t )uj = 0 for the field compo

nents. The energy density is ρ(x, t) =
∑

j(μ
1/2
j εj(∂tuj)

2
/2 +

(∇uj)
2
/(2μ1/2

j )), cf. (2.1). The wave equations are solved by the Fourier 
modes uj(x, t) = ϕj,kei(kx− ωj,kt) with temperature-dependent dispersion 

relation ωj,k = ceff,j(T)k, where ceff,j = 1/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
εj(T)μj(T)

√
is the effective 

phonon speed of the field component j = (n,Ξ). The Fourier decompo
sition of uj(x, t) reads as in (3.1), with index n replaced by the multi- 
index j = (n,Ξ) and the frequencies ωk by ωj,k. By performing the 
quantization outlined in Section 2.1 and after (3.1), replacing the 
Fourier amplitudes in (3.1) by annihilation/creation operators, 

ϕj,k→aj,k/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ1/2
j εjωj,k

√

, ϕ*
j,k→a†

j,k/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ1/2
j εjωj,k

√

, we find the energy density 

ρ
(
x)= (2L3)

− 1∑

j,k
ωj,k(a†

j,kaj,k +aj,ka†

j,k) and effective Hamiltonian 

Heff(T) =
∫

L3 ρ(x)dx =
∑

j,kωj,k(T)(Nj,k + 1 /2), where the Nj,k = a†

j,kaj,k 

are particle number operators indexed by j = (n,Ξ). 
The statistical operator is ρ̂ = exp( − Heff(T) /T), and the partition 

function, internal energy and entropy are defined and calculated as 
stated in Section 2.1. In particular, the total internal energy of lattice 
vibrations reads U = 〈Heff〉 =

∑
j〈Heff,j〉, 

〈Heff,j〉 = 4πV
(2π)3

∫Λj(T)

0

ωj,k(T)
(

1

eωj,k(T)/T − 1
+

1
2

)

k2dk, (6.1)  

where Uj = 〈Heff,j〉 are the partial energies of the atomic oscillators 
represented by the field component uj(x, t), j = (n, Ξ). The Λj(T) are 
temperature-dependent spectral cutoffs, which can differ for different 
field components uj(x, t) (in contrast to monatomic cubic crystals, cf. 
(2.7)), and the same holds true for the dispersion relations ωj,k =

ceff,j(T)k (to be substituted into (6.1)) and the effective phonon speeds 

ceff,j = 1/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
εj(T)μj(T)

√
. The averaged effective Hamiltonian of a given 

atomic species (labeled Ξ in the multi-index j = (n, Ξ)) is 〈Heff,Ξ〉 =

Fig. 6. Debye-Waller B-factors of copper. The red solid curve depicts B(T) in (5.6), the dotted red curves indicate the experimental 1σ error band (obtained from the 
error estimates of the fitting parameters in Ref. [37]), and the blue solid curve shows the second-order Debye-Waller factor B2(T) in (5.7). The Debye approximations 
of B(T) and B2(T) are indicated as black dashed curves, increasing linearly/quadratically at high T, cf. after (5.6) and (5.7). These approximations underestimate the 
B-factors at high temperature, and they also slightly deviate from B(T) and B2(T) at low temperature. The effective oscillator mass meff(T) depicted in Fig. 5 is 
obtained by equating B(T) in (5.6) to the experimental B-factor 8π2〈u2

n(0)〉T in (5.5), where 〈u2
n(0)〉T is a least-squares fit to the mean-squared atomic displacement 

measured by (Mössbauer) γ-ray diffraction in Ref. [37]. The zero-point internal energy U0 is obtained from the zero-temperature limit of B(T), cf. (4.14) and 
after (5.3). 
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∑3
n=1〈Heff,j=(n,Ξ)〉. For each atomic species Ξ, anisotropy is modeled by 

three scalar fields uj(x, t), j = (n,Ξ), n = 1, 2, 3, which are defined by 
permeability tensors gαβ

j introduced above. 
The partial internal energy density ûj = 〈Heff,j〉/V of a field compo

nent uj(x, t) can be written as 

ûj =
4π

(2π)3Λ3
j T
(

D
(
dj
)
+

1
8
dj

)

, (6.2)  

with dj(T) = θj(T)/T and Debye temperature θj(T) = ceff,j(T)Λj(T), and 
D(d) is the Debye function stated in (2.8). The total internal energy 
density is û =

∑
j ûj. The oscillator density is noscil =

∑
jnoscil,j, where 

noscil,j = (4π /(2π)3
)Λ3

j /3 denotes the partial oscillator density gener
ating the field component uj(x, t) according to (6.1). 

The entropy S =
∑

j〈Sj〉 is calculated as in (2.10) and (2.11), where 
the entropy 〈Sj〉 of vibrations represented by field component uj(x, t)
reads 〈Sj〉 = Vŝj, with partial entropy density 

ŝj =
4π

(2π)3Λ3
j

(
4
3

D
(
dj
)
−

1
3

log
(
1 − e− dj

)
)

, (6.3)  

so that ̂s =
∑

j ŝj is the total entropy density of the lattice vibrations. The 
basic difference to the thermodynamic functions calculated in Section 
(2.1) is that both the Debye temperatures θj(T) and the spectral cutoffs 
Λj(T) depend on the multi-index j = (n,Ξ) labeling the field components 
uj(x, t). 

The mean-squared vibrational amplitudes are calculated as in (2.15) 
and (2.17), 

〈u2
j (T)〉 =

4π
(2π)3

Λ3
j T
θ2

j

1
μ1/2

j εj

(

D1
(
dj
)
+

1
4

dj

)

, (6.4)  

where Λj(T) is the spectral cutoff of the respective field component, 
θj(T) = ceff,j(T)Λj(T) is the Debye temperature, dj(T) = θj(T)/T a 
shortcut, and D1(d) denotes the Debye function in (2.17). 

We introduce a temperature-dependent effective oscillator mass 
meff,j(T) for each field component and identify the product of the per

meabilities in (6.4) as μ1/2
j εj = meff,jnoscil,j (cf. (2.18)), where 

noscil,j = (4π /(2π)3
)Λ3

j /3 is the oscillator density generating the field 
component uj(x, t), j = (n, Ξ), cf. after (6.2). At zero temperature, 
meff,j(T) coincides with the atomic mass mj of the respective atomic 
species (labeled Ξ in the multi-index j = (n, Ξ)). In this way, we can 
identify the expectation value of the squared field component 〈u2

j (T)〉 in 
(6.4) with the mean-squared vibrational amplitude of normal oscillators 
belonging to atomic species Ξ and vibrating parallel to the coordinate 
axis n, cf. (2.19), 

〈u2
j (T)〉 =

3
meff,j(T)

ℏ2T
kBθ2

j (T)

(

D1
(
dj(T)

)
+

1
4
dj(T)

)

. (6.5)  

The corresponding Debye-Waller B-factors are Bj = 8π2〈u2
j (T)〉. 

The 〈u2
j (T)〉 can be found by measuring vibrations 〈u2

k,Ξ〉 of each atomic 
species Ξ in the formula unit along three independent (but not 
necessarily mutually orthogonal) diffraction unit vectors qk orthogonal 
to Bragg planes. The coordinate vectors 〈u2

k,Ξ〉qk define three points on 
an ellipsoid whose principal axes can be identified with the amplitudes 
〈u2

j (T)〉 of normal vibrations parallel to the coordinate axes. 
The 〈u2

j (T)〉 in (6.5) can thus be obtained from the measured 〈u2
k,Ξ〉 by 

solving a linear system; the latter can be avoided if the diffraction unit 
vectors qk are parallel to the coordinate axes. In the case of cubic lattice 
symmetry, the ellipsoid degenerates into a sphere. 

Fig. 7. Effective real-space correlations of lattice vibrations in copper. The two-point correlation C(2)(r,T)= 〈un(x)un(y)〉T (dotted curves) of the vibrational am
plitudes, cf. (2.20) and (3.6), and the reduced four-point function C(4)(r,T)= 〈(u2

n(x) − 〈u2
n(0)〉T)(u2

n(y) − 〈u2
n(0)〉T)〉T (solid curves) correlating fluctuations around the 

mean-squared atomic displacement 〈u2
n(0)〉T , cf. (3.2) and (3.3), are assembled with the averages in (5.8) and (5.9). Both correlations are long-range, C(2)(r,T) =

O(1 /r) and C(4)(r, T) = O(1 /r2), and become oscillatory at low temperature, cf. the end of Section 5. At short distance, the correlations are nearly constant and 
related to the Debye-Waller factors B(T) and B2(T) in Fig. 6 by B(T) = 8π2C(2)(0,T) and B2(T) = 2π2[2C(2)2(0,T) − C(4)(0,T)]/3. 
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We write the spectral cutoffs of the lattice internal energy (6.2) and 
entropy (6.3) as Λj(T) = n1/3

at hj(T), where nat is the atomic density 
(atoms per unit volume) of the crystal and hj(T) are dimensionless scale 
factors, and convert to molar quantities. Multi-index notation j = (n,Ξ)
will be used, where Ξ = 1, ...,N labels the atomic species of the com
pound and n = 1,2, 3 the corresponding normal vibrations. For 
monatomic crystals, the index Ξ can be dropped. The molar internal 
energy and entropy read U =

∑
jUj and S =

∑
jSj, 

Uj(T) =
4π

(2π)3na/mRh3
j T
(

D
(
dj
)
+

dj

8

)

,

Sj(T) =
4π

(2π)3na/mRh3
j

[
4
3

D
(
dj
)
−

1
3

log
(
1 − e− dj

)
]

,

(6.6)  

where na/m denotes the number of atoms per molecule or formula unit, R 
is the gas constant and dj = θj(T)/T, cf. Section 4.1. Uj(T) and Sj(T) are 
the molar internal energy and entropy of phonons represented by the 
field component uj(x, t). The total internal energy and entropy are 
related to the molar lattice heat capacity CV(T) by U(T) =

∫ T
0 CV(T)dT+

U0 and S(T) =
∫ T

0 CV(T)/TdT, where the zero-point internal energy U0 is 
an integration constant, cf. after (4.2). In Section 6.2, we will calculate 
U0 from zero-temperature limits of Debye-Waller factors, and the heat 
capacity is obtained by least-squares regression as in Section 5. 

We specialize the Debye temperatures and spectral cutoffs of each 
field component uj(x, t), j = (n,Ξ), as 

θj(T) = ĉjθ(T), Λj(T) = χ1/3
j Λ(T), (6.7)  

where the ĉj are positive temperature-independent constants. This 
ansatz is sufficiently general to model the empirical heat capacity and 
the Debye-Waller factors of each atomic species of the compound. The 
multi-index j = (n,Ξ) labels the normal oscillations of the atomic species 
Ξ = 1, ...,N along the coordinate axes n = 1, 2,3, each atom being 
represented by three one-dimensional oscillators. The partial density of 
an atomic species Ξ is nat,j = χjnat, where 

∑
Ξχ(n,Ξ) = 1, with χ(n,Ξ) > 0, 

and nat is the total atomic density (atoms per unit volume) of the crystal. 
That is, nat,j, j = (n,Ξ), is the number density of atomic species Ξ. For 
instance, in the case of alumina Al2O3, we have Ξ = 1, 2 and χ(n,1) = 2/
5, χ(n,2) = 3/5. In the case of elemental crystals, Ξ = 1, χ(n,1) = 1, so 
that the index Ξ can be dropped (j = n = 1, 2,3), and all three field 
components have the same cutoff Λj = Λ(T), even in the case of aniso
tropic elemental crystals where only the Debye temperatures θj(T)
differ. 

In the spectral cutoff in (6.7), we can identify χj = χΞ , since χj is 
independent of the coordinate index n, and note 

∑
jχj = 3, j = (n,Ξ). We 

also write Λ(T) = n1/3
at h(T), with a dimensionless scale factor h(T), so 

that Λj(T) = n1/3
at hj(T) with hj(T) = χ1/3

j h(T) and define the shortcuts 
dj(T) = ĉjd(T) and d(T) = θ(T)/T. The effective phonon speed of each 
field component is defined by ceff,j(T) = θj(T)/Λj(T) and ceff(T) = θ(T)/

Λ(T), so that ceff,j(T) = ĉjχ− 1/3
j ceff(T) according to (6.7). The oscillator 

density is noscil =
∑

jnoscil,j, composed of partial densities noscil,j =

(4π /(2π)3
)χjΛ

3/3, cf. after (6.2), and the series can be summed to 

noscil = (4π /(2π)3
)Λ3, with Λ3 = nath3(T). 

By substituting the Debye temperatures θj(T) = ĉjθ(T) and spectral 
cutoffs hj(T) = χ1/3

j h(T) into the internal energy and entropy (6.6), we 
find the analog to Eq. (4.3), 

3
4

TS(T)
U(T)

= Δ(d), Δ(d) := 1 −

∑
jχj

(
2 log(1 − e− dj ) + dj

)

∑
jχj
(
8D
(
dj
)
+ dj

) , (6.8)  

with dj = ĉjd and d(T) = θ(T)/T. As in the monatomic isotropic case in 
(4.3), Δ(d) is a strictly monotonously decreasing function (from infinity 

to zero) on the positive real axis, for any choice of positive constants ĉj 

and χj, and is, therefore, invertible. It will also be necessary to explicitly 
invert Δ(d) in order to calculate d(T) = θ(T)/T by solving (6.8), θ(T) =

TΔ− 1((3 /4)TS(T) /U(T)). In Section 6.2, it will be demonstrated that the 
constants ĉj on which the dj = ĉjd in (6.8) depend can be obtained from 
zero-temperature limits of measured Debye-Waller factors, so that the 
numerical inversion of Δ(d) needs to be done only once, with a pre
determined set of parameters ĉj and χj. The constants χj are already 
determined by the atomic composition of the compound, cf. after (6.7). 

The cutoff factor Λ(T) = n1/3
at h(T) in (6.7) is found by solving U =

∑
jUj in (6.6) (with hj(T) = χ1/3

j h(T) and dj(T) = ĉjθ(T)/T substituted, cf. 
after (6.7)) for h(T), 

h(T) =

(
(2π)3

4π
U(T)

na/mRT
∑

jχj

(
D
(
dj
)
+ dj

/
8
)

)1/3

, (6.9)  

and the spectral cutoffs of the field components are assembled as Λj(T) =

n1/3
at χ1/3

j h(T), cf. (6.7). 

6.2. Zero-point lattice energy of anisotropic compounds 

At low temperature, the lattice heat capacity scales as 
CV(T →0) ∼ cV0T3, so that the internal energy converges to its zero-point 
limit, U(T →0) ∼ U0, and the lattice entropy scales as 
S(T →0) ∼ cV0T3/3, cf. Section 4.3. Accordingly, the left-hand side of Eq. 
(6.8) reads as stated in (4.9). The asymptotic limit of the right-hand side 
Δ(d) of (6.8) reads 

Δ(d→∞) ∼
8π4

15
1
d4

∑
jχj

/
ĉ3

j
∑

jχj ĉj
, (6.10)  

where we used D(d →∞) ∼ π4/(15d3). Equating this to (4.9) according 
to (6.8) and solving for d gives the zero-temperature limit of the Debye 
temperature, 

θT=0 = Td(T→0) =

⎛

⎝32π4

15
U0

cV0

∑
jχj

/
ĉ3

j
∑

jχj ĉj

⎞

⎠

1/4

. (6.11) 

By substituting the Debye temperatures θj(T) = ĉjθ(T) and spectral 
cutoffs hj(T) = χ1/3

j h(T) defined in (6.7) into the internal energy (6.6) 
and using the shortcuts d = θ(T)/T and dj(T) = θj(T)/T, we find 

U(d→∞) ∼
4π

(2π)3na/mRh3(T)
1
8

θ(T)
∑

j
χj ĉj. (6.12)  

Equating this limit with the zero-point energy U(T →0) ∼ U0 and solving 
for the cutoff factor h(T) gives 

hT=0 =

⎛

⎝(2π)3

4π
8U0

na/mR
1

θT=0

1
∑

jχj ĉj

⎞

⎠

1/3

. (6.13) 

Analogously, substitution of (6.7) into the mean-squared displace
ment (6.5) leads to the zero-temperature (d→∞) limit of the B-factors, 

Bj,T=0 = 8π2 3
meff,j(0)

1
4

ℏ2

kB ĉjθT=0
, (6.14)  

where we used the asymptotic limit of the Debye function stated after 
(B.4). The zero-temperature limit of the effective oscillator mass is the 
atomic mass, meff,j(T = 0) = mj, of the atomic species labeled Ξ = 1, ...,
N in the multi-index j = (n, Ξ). (At finite temperature, meff,j(T) also 
depends on the coordinate index n = 1, 2,3. That is, the oscillators 
generating the normal vibrations have different effective mass, even if 
they belong to the same atomic species Ξ.) 
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Eq. (6.14) is a system of 3N equations that can be written as 

bj =
1

ĉjθT=0
, bj :=

1
6π2

kB

ℏ2Bj,T=0mj, (6.15)  

with multi-index j = (n,Ξ) mapped onto j = 1,...,3N. The solution of this 
system for θT=0 and ĉj, j = 2, ..., 3N, reads θT=0 = 1/(ĉ1b1) and ĉj =

ĉ1b1/bj. We also solve Eq. (6.11) for U0 and substitute the indicated 
solution of (6.15), to find the zero-point internal energy 

U0 =
15

32π4cV0θ4
T=0

∑
jχj ĉj

∑
jχj

/
ĉ3

j

=
15

32π4cV0

∑
jχj

/
bj

∑
jχjb3

j
, (6.16)  

where the bj are a shortcut for the rescaled zero-temperature limits of the 
B-factors in (6.15), and cV0 is the empirical amplitude of the low- 
temperature lattice heat capacity, CV ∼ cV0T3. The coefficients χj only 
depend on the formula unit of the compound, see after (6.7). 

The constant ĉ1 has dropped out in the second identity in (6.16). In 
fact, one of the temperature-independent constants ĉj introduced in 
(6.7) can be absorbed into the Debye temperature θ(T), so that we can 
put ĉ1 = 1 from the outset, without loss of generality. The constants ĉj 

defining the Debye temperatures θj = ĉjθ(T) of the respective field 
components uj(x,t), j = (n,Ξ), in (6.7) can thus be inferred from the zero- 
temperature limits Bj,T=0 of the empirical B-factors and from the mass mj 

of the atomic constituents of the compound, 

ĉj =
b1

bj
=

B1,T=0m1

Bj,T=0mj
, (6.17)  

indexed by j = 1, ...,3N, cf. after (6.15). 
In Eq. (6.16), we substitute the shortcut bj defined in (6.15), to find 

U0 =
15

32π4

(
ℏ2

kB
6π2
)4

cV0

∑
jχj

/(
Bj,T=0mj

)

∑
jχj

(
Bj,T=0mj

)3 , (6.18)  

where the summations are over the multi-index j = (n,Ξ). In this way, 
the zero-point energy U0 can be calculated from the zero-temperature 
limits of the B-factors and the amplitude cV0 of the low-temperature 
lattice heat capacity. In the case of elemental cubic crystals, Eq. (6.18) 
simplifies to (4.14). 

We can now proceed as in Section 5 for copper. First, we use a 
multiply broken power law as in (5.1) to regress the heat capacity from 
empirical data. With this analytic fit, we can obtain the thermal 
component of the internal energy U(T) =

∫ T
0 CV(T)dT + U0 and entropy 

S(T) =
∫ T

0 CV(T)/TdT, as indicated after (6.6). The amplitude cV0 of the 
low-temperature heat capacity can also be extracted from the least- 
squares fit of the heat capacity as done in Section 5.1 for copper. The 
zero-point lattice energy U0 is calculated by way of (6.18), using cV0, the 
zero-temperature limits of the empirical Debye-Waller factors Bj,T=0, the 
atomic masses mj and the factors χj which can be read off from the 
formula unit, cf. after (6.7). 

The constants ĉj defining the Debye temperatures θj(T) = ĉjθ(T) of 
the field components in (6.7) are calculated from the empirical zero- 
temperature limits Bj,T=0 and the atomic masses mj by way of (6.17). 
The constants ĉj and χj completely determine the function Δ(d) in (6.8). 
After numerical inversion of Δ(d), the Debye temperature θ(T) in (6.7) is 
found via θ(T) = TΔ− 1((3 /4)TS(T) /U(T)), see after (6.8). Subse
quently, the cutoff factors Λj(T) = χ1/3

j Λ(T) of the field components in 
(6.7) are calculated via (6.9). The Debye temperatures θj(T) and cutoff 
factors Λj(T) determine the temperature evolution of the partial internal 
energies (6.2) and entropies (6.3) of the field components. The effective 
temperature-dependent oscillator masses meff,j(T) are calculated by way 
of (6.5), where we substitute the empirical temperature evolution of the 
mean-squared vibrations 〈u2

j (T)〉 = Bj(T)/(8π2). 

7. Conclusion 

The effective field theory of phonons developed here can accurately 
model thermodynamic variables and Debye-Waller factors of lattice vi
brations and is applicable to elemental cubic crystals as well as aniso
tropic compounds. The formalism is based on a multi-component scalar 
field whose components uj(x, t) are generated by the normal vibrations 
of the atomic constituents, cf. Section 6. The internal energy and entropy 
of each field component is determined by a temperature-dependent 
spectral cutoff Λj(T) and Debye temperature θj(T). The Debye temper
atures and spectral cutoffs of different field components differ in gen
eral, the exception being monatomic cubic crystals where the field 
components admit the same spectral cutoff Λ(T) and Debye temperature 
θ(T), cf. Section 2.1 and the beginning of Section 3. 

The varying Debye temperatures and spectral cutoffs are extracted 
from the experimental lattice heat capacity and low-temperature Debye- 
Waller B-factors, as explained in Sections 4 and 6 and illustrated with the 
copper lattice in Section 5. The effective phonon speed ceff,j(T) defining 
the dispersion relation and partial oscillator density of each field 
component uj(x, t) can be determined from the Debye temperatures θj(T)
and spectral cutoffs Λj(T). The effective oscillator mass meff,j(T) of the 
normal vibrations generating the field component uj(x, t) enters as 
normalization factor in the quantized uj(x, t) and can be calculated from 
the empirical temperature evolution of the corresponding Bj(T) factor, 
cf. Sections 5 and 6.2. The oscillator mass does not affect the entropy and 
internal energy of the vibrations, as it drops out in the partition function. 

The proposed phenomenological field theory is non-perturbative, 
avoiding the use of anharmonic additions to the oscillator potential 
[42,43], and does not require band structure calculations, as it is based 
on a uniform density of states like the Debye theory. Anharmonicity is 
dealt with effectively, by coupling the field components to 
temperature-dependent permeability tensors resulting in 
temperature-dependent dispersion relations, cf. Sections 2.1 and 6.1. 

An often employed method to model the empirical lattice heat ca
pacity is to use the Debye theory with constant Debye temperature and 
spectral cutoff and add Einstein terms at measured optical frequencies. 
Once the Einstein and Debye temperatures are fixed, there is only one 
free fitting parameter left determining the overall contribution of the 
Einstein terms, so that an accurate fit of the heat capacity over the full 
temperature range of the solid phase is unlikely to be achieved in this 
way, not to mention the modeling of the empirical temperature evolu
tion of the B-factors from diffraction data, which regularly indicate 
larger B-factors at high temperatures close to the melting point than 
predicted by the Debye theory with constant Debye temperature. 

In contrast to the Debye theory, where the zero-point energy of the 
phonons is already determined by the constant Debye temperature, cf. 
Section 5, the zero-point internal energy U0 emerges as integration 
constant in the temperature-dependent spectral cutoffs Λj(T) and Debye 
temperatures θj(T), cf. Sections 4.1 and 6.1. The Debye-Waller factors 
Bj(T) also depend on U0 by way of the Debye temperatures θj(T), 
especially in the low-temperature regime, cf. Section 4.2 and 6.2. 
Therefore, the zero-point internal energy can be estimated from the 
zero-temperature limits of the measured B-factors, as done in Section 5 
for copper. 

The high- and low-temperature limits of the lattice heat capacity 
coincide with those of the standard Debye model, cf. Section 5, whereas 
the intermediate temperature range of the experimental heat capacity 
can more accurately be reproduced by the varying θj(T) and Λj(T). This 
is exemplified with copper in Fig. 1, where an inflection point arises in 
the double-logarithmic plot of the empirical lattice heat capacity, un
accounted for by the Debye theory. The empirical temperature depen
dence of the Debye-Waller B-factor of copper can also be modeled more 
accurately with a varying Debye temperature and oscillator mass, 
especially at high temperature where the observed slope of B(T) in log- 
log plots is noticeably steeper than the linear temperature scaling of the 
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Debye model, cf. Section 5 and Fig. 6. In contrast to the Debye theory, 
there is no practical need to distinguish between caloric and X-ray Debye 
temperatures, as the Debye temperatures θj(T) extracted from the 
empirical heat capacity are identical to those used in the modeling of the 
Debye-Waller B-factors. 

Effective correlation functions of lattice vibrations of elemental cubic 
crystals were calculated in Sections 2.2, 3 and 5. Since this effective field 
theory is non-perturbative, deviations from harmonicity being modeled 
by permeability tensors rather than by anharmonic interaction terms 
added to the quadratic oscillator potential, it was possible to derive 
closed integral representations of the spatial correlations, which depend 
on the empirically inferred functions θ(T), Λ(T) and meff(T). The effec
tive two-point correlation function of elemental cubic crystals was 
calculated in Section 2.2, the reduced four-point correlation of fluctu
ations around the mean-squared atomic displacement in Section 3, and 
the long-distance asymptotics of the correlations in Appendix A. The 

second-order Debye-Waller factor B2(T) emerging in the cumulant 
expansion of the Debye-Waller intensity factor exp( − 2M) was assem
bled from the short-distance limits of the two-point and four-point 
correlations, cf. Section 3 and 5, and is plotted for copper in Fig. 6. 
The correlation functions of the copper lattice are depicted in Fig. 7. The 

correlations are long-range with power-law decay above 10 Å and 

nearly constant at short distance ≤ 1 Å. At low temperature, oscillations 
emerge in the crossover region, which become attenuated in the power- 
law tails. 
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Appendix A. Derivation of the equal-time four-point correlation of lattice vibrations and its long-range asymptotics 

By making use of the commutation relation [aj,k, a†

l,k′ ] = δkk′ δjl and the Fourier decomposition of the field component un in (3.1), the squared u2
n can 

be written as 

u2
n(x) =

1
L3

∑

k∕=k′

1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ1/2εωk

√
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ1/2εωk′

√ a†

n,kan,k′ ei(k− k′
)x + u2

n(0),

u2
n(0) =

1
L3

∑

k

1
μ1/2εωk

(

Nn,k +
1
2

)

.

(A.1)  

This applies when restricted to expectation values, and the time-dependent exponentials have been dropped, as they do not affect the subsequent 
equal-time averages. We substitute this expansion into the correlation average C(4)(x, y;T) in (3.2) and use the identity, cf. Ref. [30], 
∑

m∕=n,k∕=l

a†
mana†

kal =
∑

k∕=k′
Nk(1+Nk′ ) (A.2)  

(in multi-index notation, with particle number operators Ni = a†

i ai, i = (n,k) and fixed n, cf. after (2.5)), to obtain 

C(4)( x, y;T
)
=

〈 1
L6

∑

k∕=k′

1
μ1/2εωk

1
μ1/2εωk′

Nn,k
(
1+Nn,k′

)
ei(k− k′

)(x− y)〉
T
. (A.3)  

This average can be simplified by applying the factorization identity 

〈 1
L6

∑

k,k′
ckdk′ NkNk′ 〉T

=〈 1
L3

∑

k
ckNk〉

T
〈 1

L3

∑

k′
dk′ Nk′ 〉T

, (A.4)  

valid in the thermodynamic limit [29]; the coefficients ck and dk′ in (A.4) can be arbitrarily chosen. (The restriction k ∕= k′ in summation (A.4) can also 
be lifted in the continuum limit L→∞.) In this way, we find the reduced four-point function (3.2) as C(4)(x,y;T) = 〈Â〉2

T + 〈B̂〉T〈Â〉T, where Â(x, y) and 
B̂(x, y) denote the operators 

Â =
1
L3

∑

k

eik(x− y)

μ1/2εωk
Nn,k, B̂ =

1
L3

∑

k

eik(x− y)

μ1/2εωk
, (A.5)  

which admit the finite-temperature expectation values, cf. (2.6), 

〈Â(x, y)〉
T
=

1
(2π)3

∫Λ(T)

0

eik(x− y)

μ1/2εωk

k2dkdΩk0

eωk/T − 1
, (A.6)  

〈B̂(x, y)〉
T
=

1
(2π)3

∫Λ(T)

0

eik(x− y)

μ1/2εωk
k2dkdΩk0 . (A.7) 
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Here, dΩk0 indicates integration over the solid angle, leading to the averages 〈Â(r)〉T and 〈B̂(r)〉T defining the correlation C(4)(r,T) = C(4)(x, y;T) stated 
in (3.3)-(3.5). 

We briefly discuss the long-range asymptotics of the four-point correlation C(4)(r,T) defined in (3.3) as well as the asymptotics of the expectation 
values (3.6) and (3.8), which only depend on the averages 〈Â(r)〉T and 〈B̂(r)〉T stated in (3.4) and (3.5), and 〈B̂(r)〉T is elementary. 

The long-distance asymptotics of 〈Â(r)〉T in (3.4) is obtained from the integral, cf. Ref. [32], 
∫∞

0

sin(kr)
kr

kdk

eceff k/T − 1
=

1
r

π
2

T
ceff

−
1

2r2 +
1
r

π
2

T
ceff

2

e2πrT/ceff − 1
, (A.8)  

by subtraction of the leading-order Fourier asymptotics 
∫∞

Λ

sin(kr)
kr

kdk

eceff k/T − 1
∼

cos(Λr)
r2

1

eceff Λ/T − 1
+ O

(
1
/

r3), (A.9)  

so that 

〈Â(r)〉T =
4π

(2π)3
1

μ1/2εceff

πT
2ceffr

[

1 −
ceff

πTr

(

1 +
2 cos(Λr)

eceff Λ/T − 1

)

+ O
(
1
/

r2)
]

. (A.10)  

Here, we substitute ceff = θ(T)/Λ(T), cf. after (2.8), and μ1/2ε = 4πmeff(T)Λ3(T)/
(

3(2π)3
)

, cf. (2.18), and restore the units to obtain 

〈Â(r)〉T =
3

meff

ℏ2T
kBθ2

π
2Λr

[

1 −
θ

πTΛr

(

1 +
2 cos(Λr)
eθ/T − 1

)

+ O
(
1
/

r2)
]

, (A.11)  

which is the asymptotic expansion of 〈Â(r)〉T in (3.11). This expansion is applicable as long as the temperature-dependent second-order term in the 
brackets stays much smaller than one. 

The long-range asymptotics of the two-point correlation C(2)(r, T)= 〈un(x)un(y)〉T in (3.6) is also defined by (A.11) and 〈B̂(r)〉T in (3.12), and the 
same holds true for the unreduced four-point function (3.8), with 〈Â(0)〉T and 〈B̂(0)〉T in (3.11) and (3.12). In leading order, 〈Â(r)〉T ∝1/ r (non- 
oscillatory) and 〈B̂(r)〉T = O(1 /r2). The constant leading orders of the correlations in the opposite short-distance regime are determined by the finite 
limit values 〈Â(r= 0)〉T and 〈B̂(r= 0)〉T in (3.11) and (3.12). 

Appendix B. θ(T)/T→0,∞ asymptotics of thermodynamic variables 

We use the shortcut d = θ(T)/T for the expansion parameter. In Sections 4.2 and 4.3, we need the subsequent asymptotic limits to demonstrate that 
both θ(T →0) and θ(T →∞) converge to finite limit values and to calculate these limits. The d→0,∞ limits of the molar internal energy (4.1) and 
entropy (4.2) read 

Ud→0 ∼
4π

(2π)3na/mRh3T, Ud→∞ ∼
4π

(2π)3na/mRh33θ
8
, (B.1)  

and 

Sd→∞ ∼
4π

(2π)3na/mRh34π4

15
1
d3, Sd→0 ∼

4π
(2π)3na/mRh3

(

− log d +
4
3

)

. (B.2) 

The d→0,∞ limits of the monotonously decreasing function Δ(d) in (4.3) are 

Δ(d→∞) ∼
8π4

15
1
d4, Δ(d→0) ∼ −

3
4

log d + 1. (B.3)  

Eqs. (B.1)-(B.3) can be derived from the respective limits of the Debye function in (2.8), D(d →0) ∼ 1/3 and D(d →∞) ∼ π4/(15d3). 
The d→0,∞ asymptotics of the mean-squared vibrations 〈u2

n(0)〉T in (2.19) reads 

〈u2
n(0)〉T,d→0 ∼

3
meff

ℏ2T
kBθ2, 〈u2

n(0)〉T,d→∞ ∼
3
4

1
meff

ℏ2

kBθ
, (B.4)  

where we used the limits D1(d →0) ∼ 1 and D1(d →∞) ∼ π2/(6d) of the Debye function in (2.17). The d→0,∞ limits of the cumulant 
κ̂T = 3〈u2

n(0)〉
2
T − 〈u4

n(0)〉T in (4.6) are 
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κ̂T,d→0 ∼

(
3

meff

ℏ2T
kBθ2

)2

, κ̂T,d→∞ ∼
1
8

(
3

meff

ℏ2

kBθ

)2

, (B.5) 

which are related to the respective limits of the mean-squared vibrations (B.4) by κ̂T,d→0 ∼ 〈u2
n(0)〉

2
T,d→0 and κ̂T,d→∞ ∼ 2〈u2

n(0)〉
2
T,d→∞. 
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