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A semi-empirical method to define a partition function for phonons is proposed, which is capable of accurately
reproducing thermodynamic functions, especially in the intermediate temperature range, where the Debye
theory occasionally fails to describe the emerging phonon peaks in the heat capacity. The phonon partition
function is defined with a temperature-dependent spectral cutoff A(T) and Debye temperature 6(T). The varying
6(T) can be reconstructed from heat capacity measurements by least-squares regression, and the spectral cutoff is
chosen so that the partition function defines a genuine equilibrium system consistent with the equilibrium

condition dS/0U = 1/T on the internal-energy derivative of entropy. The zero-point energy of the phonons is not
predetermined by the amplitude of the cubic low-temperature slope of the heat capacity but emerges as an
integration constant, which can be inferred from X-ray diffraction measurements of the Debye-Waller B-factor.
The formalism is put to test with the rutile polymorph of TiOs.

1. Introduction

The purpose of this paper is to find an effective partition function for
crystals that can be used to accurately reproduce measured heat capacity
data, especially the crossover from the cubic temperature dependence of the
lattice heat capacity to the high-temperature regime, which is not always
accurately reproduced by the standard Debye theory of heat capacity. One
frequently employed method to model this crossover, especially in experi-
mental papers [1-6], is to assume a temperature-dependent Debye tem-
perature 9(T) to be determined by a fit of the heat capacity to the measured
data points, after conversion from isobaric to isochoric heat capacities.
However, a phonon partition function with varying Debye temperature
does not any more define an equilibrium system. In particular, the equi-
librium condition 0S/0U = 1/T on the internal-energy derivative of en-
tropy is violated once the Debye temperature becomes temperature
dependent. Here, we show how to preserve this relation by allowing the
spectral cutoff A(T) of the partition function to also vary with temperature,
in addition to 6(T). The cutoff A(T) can be related to 6(T) so that the
equilibrium condition Sy = 1/T is satisfied. Both functions A(T) and 6(T)
can be determined from a fit of the isochoric heat capacity to the data sets.

Another distinct difference to the Debye theory with constant Debye
temperature and frequency cutoff is the zero-point energy of the pho-
nons, which is not defined by the constant Debye temperature but is a
free integration constant. This integration constant, which also affects
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A(T) and O(T), can be determined by measuring the Debye-Waller factor
B(T) via X-ray diffraction. In contrast, in the Debye theory, B(T) is
already determined by the constant Debye temperature (inferred from
the amplitude of the low-temperature T° slope) and usually differs
noticeably from the measured values.

Starting with the partition function of the standard Debye theory, we
develop the thermodynamic equilibrium formalism adapted to a varying
Debye temperature ¢(T) and spectral cutoff A(T) and put it to test by
applying it to heat capacity data sets of rutile titanium dioxide. Heat
capacity data are available for the rutile polymorph continuously from
the low-temperature regime up to the melting point, and the Debye-
Waller B(T) factor has also been measured at ambient temperature,
which suffices to determine the zero-point energy. The deviations from
the standard Debye theory (regarding heat capacity, internal energy and
entropy) in the intermediate temperature range are particularly pro-
nounced in the case of rutile. We also calculate the molar internal energy
and entropy of rutile over a wide temperature range as well as the
temperature evolution of the B(T) factor.

This method to infer the partition function and other thermodynamic
functions from heat capacity data is widely applicable as it does not
depend on microscopic structural details, nor does it require extensive
numerical calculations. Apart from TiO2 polymorphs [7,8], other
possible applications include the heat capacity of magnetocaloric ma-
terials [9], chalcogenides [10,11], intermetallic compounds [12,13],
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Heusler alloys [14], ceramics [15], and heavy-fermion systems [16,17].
Other attempts to find phenomenological caloric equations of state
(EoSs) that can accurately reproduce experimental data, for instance, by
adding Einstein oscillators to the Debye theory at optical frequencies or
by assuming anharmonic perturbations of the oscillator potential, are
discussed in Ref. [18-20] and references therein.

This paper is organized as follows. In Section 2, we introduce the
varying Debye temperature 6(T) and spectral cutoff A(T) in the partition
function of the Debye theory in a way consistent with the mentioned
equilibrium condition 0S/0U =1/T and derive explicit analytic ex-
pressions for the internal energy, isochoric specific heat and entropy as
functionals of the temperature-dependent spectral cutoff and Debye
temperature.

In Section 3, we explain how to extract the temperature variation of
the spectral cutoff A(T) and Debye temperature 6(T) from heat capacity
measurements. Both the internal energy U(T) and entropy S(T) are ob-
tained from an analytic least-squares fit of the isochoric heat capacity
and subsequent temperature integrations. These two variables U(T),
S(T) depend on the Debye temperature and the spectral cutoff and thus
define a system of two nonlinear equations for §(T) and A(T). This sys-
tem always admits a unique solution and we show how to calculate it in
practice. Asymptotic expressions for the low- and high-temperature
limits of the Debye temperature and the spectral cutoff are obtained as
well in this section, and we also compare with the Debye theory (which
assumes a constant spectral cutoff and Debye temperature), especially
with regard to the zero-point energy of the phonons.

In Section 4, a specific example is studied, the heat capacity, internal
energy and entropy of rutile TiO,. For this compound, several heat ca-
pacity measurements are available in the low- and high-temperature
regimes as well as in the crossover region. A least-squares fit to the
lattice heat capacity data of rutile is performed, using a multiply broken
power-law density as fit function. By making use of the analytic
expression for the isochoric heat capacity Cy(T) obtained from the fit,
we calculate the temperature variation of the entropy and the thermal
component Ugpem (T) of the internal energy, from the low-temperature
regime up to the melting point.

In Section 5.1, we discuss the Debye-Waller B-factor, which has been
measured for rutile by X-ray diffraction at ambient temperature, and
explain how to extract the zero-point internal energy U, from the
measured B-factor. As mentioned above, once the zero-point energy has
been determined, one can use the internal energy U(T) = Ugperm (T)+ Up
and entropy S(T) to calculate the temperature variation of the Debye
temperature, the varying spectral cutoff and effective phonon speed
defining the partition function, as well as the temperature dependence of
the Debye-Waller factor B(T). This is done for rutile TiO, in Section 5.2.
In Section 6, we present our conclusions. A derivation of the effective
phonon partition function, internal energy, entropy and Debye-Waller
factor is sketched in Appendix A, to make this paper self-contained.

2. Thermodynamic variables and equilibrium condition for
phonons

2.1. Temperature-dependent spectral cutoff

We start with the partition function Z of a Bose system of vibrational
modes, cf. Appendix A,

log Z 4n6 /‘A(”) < e
_ log(l—e ce (Tm)k /T +
14 (271')3 0 g( )

1 cesr(T,n)k

3 f> KBdk,  (2.1)
where ce(T, n) is the effective phonon speed depending on temperature
and atomic density n. The spectral cutoff A(T, n) is likewise temperature
and density dependent, and k labels the phonon wavenumber. The
second term of the integrand is due to the zero-point energy of the
phonons, arising in the bosonic quantization. Owing to the spectral
cutoff, this term gives a finite contribution to the partition function (and
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internal energy). In (2.1), the same effective phonon speed ceg(T,n) is
used for transversal and longitudinal modes, defining the linear but
temperature dependent dispersion relation @ = cg(T, n)k. The factor
¢ = 3in (2.1) stems from the summation over the polarization states, cf.
(A.12). For Z to be the partition function of an equilibrium system,
A(T,n) and ceg (T, n) have to be interrelated because of their temperature
dependence, as will be shown in Section 2.2. In the following, we will
use the shortcut & =log Z/V and also refer to log Z and ¢ as partition
function. Eq. (2.1) can be derived by box quantization, sketched in
Appendix A, and is identical to the partition function of the Debye theory
where A(T,n) and c¢(T,n) are assumed to be constant.

We introduce a new integration variable in (2.1), x = ce(T,n)k/T,
and define the Debye temperature 6(T,n) = ceg(T,n)A(T,n) depending
on the system temperature, to find log Z = V¢, where

4ne 7’ O )/ . 1 6(T,n)
= A3 (T, / log(1 — e™)x’dx + - =
sl Ll e og(l —e™) 8 T
(2.2)
Integration by parts gives
dne A’ T3 (7 Pdx 30
= |2 —log(1—e ") —Z Z1. 2.3
(2n) 3 03/0 oot el gy @3
We will extensively use the Debye function
1[4 Pdx ) 3 1
D(d) =— , D(d)=—D(d)+—— 2.
W=z [ 225 D@=—3p@+ g 24)

and the shortcut d = 6(T,n)/T. In this way, ¢ = log Z/V can be written as

4o 1 3
= —A3 —log(1—e) —Zd|, 2.
I3 (27[)3 {D(d) og( e ) Sd} , (2.5)

(O8]

and the temperature derivative thereof is

N (27
+ (- 0020), ) (D@ +5a) }

2.2. Internal energy, isochoric heat capacity and entropy

$r
(2.6)

The internal energy density reads, cf. (A.10),

U 4rno rAT) 1 1
_U_ (T, —  + - )KPdk 2.7
v (2][)36 fr( ”)/( <eceff(r.n)k/r 1 + 2> @7

)

Using the notation introduced in Section 2.1, we can write this as, cf.
(2.4),

4ro
(27)°

u(T,n)= A3T(D(d) +;—1>, (2.8)

with d = 6(T,n)/T. The condition ¢ ; = u/T?, cf. (2.6), implies that the
internal-energy derivative of entropy is the reciprocal temperature, and
the reverse holds true as well. That is, S y(U, V) = 1/T with S =log Z +
U/T is equivalent to ¢ = u/T?, as can be checked by implicit differ-
entiation. To see this, we invert the internal energy density u = u(T,n)
for T to obtain T = T(u,n). Differentiation of the identity u = u(T(u,n),
n) with respect to u gives T, (u,n) = 1/ur(T,n). The entropy density s =
S/V is related to the partition function ¢ =logZ/V and the internal
energy density u = U/V by s(T,n) = &(T,n) + u(T,n)/T, cf. after (A.11).
The (u, n) parametrization thereof reads s(u,n) = &(T(u,n),n) + u/T(u,n).
(There is no chemical potential in the phonon partition function (2.1).)
Differentiating this with respect to u gives s, = (¢ —u/T?)/ur+ 1/T.
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Since S y(U, V) = s, (u,n) (with atomic density n«x1/V), the equilibrium
condition Sy = 1/T is equivalent to & = u/T%

More explicitly, condition ¢p = u/T? reads, with ér in (2.6)
substituted,

D(d) +d/8

(d) —log(1 —e4) —3d/8" (29)

(log A) ; = (log H),TD

Eq. (2.9) is a necessary condition for partition function (2.1) to define an
equilibrium system. If both the Debye temperature (T, n) and the cutoff
A(T,n) are independent of the system temperature, the equilibrium
condition (2.9) is evidently satisfied, whereas a constant cutoff A and a
varying 6(T, n) violate (2.9). The integrated version of (2.9) is

B "6 D(d) +d/8
A(T,n) —A(Tg,n)exp</T 0 D@ —log(1 —e1) = 3d/SdT). (2.10)

0

Thus, the temperature variation of the spectral cutoff A(T,n) is deter-
mined by the Debye temperature §(T, n), apart from an integration
constant A(Tp,n).

The isochoric heat capacity Cy = Vur (or cy = ur withcy = Cy/ V)
is the temperature derivative of energy density (2.8),

dno d d
up= (zn)SA {4D(d) o 1JrST(log A), (D(d) +§>

~1t0g0), (300 -§- 5% )]

(2.11)

with (log A) ; and A as stated in (2.9) and (2.10). The two logarithmic
temperature derivatives in (2.11) vanish if (T, n) is temperature inde-
pendent. In the above equations, the d/8 terms are manifestations of the
zero-point energy in (2.1). As for the first two terms in (2.11), we may
write, using integration by parts,

d 1 (¢ Xedx
=1 & Jy (-1

4 D(d) _ (2.12)

As mentioned after (2.8), the entropy density s = S/V is related to the
partition function £ = log Z/V and the internal energy density u by s =
&+ u/T. Thus, cf. (2.5) and (2.8),

5= 470 43 {4 (2.13)

1 —d
= gL)(d)—§1<)g(1—e )}.

The zero-point d/8 terms in the partition function and internal energy
cancel each other here.

The isochoric heat capacity is related to the internal energy and
entropy by u = fOT cydT +upg and s = fOT(cV /T)dT + so, where ug and so
are integration constants; the equilibrium condition ¢ ;- = u/ T? is met by
calculating u and s in this way, since s = ¢+ u/T.

The effective phonon density (phonons per unit volume) can be read
off from the integral representation (2.7) of the energy density, by

dividing the integrand by the phonon energy w = ce(T, n)k, see also
(A.11) for a more formal derivation,

(Npn)  4mo (AT 1 1,
\% = 27) ¢ (T.n)k/T + 2 k-dk.
( ﬂ;) 0 elelt —1

The effective oscillator density at a given temperature is thus Nog.i1/ V =

(2.14)

(4o /(27)*)A3(T,n)/3, obtained by replacing the expression in paren-
theses in the integrand of (2.14) by one; see also after (A.11) for the
discrete version of Ny in box quantization and the thermodynamic
limit.

2.3. Restoring units and conversion to molar quantities

In the previous sections, # = kg = 1. We will use J/ K units for Cy =
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Vur, cf. (2.11), and J/(K cm?) for the temperature derivative of the
internal energy density u . For the spectral cutoff A(T,n) in (2.1) and
(2.7), 1/cm units will be used; n denotes the atomic density and A(T, n)
can be written as A(T,n) = n/3h(T,n), with dimensionless cutoff factor
h(T, n). The effective oscillator density is thus Nogi/V =
(470 /(27)*)nh3(T,n) /3, cf. after (2.14). To restore the units of uin (2.8),
urin(2.11) and s in (2.13), we have to add a factor kg on the right-hand
side of these equations.

The Debye temperature is 0[K| = #iceg(T, n)A(T, n)/kg, with the
effective phonon speed ceg[cm /s|. The parameter d = /T = hicegA/
(kgT) and the Debye function D(d) are dimensionless. We also note d =
#n'Beqg; (T, n)h(T,n)/ (ks T) and inversely,

kgO(T,n
ceip(T,n) = a6 )

=0 2.1
An'3h(T, n) (2.15)

When comparing with experimental data, it will be necessary to
convert densities to molar quantities. Assuming the number of molecules
constituting the sample to be the Avogadro number Nymol, we can write
the atomic density as n = ng/mNamol/V, where ng/n, is the number of
atoms per molecule or formula unit. The conversion of the above den-
sities to molar quantities is done by multiplying the respective density
with V/mol and substituting n = ng/mNamol/V for the atomic density.

To summarize, the caloric EoS (molar internal energy in units of
J/mol) reads, cf. (2.8),

4
U:L‘Znﬂ/,,,kh-*r@(d) +‘f>, (2.16)

(27) 8

and the molar isochoric heat capacity (in units of J/(K mol)), cf. (2.11),
is
Cy =270 R 4D(d) — 0 4 37(0g 1) , (D(d) + &
(2;7) ed — 1 ! 8
(2.17)

~Tlog ) (30@) -~ 5 )|

and the molar entropy (in units of J/(K mol)), cf. (2.13), reads

4 4 1
S = R ED(d) —~log(1— e’d)} :

(22) 3 (2.18)

Here, we use the gas constant R = Nakg = 8.314 J/(K mol), 6 = 3,
and the dimensionless cutoff factor

o [0, D(d) +d/8
h(T,m) =h(T = co)exp ( - / 0 D(d) —log(1 —ed) — 3d/8dT) ’

(2.19)

obtained from (2.10), where we have put Ty = co (which can be freely
chosen) and interchanged the integration boundaries. The integration
constant A(T = o) = (672)'/°
(3.12).

The dimensionless cutoff h(T,n) is related to the effective phonon
speed cg (T, n) as stated in (2.15), and the variables in (2.16)-(2.18) are
related by, cf. after (2.13),

will be determined in Section 3.2, see after

Tc,

T
U:/ CydT + Uy, S:/ ?dT+SO, (2.20)
0 0

where Uy and S, are integration constants, cf. after (4.2). In the
following, we will put Sy = 0, so that the entropy vanishes at zero
temperature, see also after (5.6).
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3. Extracting the temperature variation of the spectral cutoff
and Debye temperature from heat capacity data

3.1. Reconstruction of §(T) and A(T)

Once the isochoric heat capacity Cy(T) has been determined from a
least-squares fit, we can substitute U(T) and S(T) (obtained by inte-
grating the heat capacity, cf. (2.20)) into Egs. (2.16) and (2.18) and
solve for d(T) = 6(T)/T and the cutoff parameter h(T). More explicitly,
d(T) is obtained by inverting

—

2log(l —e™) +d

Ty A9, 8D(d) +d

u(T) A(d) :=1—

TS((T 3.1)

AW

and subsequently h(T) via the internal energy (2.16). (From now on, the
atomic density variable nin 6(T,n), h(T,n), etc., will be suppressed.) The
linear d term in the numerator and denominator of A(d) is due to the
zero-point energy. In this way, we find the Debye temperature 6 =
Td(T), the effective phonon speed ce¢ = d(T)kgT/(hn'/3h(T)), cf. (2.15),
and the spectral cutoff A(T) = n!/3h(T), see the beginning of Section 2.3.

The asymptotic limits of A(d) in (3.1) and its inverse A~! can readily
be calculated. For d >> 1, the asymptotic limit of the Debye function is
[21]

D(d)="—%—+0(e™), (3.2)
and thus, cf. (3.1),
8rt 1

The inversion of (3.3) reads

8zt 1

-1
E E) + O(efd/d). (33)

3 TS(T)
7 W << 1, 3.9

41 N\1/4
87' 1 r) . HT) =

d=47"(r)~ <F .

up to exponentially small terms, so that d >> 1 in this limit.
In the opposite regime, d << 1, the expansions of D(d) and A(d) are
[21]

1 d & .
D(d) §7§+@70(d), (3.5)
A(d):—élogd-&-]—k—dz ilogd—i +0(d" log d) (3.6)
4 80 32 ’ )

and the inversion of A(d) in (3.6) reads

~1 —4(r—1)/3 —sp-naf 1 1
d=A7"(r) ~ e/ {l—e =/ (E(r—l)ﬁ-ﬂ)ﬁ--"}, 3.7
where d << 1 and r(T) = 3TS/(4U) >> 1.

The function A(d) defined in (3.1) is monotonously decreasing, from
infinity at d = 0 to zero at d = oo, so that Eq. (3.1) admits a unique
solution by inversion of A(d) (provided that the left-hand side of (3.1) is
positive). For this reason, the linear d terms in the numerator and de-
nominator of A(d) (generated by the zero-point term in the partition
function (2.1)) are essential. If they are dropped, A(d—>o0) would
converge to one rather than zero, and A(d) would always exceed one,
whereas the left-hand side of (3.1) can drop below one. In contrast, since
A(d) varies between infinity and zero and is strictly monotone, Eq. (3.1)
has always a unique solution,

_ _ i (3TS(T)
d(T)—T—A (ZW) (3.8)

with S(T) and U(T) in (2.20), and A~! denotes the inverse of A(d) in
(3.1). In this way, we find the Debye temperature §(T) = Td(T) and also
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the spectral cutoff h(T) by substituting d(T) and U(T) into (2.16),

_(Cen)’ 1 u(T) 173
nr)= < 476 namRT D((T)) +d(T) /8) ' (3.9

Both d(T, Up) in (3.8) and h(T, Up) in (3.9) depend on the zero-point
energy Uy, since U = fOT CydT + Uy and S = fOT Cy/TdT, where Cy(T)
is a least-squares fit to the measured lattice heat capacity, cf. (2.20).

3.2. High-temperature asymptotics of Debye temperature, spectral cutoff
and effective phonon speed

In Sections 3.2 and 3.3, we derive the high- and low-temperature
limits of the Debye temperature 6(T), cf. (3.8), the spectral cutoff
h(T), cf. (3.9), and the effective phonon speed ce(T), cf. (2.15). Since
the lattice heat capacity approaches a constant in the classical high-
temperature regime, Cy ~ Cy,[J/(K mol)]+ O(1/T¢), € > 0, we find
U(T) ~ cvo T and, cf. (2.20),

S(T) ~ ¢cveo 10g T[K] + $yeos

TIK] (3.10)
Sveo 1= liMy_ e / Cv(T) dT — ¢y log TIK] |,
Jo T
with constant sy, [J/(K mol)], so that, cf. (3.1) and (3.6),
3 3 SVeo
A(d) ~ 7110gd+1~1<10g T+£>, (3.11)

with d = 6(T)/T << 1. Thus 6(T) and h(T) (the latter calculated via
(3.9)) are constant in the high-temperature limit, as is the effective
phonon speed (2.15),

1/3
4 sve 3(21)° cveo ks Or-o
Or—00 ~€EXP 3o ) Iy ™~ I y Ceff,T—o00 = .

Voo 4ro na/mR hnl'/3 hTﬁoo
(3.12)

The classical Dulong-Petit limit of the heat capacity is cye = ong/mR,
where o =3 labels the vibrational degrees of freedom of each atom, and
Ng/m denotes the number of atoms in each molecule or formula unit, so

that hr_ o ~ (67[2)1/ 3, cf. (3.12). (The limits (3.12) do not depend on the
zero-point energy Uy, cf. Section 3.3.) Accordingly, the effective oscil-
lator density Nosi/V=(4n0/(27)*)nh3(T)/3 (cf. after (2.14) and the
beginning of Section 2.3) converges to on in the high-temperature limit,
where n is the atomic density.

Finally, the high-temperature limits d = 6(T)/T << 1 of the molar
internal energy and entropy read, cf. (2.16), (2.18) and (3.5),

4 1@
U:%na/mRhWG-i—%—O(d“)), (3.13)
4 1 4 &
S:%n,,/mR#(—glogd+6+m+0(d4)>. (3.14)

3.3. Low-temperature limit of Debye temperature and spectral cutoff

In the low-temperature regime d = 6(T)/T >> 1, the Debye function
(2.4) admits the asymptotic limit (3.2), so that, cf. (2.16),

4ro 3nd 8zt 1 7d
U=——nqmRh T§(1+E g+o(e /d) ).

3.15
(27) (3.15)

The leading order here is entirely due to the zero-point energy (the d/8
term in (2.16)). The asymptotic limit of the entropy (2.18) reads

+0(e™) >

4. 4 7% 1
o 3( ” (3.16)

——Tla/m -
)3

(21 3548
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A consistency check is obtained by way of (3.1) and (3.3).

At low temperature, the heat capacity is assumed to be a power law,
Cy ~ cyoT*, a > 0, with amplitude cyo[J/ (Kt mol)] and T[K]. Thus,
according to (2.20), S ~ cyoT*/a and U ~ cyoT**!/(a + 1)+ Up. We
have put Sy = 0, for the entropy to vanish at zero temperature, and cyg
and Uy are positive constants. In leading order, cf. (3.3),

8t 1 3 coyToH!
154 4 aU,

A(d) ; 3.17)

ford =6(T)/T >> 1. The Debye temperature (via (3.17)) and the cutoff
factor h(T) (via (3.15)) thus scale as

1/3
o (327 alh 1/4T<H>/4 - 8@2r) U, 1
=0 45 Cov ’ =0 4ro na/mR HT—>0 ’

(3.18)

in the low-temperature regime and are temperature independent for a =
3, provided that the integration constant Uy of the internal energy in
(2.20) is positive. The low-temperature limit of the effective phonon
speed reads, cf. (2.15),

(3.19)

Ceff,T—-0 =

kg Or_o _ kg dno ﬁn/ Ri 1/,?T(37a)/3
nn'3 hry  An'/3 (271)3 457" oy ’
which is independent of the integration constant Uy and constant for @ =
3 (power-law exponent of the specific heat, cf. after (3.16)).

3.4. Comparison with the Debye approximation

The Debye formula for the molar heat capacity is recovered by
assuming a constant Debye temperature ¢ and a constant spectral cutoff
h, see (2.17) (and also (2.12)),

4ro 5 0/T
Cu = gy {4D(9/T) - | (3.20)
4r'0 nyuR) "
0= <ﬂ ”/—> . h=(622)"". 3.21)
5 Cov

Here, Cy ~ cyoT?, cf. Section 3.3, and ¢ = 3. The units are
cvolJ/(K* mol)], T[K] and Cy[J /(K mol)]. The zero-point contributions
to the heat capacity (which are the d/8 terms in (2.17)) drop out if the
temperature derivatives of  and h vanish, but the zero-point energy of
the phonons does show in the internal energy (2.16), which admits a
finite zero-temperature limit Uy, cf. (3.15),

o dmo 0 (3 136\ (namR) "
= ——NymRh' = = | —— - ———.
T e T s 8 13

Cov
A consistency check is obtained by integrating Cy(T) in (3.20) and
comparing with U(T) in (2.16) and (2.20),

(3.22)

T
4
/ CodT =—Z n,,, RPTD(d), (3.23)
0

(27)
where we used (2.12) and integration by parts and d = 6/ T. Analo-
gously, S(T) = foT(CV /T)dT, cf. (2.20), with Cy(T) in (3.20), S(T) in
(2.18) and constant 6 and h. Using the high-temperature limit of S(T) in
(3.14) with (3.21) substituted, we find, by comparing with S~
Cveo log T + sy in (3.10),

4
Cvoo = OTg/mR, SVeo = ONg/mR <— —log 9), (3.24)

3

consistent with 6r_ ., in (3.12). Finally, the effective phonon speed
(2.15) reads, cf. (3.21),
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> R\ 13
kg (27r6nd/,,,> 7 (3.25)

15 Cov

in accordance with the asymptotic limits of ce¢ in (3.12) and (3.19); n
denotes the atomic density.

The molar zero-point energy U, in (3.22) can be quite large (as
compared with the thermal component of the internal energy); in the
case of the rutile polymorph of TiOz, Uppepye = 2.179 X 10* J/ mol,
calculated with 0 =776.6 K and coy = 1.245x 107° J/(K* mol).
These estimates are based on the standard Debye heat capacity as
defined in (3.20) and (3.21). The zero-point energy U, in the Debye
theory is not a free integration constant, but already determined by the
constant Debye temperature and spectral cutoff. This is in contrast to the
internal energy adapted to a varying Debye temperature 6(T), which
depends on Uy as an integration constant, cf. (2.16), (2.20) and Section
3.1; the latter can be determined by measuring the Debye-Waller B-
factor, cf. Section 5.

4. Heat capacity of titanium dioxide (rutile polymorph)

We perform a y? fit to the available data sets [22-25] of the rutile
TiO, heat capacity, depicted in the double-logarithmic plot in Fig. 1, by
employing a multiply broken power law [26-28] as molar isochoric heat
capacity,

1 1
(1+@/m )" (1@ /mpm )™
4.1)

Cv(T) = byT? (1 (T /by ) )”'

with positive amplitudes by and b; < by < bs. The exponents f; and #;
are positive, and

NI
by = <9Rb/i;b ) s Po=3, Bs=P+b — P (4.2)
2 Y0

so that the classical Dulong-Petit limit Cy(T —o0) ~ 9R is recovered,
with gas constant R = 8.314 J/(K mol). The low-temperature limit is
Cy(T —0) ~ by T?; the units used are Cy[J /(K mol)], bo[J/(K* mol)] and
bi[K], cf. Section 2.3.

Broken power laws composed of multiple factors (1 + (T/by)P/ )*1;

are quite efficient for data sets extending over several logarithmic de-
cades in temperature. In (4.1), there are four successive power laws,
T3, T3+h T3+A~F2 1, in the intervals T << by, by << T << by, by <<
T << bz and bs << T, respectively, and the exponents 5; determine the
curvature in the transitional regions around the break points b;. The
independent fitting parameters bo 12, 77; » 3 and f3; », obtained from the
least-squares fit of Cy(T) in (4.1) to the data sets, are recorded in Table 1.
In contrast to the Debye approximation of the heat capacity, cf. (3.20)
and (3.21), the heat capacity of rutile has an inflection point (in log-log
representation) in the crossover region between the low- and high-
temperature regimes, see Fig. 1; the tangent of Cy at the inflection
point is depicted as green dotted line «T>1%°. Cy(T) is plotted in Fig. 1 up
to the melting point of 2116 K.

As for the Debye approximation, also depicted in Fig. 1, the ampli-
tude coy in (3.21) is taken from the least-squares fit of Cy(T) in (4.1),
cov = by, cf. Table 1, to recover the cubic low-temperature slope.
Accordingly, the Debye temperature (4.21) of rutile is @ = 776.6, but the
Debye approximation becomes inaccurate in the crossover region,
where a pronounced phonon peak emerges in the second logarithmic
decade in Fig. 1.

Based on the Debye theory, the constant effective phonon speed in
rutile is Ceff pebye = 5.703 x 10%cm/s, where we used (3.25) (with ¢ =

Ngm = 3) and the atomic density nyyge = 9.569 x 1022 Jem®. The



R. Tomaschitz

Physica B: Physics of Condensed Matter 593 (2020) 412243

102 ET T o AR ' IR 1] Fig. 1. Isochoric heat capacity of rutile. Data points
E 9R EEEssatiiis 3 from Ref. [22] (squares), Ref. [23] (circles), Ref. [24]
F 3 (triangles) and Ref. [25] (diamonds). The
10° E  Isochoric heat capacity of TiO, (rutile) g least-squares y? fit (solid red curve) is performed with
E 3 the multiply broken power law Cy(T) in (4.1), the
10° :_ ~ Debye _: fitting parameters are stated in Table 1. The classical
E - 3 9R Dulong-Petit limit is indicated by the black dotted
= C 71 line. For comparison, the black dashed curve is the
é 107" 3 L 2 Debye approximation (3.20) with constant Debye
£ F 3 temperature 6 = 776.6 K, which reproduces the
= o | 7 low-temperature T® slope and the constant 9R
e 10 2 §  high-temperature limit of Cy(T) but is largely off the
S E 1 mark in the crossover region. The green dotted
107% L —| straight line depicts the tangent cT* at the inflection
J point (T = 1327 K, Cy = 0.07106 J/(mol K)),
4 1 with slope x =5.159 and amplitude ¢ = 1.143 x
10 E § 1077 J/(mol K'**), leading to an extended phonon
F 1 peak stretching over the second logarithmic temper-
1075 -1 ature decade. Residuals of the y? fit are depicted in
N i L ) L ) | E the lower panel. (For interpretation of the references
10° 10" 102 103 to colour in this figure legend, the reader is referred
to the Web version of this article.)
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Table 1

Fitting parameters of the molar isochoric heat capacity Cy(T) of rutile. The recorded amplitudes b; and exponents f;, 5; define the multiply broken power law (4.1) used
for the y? fit in Fig. 1. Some of the parameters in (4.1) are interrelated, in particular #, = 3 (defining the cubic low-temperature slope) and f3; = f,+ ff; — B, as well as
the amplitudes b;, cf. (4.2). y? = Zfi 1(Cv(Ty) — Cwi)? /C2; denotes the minimum of the least-squares functional; the degrees of freedom (dof: number N of data points

1/2
(T, Cyi) minus number of independent fitting parameters) are also listed. SE = (Zil (Cy(T;) — Cy)*/N ) is the standard error of the fit. The coefficient of deter-

mination, R2 =1 — YN, (Cy(T;) — Cvi)*/(No?), with sample variance 62 = >} , (Cy; — Cy)?/N and mean Cy = YV | Cyi/N, is recorded as well.

bo[J/(K'*# mol)] b1[K] by [K] b3[K] P Pa

2 3 7 dof SE 1_R?

1.2449 x 10°° 10.966 15.148 155.02 7.6961 8.5594

1.6528

2.3513 1.1828 0.0545 152-8 0.256 1.11x 1074

temperature-dependent effective phonon speed ce¢(T) consistent with
the empirical heat capacity and the Debye-Waller factor measured at
ambient temperature will be discussed in Section 5.

5. Debye-Waller B-factor and zero-point vibrations
5.1. Extracting the zero-point energy from B-factor measurements

The Debye-Waller intensity factor is e >, with M = Bsin? 6/ 42 and
B-factor B[f\z] = Sﬂz(u(22>, where 4 denotes the wavelength of the inci-
dent X-rays, 20 is the scattering angle, and (u3) the atomic mean-
squared displacement (parallel to the diffraction vector Q) due to ther-
mal and zero-point vibrations. <ué) is calculated as, cf., e.g., Ref. [29]
and Appendix A,

4 A 1 1
i / : 4o Jkdk,  (5.0)
(27) cere(T) Jo eeert(ME/T _ 1 2

where N is the effective oscillator number, see after (2.14) and the
beginning of Section 2.3, m is the averaged atomic mass (i.e. oscillator
mass, see the end of Appendix A), c.(T) the effective phonon speed,
A(T) the spectral cutoff, and O(T) = c.(T)A(T) the varying Debye

2
(ug) =——
e Wl}voscil7

temperature, cf. Section 2.1. This is the same definition of the B-factor as

in the standard Debye theory, apart from the temperature dependence of

the Debye temperature 6(T) and spectral cutoff A(T). The oscillator mass

m does not enter in the thermodynamic variables discussed in Section 2.
The numerator in (5.1) can be written as

46 A’T d 1 (¢ xdx
A= ~—v(D =), Did)== [ —, 2
@2z) & V< '(d)+4)' (@) d/o et —1 52

with d = 6(T)/T. Using A(T) and N1/ V as defined in Section 2.3, and
multiplying the right-hand side of Eq. (5.2) by #2 /kg to restore the units,
we find the mean-squared vibrational displacement as

3 AT d
(ug) = kO (T) (Dl (d) +Z>7 (5.3

where d = 6(T)/T. Evidently, (u3) = A/(mNosq) only depends on the

Debye temperature 9(T), since the cutoff factor A3(T) in (5.2) is
cancelled by Ny, cf. after (2.14). The asymptotic limits of the Debye
function D (d) in (5.2) and (5.3) are [21]

+0(e™), Di(d) :1—L—i+—+0(d4), (5.4)
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valid for d >> 1 and d << 1, respectively. Accordingly, the asymptotic
limits of (u3) for large and small d = 6(T)/T read

301 _

<u§>:a@1<1+ Ofe d/d)) (5.5)
3 KT o

(upy== - (1+36+0(d“)) (5.6)

Since 6(T) approaches a constant at high temperature, cf. (3.12), we
find (u) «T in this limit (assuming a temperature-independent oscil-
lator mass, cf. the end of Section 5.2). At low temperature, 6(T) is also
temperature independent, cf. (3.18), as is (u y in this limit, cf. (5.5). At
low temperature, the Debye temperature depends on the zero-point
energy, H(T)‘xUé“, cf. (2.20) and (3.18), so that (ué) o<U51/“ in the
low-temperature regime. By the way, the cubic low-temperature scaling
CyxT*, a = 3, cf. Section 3.3, is essential to obtain a finite low-
temperature limit of (u3). For any other choice of the exponent a, the
mean-squared vibrational amplitude would either diverge for T— 0 or
converge to zero (which is not possible either because of the uncertainty
principle). A finite residual zero-point entropy Sy, cf. (2.20), would also
result in a divergent <u(22), since 07T in this case.

The B-factor 87%(u3) can be assembled as, cf. (5.3),

bt
m[u]T[K] d?

where m[u] is the averaged atomic mass in atomic mass units.
We  substitute d(T,Uy) =4 (3TS/(4U)) (cf. (3.8)) into
(5.7), with U(T)[J / mol] = fo Cy(T)dT + Up and S(T)[J /(K mol)] fo
Cy(T)/TdT as defined in (2.20), where Cy(T) is the analytic fit (4.1) to
the empirical lattice heat capacity. By measuring the B-factor at a given
temperature, one can thus determine the zero-point energy by solving
(5.7) for Uy, which will be done in Section 5.2 for the rutile polymorph
of TiO,. For compounds, we use the mean B-factor of the constituents
and, in the case of non-cubic symmetry, also isotropize by averaging the

B(T)[A"] = 1.14903 x 10* (Dl(d) +g>, (5.7)

B-factors of the measured vibrational projections <u2Q).

5.2. B-factor, zero-point energy, internal energy and entropy of rutile

As for the mean B-factor of rutile TiO2, we use (5.7) with average
atomic mass of m = 26.622 u (based on 15.999 u for oxygen and 47.867
u for titanium) to find

11 d
Bruie(T) [A ]_431 614ﬂE(D,(d)+Z), (5.8)

where d(T,Uy) = 0(T, Up)/T is defined after (5.7), with the measured
heat capacity of rutile represented by the analytic fit Cy(T) in (4.1). A
mean-squared displacement (ué) of 0.0065 A2 was measured for rutile in
Ref. [30], implying a B-factor of 0.513 A2 at ambient temperature of
298.15 K. Solving (5.8) for U, gives a zero-point energy of Uy = 1.164 x
10* J/mol, the unique solution of (5.8), which is by almost a factor of
two smaller than Uy pepye Obtained with constant Debye temperature, see
after (3.25).

The temperature dependence of the molar internal energy U(T) and
entropy S(T) of rutile, cf. (2.20) and after (5.7) (with Sp = 0, zero-point
energy Up = 1.164 x 10* J/mol and Cy(T) in (4.1) and Table 1), is
shown in Fig. 2. The variation of the Debye temperature 6(T) =
Td(T, Up) is found as §(T) = TA~1((3 /4)TS(T) /U(T)) (cf. (3.8) and after
(5.7)) and depicted in Fig. 3. The spectral cutoff h(T) in the partition
function is calculated via (3.9) (with U(T) and d(T, Uy) substituted), see
Fig. 4, and the effective phonon speed c.¢(T) via (2.15), see Fig. 5. The
estimate of ceg(T) is obtained with the atomic density nyye = 9.569%
1022 /cm® (based on a mass density of 4.23 g/cm? and a molar mass of
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79.87 g/mol), which gives the amplitude kg/(fn, mle)_z,%zx

10%cm/(s K) in (2.15). Finally, by specifying Uy = 1.164 x 10* J/mol
in d(T, Uy), we find the temperature dependence of By (T) via (5.8),
see Fig. 6, which is consistent with the measured B, ;. = 0.513 A% at
298.15 K. Fig. 6 also shows the temperature variation of the Debye-
Waller factor of the Debye theory (based on (5.8) with constant 6 =
776.6 K, cf. after (3.25)), which substantially underestimates the
measured B-factor at 298.15 K.

For most compounds and even elemental crystals, X-ray or neutron
diffraction measurements of B-factors have only been done at ambient
temperature, cf., e.g., Refs. [32,33] and references therein. For a few
metals, such as Cu, Al, Pb, Ag, Au, Pt, a limited number of low- and
high-temperature B-factors have been measured, cf., e.g., Refs. [34,35],
but usually one has to content with the ambient B-factor, that is, with
one single data point. This is the case for rutile, and this data point
suffices to estimate the zero-point energy as pointed out above. The
available data point is indicated in Fig. 6, and the zero-point energy is
chosen so that the B(T) curve (5.8) passes through this point.

If there are several low- and high-temperature data points (T;, B(T;))
available, one can perform a polynomial least-squares fit up to the
melting point, insert the regressed B(T) into Eq. (5.7) and replace the
averaged atomic mass m[u] by an effective temperature-dependent
oscillator mass m(T)[u] obtained by solving (5.7). The zero-point en-
ergy Uy is determined by the boundary condition that this effective mass
coincides with the atomic mass at zero temperature, and the varying
Debye temperature and spectral cutoff are calculated as indicated above.
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Fig. 2. Caloric  EoS = TCcydT+Uy and molar

= foT (Cy /T)dT of rutile, cf. (2.20). The regressed heat capacity Cy(T) in
the integrands is stated in (4.1), with fitting parameters in Table 1, see Fig. 1.
The caloric EoS (molar internal energy, including the zero-point energy U =

1.164 x 10* J/mol extracted from the measured Debye-Waller B-factor, cf.

entropy

Section 5.2) is depicted as red solid curve, its thermal component Ugerm (T) =

fOT CydT as green solid curve, and the molar entropy as blue solid curve. At high
temperature, U(T)xT, and the entropy diverges logarithmically, cf. Section 3.2.
The low-temperature slopes are Usperm (T)xT* and S(T)xT?, cf. Section 3.3. The
black dashed curves show the Debye approximations of U(T), Ugperm(T) and
S(T), based on the Debye heat capacity (3.20) (with constant ¢ = 776.6 K) and
the Debye zero-point energy of rutile, Uy pebye = 2.179 x 10* J/ mol, cf. after
(3.25). The phonon peak in the second temperature decade, cf. Fig. 1, is also
clearly visible in Ugerm (T) and S(T). The zero-point energy Up pebye predicted by
the Debye theory with constant § = 776.6 K is by almost a factor of two larger
than the zero-point energy Uy = 1.164 x 10* J/mol consistent with the
measured B-factor of rutile, cf. Section 5.2. (For interpretation of the references
to colour in this figure legend, the reader is referred to the Web version of
this article.)
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Fig. 3. Debye temperature of rutile. The temperature dependence of the Debye
temperature 0(T) (red solid curve) is calculated from the temperature variation
of the internal energy and entropy, via 6(T) = TA!((3/4)TS /U), cf. (3.8),
where U(T) = fOT CydT + Uy and S(T) = _[OT(CV /T)dT, and A~! denotes the
inverse of A(d) in (3.1). The analytic fit Cy(T) of the molar heat capacity of
rutile is stated in (4.1) with parameters in Table 1, cf. Fig. 1. 6(T) approaches
constant limit values at low and high temperature, cf. (3.12) and (3.18); the
constant high-temperature limit is not attained within the solid phase. (In all
figures, the temperature range is cut off at the melting point of rutile, at 2116
K.) The black dashed straight line indicates the constant Debye temperature 6 =
776.6 K used in the Debye approximations depicted in Figs. 1 and 2, cf. after
(3.25). (For interpretation of the references to colour in this figure legend, the
reader is referred to the Web version of this article.)
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Fig. 4. Spectral cutoff in the partition function of rutile. The cutoff A(T) =
n'/3h(T) of log Z in (2.1) depends on the atomic density of rutile, nyje =
9.569 x 1022 /cm®, and a dimensionless cutoff factor h(T) (red solid curve), cf.
Section 2.3. h(T) is calculated from the internal energy U(T) and the Debye
temperature 0(T), cf. Figs. 2 and 3, by way of (3.9). Both the low- and high-
temperature limits of h(T) are constant, cf. (3.12) and (3.18). At high temper-
ature, h(T) converges to the constant cutoff factor of the Debye approximation,
hpebye = (672)'/%, depicted here as black dashed straight line, cf. (3.12) and
(3.21). (This convergence is not visible in the temperature range shown in this
figure, as it happens above the melting point.) In the low-temperature regime,
h(T) depends on the zero-point energy Uy, cf. (3.18), inferred from a mea-
surement of the Debye-Waller B-factor, cf. Section 5. (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web
version of this article.)

6. Conclusion
The Debye theory of heat capacity reproduces the correct low- and

high-temperature limits and is very practical, but in the intermediate
temperature range it is not very accurate, see the double-logarithmic
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Effective phonon speed
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Fig. 5. Effective phonon speed of rutile. c.(T) is calculated from the Debye
temperature in Fig. 3 and the spectral cutoff h(T) in Fig. 4 by way of (2.15),
Ceft(T) = kgd(T)/(hn'/3h(T)) (red solid curve). The atomic density of rutile is
Neule = 9.569 x 1022 /em?®, cf. Section 5.2. The effective phonon speed ceg(T)
converges to finite limit values at low and high temperature, cf. (3.12) and
(3.19). At low temperature, c.¢(T) approaches the constant effective phonon
speed of the Debye approximation (depicted as black dashed straight line), cf.
(3.25). The constant high-temperature limit of ce(T) is not attained below the
melting point of 2116 K. For comparison, measured longitudinal/transversal
sound velocities in rutile are highly anisotropic and vary between 3.3 km/s and
10.7 km/s [31]. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)
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Fig. 6. Mean B-factor of rutile. The red solid curve depicts B(T) in (5.8),
depending on the varying Debye temperature 6(T), cf. Fig. 3, which in turn
depends on the zero-point energy Up, cf. (2.20) and (3.8). At an ambient
temperature of 298.15 K, the measured B-factor of rutile is By = 0.513 A?
[30] (circle), which is used to determine the zero-point energy, Uy = 1.164 x
10* J/mol, by solving (5.8). Once the zero-point energy is known, the tem-
perature variation of 6(T) and the spectral cutoff A(T) is unambiguously
determined, cf. Section 5.2. The black dashed curve shows the temperature
variation of the B-factor of the Debye approximation, cf. Section 3.4, with
constant Debye temperature = 776.6 K substituted into (5.8). Evidently, this
curve largely deviates from the measured B-factor at 298.15 K. (For interpre-
tation of the references to colour in this figure legend, the reader is referred to
the Web version of this article.)

plot of the rutile heat capacity in Fig. 1. Moreover, once the Debye
temperature has been obtained from the measured amplitude of the low-
temperature heat capacity, this already determines the Debye-Waller
B(T) factor, which tends to differ from the measured values (as exem-
plified by Fig. 6), since there is no free parameter left to adjust this
factor. Here, we introduced a temperature-dependent spectral cutoff
A(T) and Debye temperature 6(T), so that the phonon partition function
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still defines an equilibrium system, cf. Section 2, and explained the
reconstruction of these functions from measured heat capacity data, cf.
Section 3. In this way, we arrived at an equilibrium partition function
defining a lattice heat capacity that coincides with the data sets over the
full temperature range of the solid phase, cf. Fig. 1.

In general, a partition function with a temperature-dependent
Hamiltonian does not define an equilibrium system, since the equilib-
rium condition dS/0U =1/T (necessary to equilibrate with a ther-
mometer system, for instance) is not met [36], but in the case of the
phonon partition function (2.1), 6(T) and A(T) can be chosen to satisfy
this condition, cf. (2.10). The formalism is non-perturbative and can also
be used at high pressure.

In Section 4, we studied the heat capacity of rutile. The log-log plots
of Fig. 1 depict a least-squares fit to the experimental lattice heat ca-
pacity as well as the Debye approximation with constant Debye tem-
perature. The fit function (4.1) is a multiply broken power law with
parameters in Table 1, which can be temperature integrated to obtain
the entropy variable and the thermal component Ugperm(T) of the in-
ternal energy, cf. Fig. 2. The zero-point internal energy Uy of rutile was
estimated in Section 5.2, from an X-ray diffraction measurement of the
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Debye-Waller factor.

Once the temperature dependence of the entropy S(T) and internal
energy U(T) = Umerm (T) + Up has been quantified by integration of the
regressed analytic heat capacity, cf. (2.20), one can calculate the varying
Debye temperature §(T) and spectral cutoff A(T) of the partition func-
tion as explained in Sections 3.1 and 5. The temperature variation of the
Debye temperature of rutile is depicted in Fig. 3, the spectral cutoff in
Fig. 4, and the effective phonon speed determining the temperature-
dependent dispersion relation @ = ce(T)k in the partition function
(2.1) is shown in Fig. 5. The temperature variation of the Debye-Waller
factor B(T) of rutile is depicted in Fig. 6, from the low-temperature
regime up to the melting point, and coincides with the measured
value at ambient temperature.
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Appendix A. Effective phonon Hamiltonian with temperature-dependent dispersion relation

We sketch a derivation of the thermodynamic variables stated in Section 2, based on conventional box quantization. The effective phonon
Hamiltonian is defined by an ensemble of one-dimensional harmonic oscillators,

1
Her(T,n) = Zi (pj?_k + w/%k(Tﬁ n)qj'z,k) ,
Tk

(A1)

where the oscillator frequencies wjy(T,n) depend on the temperature and atomic density n (of the crystal or amorphous solid) and admit the linear
dispersion relation wjx = c;j(T,n)k. The wave vector of the phonons is discretized as k = 2zn/L, n € 73, where L is the box size, and k denotes the
wavenumber. The index j = 1, 2, 3 labels the longitudinal and the two transversal polarization degrees. The position and momentum operators satisfy
the commutation relation [gjx,p; /] = i6; 8. By introducing the rescaled variables Qjx = ,/@jxqjx and Pjx = pjx//@jx as well as bosonic annihi-
lation and creation operators, gjx = (Qjx + iP;x)/Vv2 and a;k = (Qjx — iPjx) /2, the Hamiltonian (A.1) can be written as

1 1
Her(T,n) = D 20 (P + Qi) = D _oix(T,m) (M,k + 5)4 (A.2)
Jk Jk

The Njx = a}_kaj,k are commuting hermitian particle number operators, and a multi-index notation i = (j, k) will be used as shortcut for the summation

indices. The g; and their adjoints satisfy the commutation relations [ai,ai,] = Sin-
The operators a; and aiT will be used in occupation number representation, with normalized basis vectors |ny, ---,n;, -++, N ) (shortcut |n), e.g., |0) for
the vacuum state). The occupation numbers n; are non-negative integers indicating the number of particles in state i. A scalar product is defined by

(nln'y = On O, n_ - The representation of the ¢; and al then reads

@ilny, e gy e M) = Nl e = 1 e g ),

(A.3)
alln, o, mgy ey > = /g + Lnn, e m + 1, g S,

and g;|n) = 0 (zero-vector) if n; = 0. Hence, (a} n|n') = (n|ain'>. The particle number operators N; = aj a; are hermitian, commute, and are diagonal in
this representation, Nj|n) = n;|n).

The density operator reads p = exp( — Hege(T, n) /T), the partition function is defined by the trace Z = Tr[p], and the total internal energy is
obtained as expectation value U = (Hefr), (Heft) = Tr[Hesrp]/Z. To evaluate the expectation value of an operator of type G(T,n) = ;& x(T,n)(Njx +
1/2), where g is an arbitrary function of polarization index j and wave vector k and other parameters such as temperature and atomic density, we
consider Z, = Tr[p,] with p, = exp[ — He(T,n) /T — ¢G(T,n)]. Here, ¢ is a dimensionless parameter put to zero after differentiation, so that (G) = —
(log Z;) , = Tr[Gp]/Z. Employing the above stated occupation number representation, log Z, can easily be evaluated. We write

. 1 wix(T,n
Heff/T +eG = ij,k <N,k + §>, Jfix = % +egix(T,n), (A.4)
jk

and find, in multi-index notation i = (j, k),
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> ew-Y oty 3 Tlewl-fon+)

Ny, e =0 i=1 Ny e =0 i=
(A.5)
T S —fi1/2) /2 I -
7112;: He Z::Oe 7111_6%.
Thus,
log Z, 72105;1 7 Z(}jk/2+log (1—e?v)), (A.6)
and, by substitution of fji (defined in (A.4)),
1
(G)y = —(log Z,) Zg] ( T ] +§> (A7)
The continuum limit is performed by replacing 3", —(L® /(27)°) [ dk, so that
log Z. = — L73 Z / <log(1 - e*f/.k) +lf~k> dk, (A.8)
(2x)’ . 27 ’
L’ 1 1
=— ix(T —+ - |dk A9

The expression in parentheses in (A.9) is just (1 /2)coth(wjx /(2T)).
To obtain the internal energy U = (Hett), we put gix = @jx = ¢j(T,n)k in (A.9) (which means Het = ;@ (T,n)(Njk + 1/2), see after (A.3)) and
find

(Hetr) _ 4m 1 1),
= 32 (T,n) /(Tr_l+§>kdk. (A.10)

Analogously, the effective phonon number (Np), cf. (2.14), is obtained by putting gx = 1 in (A.9), which means Np, = 3 (Njx +1 /2) and

<NP“> 4n Z/( ”k/Z )kzdk (A.11)

The average (Np;,) is not to be confused with the effective oscillator number, Noscii = Zj7k1, which, in the thermodynamic limit, reads Nog.j1/ L® =
(47 /(2m)%) szdk cf. after (A.7) and (2.14).

The entropy (S) = —Tr[pg log p] is defined by the normalized density operator p; = p/Z, p = exp( — Heg(T,n) /T), see after (A.3), so that Tr[pg] =
1 and (S) = log Z + (He)/T. The thermodynamic limit of log Z is stated in (A.8), with ¢ = 0 and fjx = w;k(T,n)/T, cf. (A.4),

4rl? ety L e(T,n)k
log Z = — > log(1 — e a(Tmk/1 +—-’—’>k2dk. (A.12)
¢ (2z)’ J /( 2 ) 2T

In Section 2, we specify the integration range of the wavenumber integration dk by introducing a temperature-dependent upper integration
boundary A(T, n) in (A.8)-(A.12). This spectral cutoff can be chosen so that log Z becomes the partition function of an equilibrium system, despite the
explicit temperature dependence of the dispersion relation w;x = ¢;(T,n)k, cf. Section 2.2. We use the same effective phonon speed for the longitudinal
and transversal polarizations, so that the dispersion relation simplifies to @ = c.g(T,n)k. The partition function (A.12) then reads as stated in (2.1).

Finally we indicate a derivation of the mean-squared atomic vibrations (ué) in (5.1) and (5.3). The expectation values of the squared momentum

and position variables (with regard to the n-th energy eigenstate) of a one-dimensional harmonic oscillator read (p*>) = mwy, and (¢*) = wn/(mw?),
where w, = (n+1 /2)w are the energy eigenvalues. (The ground state energy /2 is related to the coupling constant k of the harmonic potential by

2 = E/m, and m is the oscillator mass.) Thus the kinetic energy (p?)/(2m) equals the potential energy mw?(q?)/2, so that the total energy of an
oscillator can be expressed as (H) =mw?(g?). The spectral energy density of the atomic oscillators constituting the solid is pg (@) = ngsimw?(g?), with
oscillator density Moscii = Nogcit/V, cf. after (2.14), so that (q*) = pg()/(noscimw?). On the other hand, we may use w = c.(T,n)k as integration
variable in energy density (2.7),

r9(T) 4ro 1 1\ 4
w= [ b, pylo) - et (Gr=i+3)" A13)

so that the frequency-integrated (g?) at finite temperature reads

-0(T) 4ro "O(T) 1 1
2y — / 2\ doy — / ( +7> wdo, (A.14)
( Q> Jo (q°) (271') mLeff(T)nOSCi](T) Jo eo/T _1 ' 2

10



R. Tomaschitz

Physica B: Physics of Condensed Matter 593 (2020) 412243

which coincides with (u3) in (5.3), if we use cer = 6(T)/A(T) and neesy = (476 / (27)*)A%(T) /3, cf. after (2.14), and restore the units.

References

[1]
[2]
[3]

[4]
[5]
[6]
71
(8]
9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]

W.T. Berg, J.A. Morrison, Proc. Roy. Soc. (London) A 242 (1957) 467.

D.M. Hoat, J.F. Rivas Silva, A. Méndez Blas, Physica B 545 (2018) 55.

B.-L. Yan, H. Qin, Z.-K. He, Y. Wei, K. Chang, B.-L. Guo, B. Tang, D.-H. Fan, Q.-
J. Liu, Physica B 546 (2018) 1.

D.M. Hoat, Physica B 558 (2019) 109.

M. Peng, H. Shou, Y. Cao, Physica B 561 (2019) 29.

Z. Kong, Y. Duan, M. Peng, D. Qu, L. Bao, Physica B 573 (2019) 13.

D.A.H. Hanaor, C.C. Sorrell, J. Mater. Sci. 46 (2011) 855.

G. Meinhold, Earth Sci. Rev. 102 (2010) 1.

K.T. Matsumoto, N. Morioka, K. Hiraoka, Physica B 533 (2018) 90.

A.A. Musari, D.P. Joubert, G.A. Adebayo, Physica B 552 (2019) 159.

A. Bakar, A. Afaq, M.F. Khan, N. ul Aarifeen, M.I. Jamil, M. Asif, Physica B 576
(2020), 411715.

X.D. Li, K. Li, C.H. Wei, W.D. Han, N.G. Zhou, Physica B 538 (2018) 54.

Y. Amakai, S. Murayama, N. Momono, H. Takano, T. Kuwai, Physica B 536 (2018)
173.

S.A. Sofi, D.C. Gupta, Physica B 577 (2020), 411792.

P. Amiri, H. Salehi, Y.L. Motlagh, Physica B 578 (2020), 411761.

A.N. Filanovich, A.A. Povzner, Physica B 527 (2017) 16.

A.N. Filanovich, A.A. Povzner, Physica B 575 (2019), 411693.

K.V. Khishchenko, V.E. Fortov, I.V. Lomonosov, Int. J. Thermophys. 26 (2005) 479.

11

[19]
[20]
[21]

[22]
[23]

[24]
[25]
[26]
[27]
[28]
[29]

[30]
[31]

[32]
[33]
[34]
[35]
[36]

E. Eser, H. Kog, Physica B 492 (2016) 7.

S.Sh. Rekhviashvili, Kh. L. Kunizhev, High Temp. 55 (2017) 312.

M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions, Dover Publ.,
New York, 1972.

T. Mitsuhashi, Y. Takahashi, J. Ceram. Ass. Japan 88 (1980) 305.

D. de Ligny, P. Richet, E.F. Westrum Jr., J. Roux, Phys. Chem. Miner. 29 (2002)
267.

J.S. Dugdale, J.A. Morrison, D. Patterson, Proc. Roy. Soc. Lond. A 224 (1954) 228.
T.R. Sandin, P.H. Keesom, Phys. Rev. 177 (1969) 1370.

R. Tomaschitz, Physica A 483 (2017) 438.

R. Tomaschitz, Physica A 541 (2020), 123188.

R. Tomaschitz, Appl. Phys. A 126 (2020) 102.

R.W. James, The Optical Principles of the Diffraction of X-Rays, Bell, London,
1967.

J.-S. Jeon, B.-H. Kim, C.-I. Park, S.-Y. Seo, C. Kwak, S.-H. Kim, S.-W. Han, Jpn. J.
Appl. Phys. 49 (2010), 031105.

M.H. Manghnani, E.S. Fisher, W.S. Brower Jr., J. Phys. Chem. Solids 33 (1972)
2149.

N.M. Butt, J. Bashir, P.T.M. Willis, G. Heger, Acta Crystallogr. A 44 (1988) 396.
N.M. Butt, J. Bashir, M.N. Khan, Acta Crystallogr. A 49 (1993) 171.

R.C.G. Killean, E.J. Lisher, J. Phys. F Met. Phys. 5 (1975) 1107.

C.K. Shepard, J.G. Mullen, G. Schupp, Phys. Rev. B 61 (2000) 8622.

R. Tomaschitz, Fluid Phase Equilib. 496 (2019) 80.


http://refhub.elsevier.com/S0921-4526(20)30261-1/sref1
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref2
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref3
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref3
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref4
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref5
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref6
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref7
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref8
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref9
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref10
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref11
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref11
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref12
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref13
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref13
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref14
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref15
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref16
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref17
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref18
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref19
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref20
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref21
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref21
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref22
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref23
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref23
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref24
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref25
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref26
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref27
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref28
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref29
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref29
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref30
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref30
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref31
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref31
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref32
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref33
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref34
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref35
http://refhub.elsevier.com/S0921-4526(20)30261-1/sref36

	Effective partition function of crystals: Reconstruction from heat capacity data and Debye-Waller factor
	1 Introduction
	2 Thermodynamic variables and equilibrium condition for phonons
	2.1 Temperature-dependent spectral cutoff
	2.2 Internal energy, isochoric heat capacity and entropy
	2.3 Restoring units and conversion to molar quantities

	3 Extracting the temperature variation of the spectral cutoff and Debye temperature from heat capacity data
	3.1 Reconstruction of θ(T) and Λ(T)
	3.2 High-temperature asymptotics of Debye temperature, spectral cutoff and effective phonon speed
	3.3 Low-temperature limit of Debye temperature and spectral cutoff
	3.4 Comparison with the Debye approximation

	4 Heat capacity of titanium dioxide (rutile polymorph)
	5 Debye-Waller B-factor and zero-point vibrations
	5.1 Extracting the zero-point energy from B-factor measurements
	5.2 B-factor, zero-point energy, internal energy and entropy of rutile

	6 Conclusion
	Declaration of competing interest
	Appendix A Effective phonon Hamiltonian with temperature-dependent dispersion relation
	References


