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Abstract. The impact of angular temperature variations on the thermodynamic variables and real-space
correlation functions of black-body radiation are analyzed. In particular, the effect of temperature fluctua-
tions on the number density and energy density correlations of the cosmic microwave background (CMB)
is studied. The angular temperature fluctuations are modeled by an isotropic and homogeneous Gaus-
sian random field, whose autocorrelation function is defined on the unit sphere in momentum space. This
temperature correlation function admits an angular Fourier transform which determines the density corre-
lations in real space induced by temperature fluctuations. In the case of the CMB radiation, the multipole
coefficients of the angular power spectrum defining the temperature correlation function have been mea-
sured by the Planck satellite. The fluctuation-induced perturbation of the equilibrium variables (internal
energy, entropy, heat capacity and compressibility) can be quantified in terms of the measured multipole
coefficients by expanding the partition function around the equilibrium state in powers of the temperature
random field. The real-space density correlations can also be extracted from the measured temperature
power spectrum. Both the number density and energy density correlations of the electromagnetic field are
long-range, admitting power-law decay; in the case of the energy density correlation, the fluctuation-induced
correlation overpowers the isotropic equilibrium correlation in the long-distance limit.

1 Introduction

We study angular-dependent temperature fluctuations in
a photon gas, as occurring in the cosmic microwave back-
ground (CMB) radiation. The fluctuations distort the
Planckian equilibrium density, resulting in a stationary
non-equilibrium system. The aim is to quantify the impact
of temperature fluctuations on the thermodynamic vari-
ables and real-space density correlation functions of the
electromagnetic field. The angular temperature fluctua-
tions are modeled by an isotropic Gaussian random field
in momentum space. The pair correlation function of this
random field admits a multipole expansion whose coef-
ficients can be extracted from the temperature power
spectrum, which has been measured with high accuracy
in the case of the CMB radiation, up to multipoles of
order l ∼ 2500, cf. references [1–3].

As the photon gas is in stationary non-equilibrium
due to the angular temperature variations, the thermo-
dynamic variables such as internal energy and entropy
are obtained as fluctuation averages and depend on the
multipole coefficients of the temperature power spectrum.
The effective temperature of the system, defined by the
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internal-energy derivative of entropy, deviates from the
mean temperature; the difference, which is very small
but still measurable in the case of the CMB radiation,
can be expressed as a series of multipole coefficients and
quantifies the deviation from the equilibrium state. The
heat capacity and compressibility remain positive, as the
equilibrium state is the leading order of the perturba-
tive expansion in powers of the fluctuating temperature
variable.

Angular temperature fluctuations in momentum space
also affect the number density and energy density correla-
tions in real space, especially the long-range asymptotics
of the energy density correlation, which is dominated by
temperature fluctuations. The real-space correlations of
the CMB radiation are nearly constant at short distance
and terminate in long-range power-law decay. There is an
invertible one-to-one correspondence between the angular-
dependent temperature correlation function on the unit
sphere in momentum space and the frequency and dis-
tance dependent spectral kernels of the long-range density
correlations.

Long-range correlations emerge in a variety of statis-
tical systems and have been extensively studied, ranging
from phase transitions in spin systems [4–7] and many-
body problems [8,9] to interdisciplinary applications such
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as network theory [10], econophysics [11], linguistic text
analysis [12], internet traffic flows [13] and earthquakes
[14], to mention but a few.

In Section 2, we analyze the effect of angular tem-
perature fluctuations on the thermodynamic variables
by performing a perturbative expansion of the variables
around the mean temperature in ascending powers of
the temperature random field. We calculate the angular-
averaged internal energy and entropy and then use the
energy derivative of entropy to obtain the effective tem-
perature S,U = 1/Teff . The fluctuation corrections to the
specific heat and compressibility of the photon gas are
calculated from the entropy variable reparametrized with
the effective temperature. The angular-averaged variances
of the particle count and internal energy can be traced
back to the spatially integrated correlation functions of
the number and energy densities of the electromagnetic
field discussed in Section 4.2.

In Section 3, we study the autocorrelation
〈δT (k0)δT (k′0)〉 of the temperature random field on
the unit sphere in momentum space. This Gaussian pair
correlation is defined by an angular average over mea-
sured fluctuations δT (k0), which renders 〈δT (k0)δT (k′0)〉
isotropic, depending only on the polar angle k0k

′
0 = cos θ.

The temperature correlation function thus admits a
multipole expansion on the unit sphere in terms of Leg-
endre polynomials. In the case of the cosmic microwave
background (CMB) radiation, the multipole coefficients
Cl have been extracted from the measured angular
fluctuations δT (k0); in Section 3.1, we use a least-squares
spectral fit to obtain an analytic representation of the
multipole power spectrum Cl by a series of Gaussians,
covering multipoles up to l ∼ 2500 as measured by the
Planck satellite [3]. In Section 3.2, we perform an angular
Fourier transform of the pair correlation 〈δT (k0)δT (k′0)〉,
mapping the temperature correlation on the unit sphere
k2

0 = 1 into an isotropic correlation function in real
space. The latter is a frequency-dependent spectral kernel
determining the impact of temperature fluctuations on
spatial density correlations discussed in Sections 4–6. This
transform of the temperature correlation 〈δT (k0)δT (k′0)〉
into a real-space correlation function is invertible; the
inversion is performed in Section 3.3.

In Sections 4–6, we study real-space density correla-
tions of a photon gas, in particular the fluctuation-induced
number and energy density correlations of the CMB radi-
ation. In Section 4, we introduce the Fourier integrals
and their fluctuation average defining the correlations.
The latter can be decomposed into an isotropic compo-
nent corresponding to an equilibrated photon gas and
a fluctuation correction due to the angular temperature
variation. We derive the spectral representation of the
number and energy density correlations, whose spectral
kernels are determined by the multipole coefficients of
the temperature autocorrelation function, cf. Section 3.
As a consistency check, we also show that the spatially
integrated correlations reproduce the variances of number
count and internal energy derived in Section 2.3.

In Section 5, we perform the frequency integration of the
spectral kernels, obtaining explicit analytic expressions
for the number density and energy density correlations

in terms of Bessel series, and derive the short-distance
limit of the correlations. The effect of temperature fluctu-
ations on real-space correlation functions is illustrated by
plots of the CMB number and energy density correlations,
based on the temperature multipole spectrum discussed
in Section 3.1. These plots depict the extended crossover
from the short-distance limit to the asymptotic long-
distance power-law correlations discussed in Section 6.

In Section 6, we study the large-distance asymptotics of
the number density and energy density correlations, which
exhibit power-law decay in this limit. The number density
correlation generated by angular temperature fluctuations
decays with the same power 1/r4 as the isotropic number
density correlation of the equilibrium state. In contrast,
the energy density correlation induced by angular fluctu-
ations decays as 1/r6 and overpowers the isotropic energy
density correlation of the equilibrated photon gas, which
decays ∝1/r8 in the long-distance limit. In Section 7, we
present our conclusions.

2 Angular temperature fluctuations in a
photon gas

2.1 Fluctuation-averaged thermodynamic variables

Weakly anisotropic black-body radiation can be modeled
by a Planck distribution with temperature variable T +
δT , where T is the mean temperature and δT (k0) a ran-
dom field describing the angular temperature fluctuations.
The anisotropic Planckian spectral number density reads

dρ(k,k0) =
s

(2π)3

k2dkdΩk0

eH(k,k0,T ) − 1
,

H(k,k0, T ) =
k

T + δT (k0)
, (1)

where dΩk0 is the surface element of the unit sphere
k2

0 = 1 in momentum space. The two polarization degrees
of the electromagnetic field are indicated by s = 2.
(~ = c = kB = 1.) The temperature variable of an ideal
photon gas is thus replaced by T + δT (k0). As T is the
mean temperature, the average of the temperature fluctu-
ations over the unit sphere vanishes,

∫
δT (k0)dΩk0

= 0.
We treat δT (k0) as an isotropic Gaussian random
field with zero mean, 〈δT (k0)〉 = 0, defined by a pair
correlation function 〈δT (k0)δT (k′0)〉 which only depends
on the polar angle k0k

′
0 = cos θ, cf. Section 3, so that

δ2
T := 〈δT (k0)δT (k0)〉 is constant.
The following derivations of the fluctuation-averaged

thermodynamic variables based on spectral density (1)
can easily be adapted to a Bose or Fermi gas of relativis-
tic massive particles with angular-dependent temperature
T + δT (k0), defined by number density

dρB,F(E,k0) =
s

(2π)3

√
1−m2/E2

eH(E,k0,T )+α ∓ 1
E2dEdΩk0 , (2)

with H(E,k0, T ) as in (1), dispersion relation E =√
k2 +m2, fugacity parameter α = − log z and spin
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multiplicity s. Here, we will focus on the spectral density
(1) of a photon gas and use the microwave background
radiation as example, since its Planckian shape and the
angular temperature fluctuations have been measured
with good precision over an extended frequency range.
The relative fluctuations are of order δT/T ∼ 10−5 and
thus allow a perturbative expansion of the thermody-
namic variables around the mean temperature, so that a
quantitative treatment of the density correlation functions
studied in Sections 4 and 5 is possible.

By expanding the spectral density dρ(k,k0) of black-
body radiation in δT (k0), cf. (1), and performing the
fluctuation average (indicated by angle brackets), we find

〈dρ(k,k0)〉 =
s

(2π)3

[
1

ek/T − 1
+

1

2

(
1

ek/T − 1

)
,T,T

δ2
T

+O(δ4
T )

]
k2dkdΩk0

. (3)

The linear term in the expansion drops out due to homo-
geneity, 〈δT (k0)〉 = 0. The specific number and energy
densities and the pressure are obtained as

N

V
= n(T ) =

∫
〈dρ(k,k0)〉,

U

V
= u(T ) =

∫
k〈dρ(k,k0)〉, (4)

and P = u/3. The temperature derivatives in (3) (and
in the subsequent averages) are performed after the
elementary integrations,

u(T ) = σ̂T 4

(
1 + 6

δ2
T

T 2

)
, σ̂ :=

4πs

(2π)3

π4

15
,

n(T ) =
4πs

(2π)3
2ζ(3)T 3

(
1 + 3

δ2
T

T 2

)
. (5)

As for the CMB radiation, δ2
T /T

2 = 1.770× 10−9, with a
mean temperature of T = 2.725 K, see Section 3.1.

The partition function corresponding to spectral density
(1) is

logZ = − sV

(2π)3

∫
log(1− e−H(k,k0,T ))k2dkdΩk0

=
V

3

∫
H,k(k,k0, T )kdρ(k,k0), (6)

where we have used integration by parts. The fluctuation
average of logZ is performed by expanding the integrand
H,kkdρ = Hdρ to second order in the random field δT (k0)
and by averaging using 〈δT (k0)〉 = 0 and the shortcut
〈δT (k0)δT (k0)〉 = δ2

T ,

〈Hdρ〉 =
s

(2π)3
k3dkdΩk0

1

T

{
1

ek/T−1
+

[
1

2

(
1

ek/T−1

)
,T,T

− 1

T

(
1

ek/T − 1

)
,T

+
1

T 2

1

ek/T − 1

]
δ2
T

}
. (7)

In this way, we arrive at

〈logZ〉 =
V

3

∫
〈Hdρ〉,∫

〈Hdρ〉 =
4πs

(2π)3

π4

15
T 3

(
1 + 3

δ2
T

T 2

)
. (8)

The entropy can be averaged in like manner,

S

V
= s(T ) =

1

V
〈logZ〉+

∫
〈H(k,k0, T )dρ(k,k0)〉, (9)

and we use (8) to find s(T ) = 4〈logZ〉/V or

s(T ) =
4

3
σ̂T 3

(
1 + 3

δ2
T

T 2

)
, σ̂ :=

4πs

(2π)3

π4

15
. (10)

The above expansions (and the subsequent ones) are up to
terms of O(δ4

T /T
4). The systematic expansion in powers

of the random field δT (k0) (performed in (3) and (7) up to
second order) is not to be considered as an approximation,
but rather as the proper definition of the integrands, since
δT (k0) is only defined by its correlation functions; higher-
order correlations are linear combinations of products of
〈δT (k0)δT (k′0)〉.

2.2 Effective temperature, heat capacity and
compressibility

The (U, V,N) parametrization of entropy S/V = s(T ) is
S = V s(u−1(U/V )). The U derivative thereof defines the
effective temperature of a photon gas in stationary non-
equilibrium [15],

S,U (U, V ) =
s′(T )

u′(T )
=

1

Teff
, (11)

so that

Teff := d(T ) = T

(
1 + 2

δ2
T

T 2

)
,

T = Teff

(
1− 2

δ2
T

T 2
eff

)
. (12)

The entropy in (Teff , V ) representation reads S(Teff , V ) =
V s(d−1(Teff)), with the shortcut d(T ) in (12), and
the effective temperature derivative is S,Teff

(Teff , V ) =
V s′(T )/d′(T ). At constant volume, the heat differential
dQ coincides with the internal energy differential dU =
TeffdS, cf. (11), so that dQ = TeffS,Teff

dTeff . Accordingly,
the isochoric heat capacity reads, cf. (10) and (12),

CV = TeffS,Teff
= V d

s′

d′
= 4σ̂V T 3(1 + 5

δ2
T

T 2
),

σ̂ :=
4πs

(2π)3

π4

15
. (13)

By inverting the pressure, P = p(T ) = u/3, cf. (5),
and substituting into S/V = s(T ), we find the (P, V )
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representation of entropy, S(P, V ) = V s(p−1(P )). Thus,
V (P, S) = S/s(p−1(P )), which defines the adiabatic com-
pressibility κS = −V,P /V or

κS =
1

s

s′

p′
=

9

4

1

σ̂T 4

(
1− 5

δ2
T

T 2

)
, (14)

where we used (5) and (10). Since the thermal equation
P = u/3 is independent of volume (see (5)), due to the
absence of a chemical potential in the Planck distribution
(1), the isobaric specific heat, the isobaric expansion coef-
ficient and the isothermal compressibility are not defined
for a photon gas. The δ2

T /T
2 corrections in the above

equations indicate the deviation from equilibrium due to
temperature fluctuations; δ2

T is a shortcut for the angular
average 〈δT (k0)δT (k0)〉, which is a constant independent
of the unit wave vector k0. A specific example, the CMB
radiation, will be discussed in the subsequent sections,
where we estimate δ2

T /T
2 from measured temperature

fluctuations.

2.3 Variances of particle count and internal energy

The variances of the particle number and internal energy
are 〈∆N2〉q = 〈N2〉q−〈N〉2q, where ∆N = N −〈N〉q, and

analogously for 〈∆U2〉q; the quantum statistical average
is denoted by an angle bracket with a subscript q to dis-
tinguish it from the subsequent fluctuation average, also
indicated by angle brackets. We find

〈∆N2〉q =
sV

(2π)3

∫
eH(k,k0,T )

(e
H(k,k0,T ) − 1)2

k2dkdΩk0 , (15)

and analogously 〈∆U2〉q with k2 replaced by k4. To derive
this, we replace log(1 − e−H) in the integrand of par-
tition function (6) by log(1 − e−H−α−εk) and calculate
〈∆N2〉q = (logZ),α,α and 〈∆U2〉q = (logZ),ε,ε at α =
ε = 0, cf. reference [16].

To average the variance 〈∆N2〉q in (15) over the tem-
perature fluctuations, we expand the integrand in δT (k0)
and average the δT (k0) products as done in (3) and (7),〈

eH(k,k0,T )

(e
H(k,k0,T ) − 1)2

〉

=
ek/T

(e
k/T − 1)2

+
1

2

(
ek/T

(e
k/T − 1)2

)
,T,T

δ2
T + O(δ4

T ). (16)

Replacing the ratio in (15) by this average, we find the
angular-averaged variances 〈〈∆N2〉q〉 = 〈〈N2〉q〉 − 〈〈N〉2q〉
and 〈〈∆U2〉q〉 as

〈〈∆N2〉q〉 =
4πsV

(2π)3

π2

3
T 3

(
1 + 3

δ2
T

T 2

)
,

〈〈∆U2〉q〉 =
4πsV

(2π)3

4π4

15
T 5

(
1 + 10

δ2
T

T 2

)
. (17)

The fluctuation averages 〈〈N〉2q〉 and 〈〈U〉2q〉 read

〈〈N〉2q〉 = V 2

∫
〈dρ(k,k0)dρ(k′,k′0)〉,

〈〈U〉2q〉 = V 2

∫
kk′〈dρ(k,k0)dρ(k′,k′0)〉. (18)

In Section 5, we will obtain these averages as the r = 0
limit of the correlation functions 〈Gn(r)〉 of the number
and energy densities, 〈〈N〉2q〉 = sV 2〈Gn=0(r = 0)〉 and

〈〈U〉2q〉 = sV 2〈Gn=1(r = 0)〉, see (40) and (64). In (4)
and (5), we calculated 〈〈N〉q〉 = V n(T ) and 〈〈U〉q〉 =

V u(T ). The average 〈〈N〉2q〉 factorizes into 〈〈N〉q〉2 and

analogously 〈〈U〉2q〉.

3 Temperature autocorrelation

3.1 Multipole coefficients

We consider the isotropic average of a fluctuating temper-
ature field δT (k0) on the unit sphere in momentum space
[17],

〈δT (k0)δT (k′0)〉 =
1

8π2

∫∫
δT (q0)δT (q′0)

×δ(q0q
′
0 − k0k

′
0)dΩq0

dΩq′
0
, (19)

which only depends on the polar angle k0k
′
0 = cos θ.

dΩq0
and dΩq′

0
are the solid angle elements of q0 and

q′0; the subscript zero denotes unit vectors. The average
(19) is performed with the normalized density δ(q0q

′
0 −

cos θ)dΩq0
dΩq′

0
/(8π2). The field δT (k0) is a measured

field configuration on the unit sphere.
The random field δT (k0) is assumed to be homo-

geneous, 〈δT (k0)〉 = 0, and Gaussian, defined by the
isotropic pair correlation function (19), which can be
expanded in Legendre polynomials,

〈δT (k0)δT (k′0)〉 =
1

2π

∞∑
l=0

(l + 1/2)ClPl(k0k
′
0), (20)

where the multipole coefficients are defined by

Cl =

∫
〈δT (k0)δT (k′0)〉Pl(k0k

′
0)dΩk′

0
, (21)

and dΩk′
0

= sinθdθdϕ is the surface element on the unit

sphere. Since P0(cos θ) = 1, Pn(1) = 1, with k0k
′
0 = cos θ,

we find

δ2
T := 〈δT 2(k0)〉 =

1

2π

∞∑
l=0

(l + 1/2)Cl, (22)

which determines the effective temperature, cf. (12), and
the fluctuation corrections δ2

T /T
2 of the thermodynamic

variables in Section 2. Since 〈δT (k0)δT (k′0)〉 only depends
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Fig. 1. Temperature power spectrum 〈TT 〉 of the CMB radiation. Data points (binned) from reference [3]. The least-squares
fit of the multipole coefficients Cl is depicted as solid blue curve, which is almost coincident with the 1σ error band (red solid
curves), also see the close-up of the low-l spectrum in Figure 2, where the fit is better distinguishable from the error band. The
fit of the Cl is performed with a series of eight Gaussians (blue dotted curves), rescaled with a power law, (l+ 1/2)2+µCl/(2π) =∑8
n=1 an exp[−(l− bn)2/(2σ2

n)]. The fit parameters are the power-law exponent µ = 0.24009 and the parameters an, bn and σn
of the Gaussians, cf. Table 1. The location bn of the peaks is indicated on the upper abscissa by the approximately equidistant
Pn. Structurally similar power spectra have been obtained for angular intensity fluctuations of cosmic rays [18,19], consisting
of a main peak followed by a decaying oscillatory tail with nearly equidistant maxima. The residuals of the χ2 fit are depicted
in the lower panel. χ2/dof = 1.03.

on the product k0k
′
0 = cos θ, the multipole coefficients

(21) are independent of k0. Moreover,

Cl =
1

4π

∫∫
δT (k0)δT (k′0)Pl(k0k

′
0)dΩk′

0
dΩk0 . (23)

That is, instead of the average (20), we can directly
use the measured fluctuation field to obtain the mul-
tipole moments [2,3]. In fact, by inserting (23) into
(20) and applying the completeness relation for Legendre
polynomials,

∞∑
l=0

(l + 1/2)Pl(q0q
′
0)Pl(p0p

′
0) = δ(q0q

′
0 − p0p

′
0), (24)

we recover 〈δT (k0)δT (k′0)〉 as defined in (19). Alterna-
tively, we can substitute (19) into (21) and interchange
integrations to arrive at representation (23) of the Cl.
Also, we may just insert the completeness relation (24)

into (19) and compare with (20) to obtain (23). Since the
mean temperature T is defined by

∫
δT (k0)dΩk0 = 0, see

Section 2.1, we have C0 = 0, cf. (23).
In the case of the CMB radiation, an analytic repre-

sentation of the multipole coefficients Cl, l ≥ 1, can be
obtained from a least-squares fit of the measured multi-
pole spectrum, see Figures 1 and 2. The fit consists of a
series of eight Gaussians and an overall power-law scale
factor,

(l + 1/2)2+µCl
2π

=
8∑

n=1

an exp

(
− (l − bn)2

2σ2
n

)
. (25)

The power-law exponent µ and the parameters an, bn, σn
defining the Gaussians are extracted from the spectral
fit, which is based on l ∼ 2500 measured multipole coef-
ficients, cf. the caption of Table 1. In the numerical
evaluation of the number and energy density correlations

https://epjb.epj.org/
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Fig. 2. Close-up of the low-l temperature power spectrum (2 ≤ l ≤ 110) in Figure 1. Data points and notation as in Figure 1.
(The filled black circles are the first three binned data points in Fig. 1.) The solid blue curve is the χ2 fit of the multipole
coefficients Cl, the 1σ error band is depicted in red. Despite the large error bars of the data points at low l due to cosmic
variance, the error band defined by the least-squares fit is quite narrow. The fit depicted here coincides with the ascending slope
of the first peak P1 in Figure 1; the subsequent peaks do not contribute in this l range. The power-law rescaling of the Cl is
indicated in the caption of Figure 1; the power-law exponent µ = 0.24009 is mainly determined by the low-l data points depicted
here. When calculating spatial correlation functions, we use the analytic representation of the Cl defined by the rescaled series
of eight Gaussians in (25) and Figure 1. The residuals are depicted in the lower panel.

studied in Sections 4–6, we will use this analytic repre-
sentation of the multipole coefficients, with parameters
listed in Table 1. We can sum the series δ2

T in (22),
with C0 = 0 and the Cl≥1, in (25) substituted, to find

δ2
T /T

2 = 1.770× 10−9, where T = (2.7255± 0.0006) K is
the CMB mean temperature. The pair correlation func-
tion 〈δT (k0)δT (k′0)〉 defining the random field is obtained
in like manner, by substituting the Cl≥1 in (25) into the

Legendre series (20).
Based on the analytic fit (25), we find the intrin-

sic dipole C1/T
2 = 3.806 × 10−10 (after subtraction of

the dipole generated by the motion of the Earth in the
CMB rest frame) and the quadrupole coefficient C2/T

2 =
1.244× 10−10. δ2

T is the cosmic variance of the mean tem-
perature T , so that the standard deviation δT = 1.15 ×
10−4 K has to be added in square to the above indicated
measurement error of 6× 10−4 K. That is, the CMB mean
temperature at different locations in the universe varies
within δT .

3.2 Angular Fourier transform of temperature
correlations

First, we note the orthogonality relation for Legendre
polynomials on the unit sphere [20],∫

Pn(k0q0)Pl(k0p0)dΩk0
= δnl

2π

l + 1/2
Pl(p0q0), (26)

and the expansion of an exponential into Legendre poly-
nomials [21],

eikp =
∞∑
l=0

il(2l + 1)jl(kp)Pl(k0p0). (27)

The jn(x) =
√
π/(2x)Jn+1/2(x) are spherical Bessel func-

tions, in particular j0(x) = sinx/x. Using (26) and (27),

https://epjb.epj.org/
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Table 1. Fit parameters of the multipole coefficients
Cl of the CMB temperature autocorrelation 〈TT 〉, cf.
(20). The χ2 fit depicted in Figures 1 and 2 is per-
formed with a series of eight Gaussians rescaled with
a power law, (l + 1/2)2+µCl/(2π) =

∑8
n=1 an exp[−(l −

bn)2/(2σ2
n)]. The power-law exponent µ = 0.24009 and the

listed amplitudes an, peaks bn (labeled Pn in Fig. 1) and
RMS widths σn of the Gaussians are fitting parameters.
The peaks bn are approximately equidistant. The least-
squares fit is based on 2507 data points Cl, 2 ≤ l ≤ 2508,
cf. reference [3]; the low-l multipole coefficients up to l =
110 are depicted in Figure 2, the binned high-l spectrum
above l = 30 is shown in Figure 1. χ2/dof = 2555.4/2482.

n an[µK2] bn σn

1 21 015 227.38 93.426
2 11 276 536.28 90.761
3 12 474 818.60 107.11
4 6258.0 1130.1 98.473
5 4530.1 1426.7 123.24
6 1993.0 1741.6 105.28
7 1378.0 2034.3 148.28
8 615.01 2390.9 113.98

we find∫
Pn(k0q0)eikxdΩk0

e−iqx′
dΩq0

= (4π)2jn(kr)jn(qr′)

×Pn(x0x
′
0), (28)

If x′0 = x0, we can drop Pn(x0x
′
0), since Pn(1) = 1.

The angular Fourier transform of the correlation func-
tion 〈δT (k0)δT (k′0)〉 in (20) is

δG(r; k, k′) =
1

(4π)2

∫
〈δT (k0)δT (k′0)〉

×eikxdΩk0e−ik′xdΩk′
0
. (29)

By applying (28), we obtain

δG(r; k, k′) =
1

2π

∞∑
l=0

(l + 1/2)Cljl(kr)jl(k
′r), (30)

which is the real-space counterpart to the temperature
correlation (20) on the unit sphere in momentum space.

3.3 Inversion of the angular Fourier transform

We show that the angular Fourier transform (29) is
invertible, so that there is an unambiguous one-to-
one correspondence between the temperature correlations
〈δT (k0)δT (k′0)〉 on the unit sphere in momentum space
and the correlation function δG(r; k, k′) in real space, cf.
(20) and (30). (In Sect. 4, we will relate the number and
energy density correlations of a photon gas to δG(r; k, k′).)

The inversion of transform (29) is

〈δT (k0)δT (k′0)〉 =
pkk′

π2

∫
δG(r; k, k′)eipxdx

=
4kk′

π

∫ ∞
0

δG(r; k, k′) sin(pr)rdr, (31)

where

p = |k− k′| =
√
k2 + k′2 − 2kk′ cos θ, (32)

with k0k
′
0 = cos θ and |cos θ| < 1. If cos θ = ±1, a fac-

tor of 2 has to be added on the right-hand side of (31).
〈δT (k0)δT (k′0)〉 is independent of k, k′. This inversion
follows from the discontinuous Bessel integral∫ ∞

0

jl(kr)jl(k
′r) sin(pr)rdr =

π

4kk′
Pl(cos θ), (33)

with p(cos θ) as in (32) and |cos θ| < 1. At the boundaries
cos θ = ±1, the factor of 4 is replaced by 8. Outside the p
range parametrized by cos θ, integral (33) vanishes identi-
cally. Derivations of the Bessel integrals employed in this
section can be found in reference [22]; also see references
[23–25] for alternative derivations. The inversion of (33)
is

jl(kr)jl(k
′r) =

1

2

∫ π

0

Pl(cos θ)
sin(pr)

pr
sinθdθ, (34)

since, by way of (26) and (27),

sin(pr)

pr
=

1

4π

∫
ei(kk0−k′k′

0)rx0dΩx0

=
∞∑
l=0

(2l + 1)jl(kr)jl(k
′r)Pl(k0k

′
0), (35)

so that we may write, instead of (29),

δG(r; k, k′) =
1

2

∫ π

0

〈δT (k0)δT (k′0)〉 sin(pr)

pr
sinθdθ, (36)

which is the inversion of the transform (31). The average
〈δT (k0)δT (k′0)〉 only depends on k0k

′
0 = cos θ, see (20),

and p(cos θ) as in (32).

4 Real-space correlations: number density
and energy density correlations

4.1 Effect of temperature fluctuations on correlation
functions

Spatial correlations of number and energy density fluc-
tuations of the electromagnetic field are defined by the
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quantum statistical average, cf. reference [26],

ρn(r) := 〈(ρ̂n(x)− 〈ρ̂n(x)〉q)(ρ̂n(y)− 〈ρ̂n(y)〉q)〉q

=
1

(2π)3

∫
k′ne−ik′(x−y)dk′

×
∫
kneik(x−y)dρ(k,k0) +Gn(r), (37)

where r = x − y, and dρ(k,k0) is the spectral density
(1). The number density and energy density operators are
denoted by ρ̂n=0(x) and ρ̂n=1(x), respectively. The pair
correlation function Gn(r) is a squared Fourier transform,

Gn(r) =
s

(2π)6

∫
kneikrdk

eH(k,k0,T ) − 1

∫
k′ne−ik′rdk′

eH(k′,k′
0,T ) − 1

, (38)

with H(k,k0, T ) as in (1). s = 2 accounts for the polariza-
tion degrees. The first integral in (37) is divergent; in the
case of number density correlations (n = 0), equation (37)
can be written as 〈ρn=0(r)〉 = δ(r)

∫
dρ(k,k0) +Gn=0(r).

The proper correlation function is Gn(r), which is finite
at r = 0. The meaning of the zero-point divergence in (37)
is discussed in Section 4.2. A derivation of (38) in terms
of creation and annihilation operators can be found in
reference [26], for free Bose ensembles.

The fluctuation average 〈ρn(r)〉 of the correlation (37)
reads

〈ρn(x)〉 =
1

(2π)3

∫
k′ne−ik′xdk′

×
∫
kneikx〈dρ(k,k0)〉+ 〈Gn(r)〉, (39)

where we have put y = 0, r = x, using homogene-
ity. 〈dρ(k,k0)〉 is the averaged spectral density (3) and
〈Gn(r)〉 denotes the averaged pair correlation function

〈Gn(r)〉 =
s

(2π)6

∫ 〈
1

eH(k,k0,T ) − 1

1

eH(k′,k′
0,T ) − 1

〉
×eikxkndke−ik′xk′ndk′. (40)

The indicated fluctuation average in (40) is performed by
expanding the product of the ratios to second order in
δT (k0) and δT (k′0) as in (3), (7) and (16), and by aver-
aging the products of δT (k0) and δT (k′0) as indicated in
Section 3.1. In this way, we find

〈Gn(r)〉 = Giso
n (r) + δG(1)

n (r) + δG(2)
n (r) + O(δT 4), (41)

where the isotropic leading order Giso
n (r) is

Giso
n (r) =

s

(2π)6

∫
1

ek/T − 1

1

ek′/T − 1

×eikxkndke−ik′xk′ndk′. (42)

The correction induced by temperature fluctuations can
be split into two components:

δG(1)
n (r) =

s

(2π)6

∫
1

ek′/T − 1

(
1

ek/T − 1

)
,T,T

×〈δT 2(k0)〉eikxkndke−ik′xk′ndk′, (43)

where 〈δT 2(k0)〉 = δ2
T in (22) is constant, and

δG(2)
n (r) =

s

(2π)6

∫ (
1

ek/T − 1

)
,T

(
1

ek′/T − 1

)
,T

×〈δT (k0)δT (k′0)〉eikxkndke−ik′xk′ndk′, (44)

where the temperature correlation 〈δT (k0)δT (k′0)〉
depends on the angular variable k0k

′
0 = cos θ, cf. (20). The

subscripts/exponents n = 0 and n = 1 refer to the number
density and energy density correlations, respectively.

4.2 Spatially integrated correlation functions

We integrate the fluctuation-averaged correlation 〈ρn(x)〉
in (39),∫

〈ρn(x)〉dx =

∫
k2n〈dρ(k,k0)〉+

∫
〈Gn(r)〉dx, (45)

where 〈dρ(k,k0)〉 is the averaged spectral density (3) and

∫
〈Gn(r)〉dx =

s

(2π)3

∫ 〈
k2n

(e
H(k,k0,T ) − 1)2

〉
dk, (46)

according to (40). The average of the ratio in the inte-
grand is carried out as in (16). The first integral on the
right-hand side in (45) is the spatially integrated zero-
point divergence in (39). In this way, we find the integrated
particle density correlation as∫

〈ρn=0(x)〉dx = n(T ) +

∫
〈Gn=0(r)〉dx

= 〈〈∆N2〉q〉/V, (47)

and the integrated energy density correlation∫
〈ρn=1(x)〉dx = u2(T ) +

∫
〈Gn=1(r)〉dx

= 〈〈∆U2〉q〉/V. (48)

The angular-averaged particle number and internal energy
variances 〈〈∆N2〉q〉 and 〈〈∆U2〉q〉 have been calculated in
(17), the specific particle density n(T ) is stated in (5), and
u2(T ) denotes the average, cf. (4),

u2(T ) =

∫
k2〈dρ(k,k0)〉

=
4πs

(2π)3
24ζ(5)T 5

(
1 + 10

δ2
T

T 2

)
. (49)
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In brief, the spatially integrated correlations reproduce
the variances of number count and internal energy.

4.3 Spectral kernels of real-space density correlations

By performing the angular integrations of the isotropic
correlation function Giso

n (r) in (42), we find

Giso
n (r) =

∫ ∞
0

giso
n (r;ω, ω′)dωdω′, (50)

giso
n (r;ω, ω′) =

s

(~c)4

(4π)2

(2π)6

ωn+1

eω/T − 1

ω′n+1

eω′/T − 1

1

r2

× sin(ωr) sin(ω′r), (51)

where we changed the momentum variables k, k′

into frequency variables ω, ω′ and restored the
units. We will use ω[eV], r[cm], s = 2, and the
CMB mean temperature T = 2.725 K, so that
giso
n (r;ω, ω′)[eV2n−2/cm6]. In the spectral kernel (51), we

substitute ω/T → ω/(kBT ) = ω[eV]/(8.617 × 10−5T [K])
and ωr → ωr/(~c) = ω[eV]r[cm]/(197.3 × 10−7).
The frequency conversion to eV units is ω[eV] =
4.136× 10−6ν[GHz].

The spectral representation of the correlations δG
(1)
n (r)

and δG
(2)
n (r) in (41) induced by temperature fluctuations

is

δG(1)
n (r) =

∫ ∞
0

δg(1)
n (r;ω, ω′)dωdω′,

δG(2)
n (r) =

∫ ∞
0

δg(2)
n (r;ω, ω′)dωdω′. (52)

The spectral kernel of δG
(1)
n (r) reads, after performing the

angular integrations in (43),

δg(1)
n (r;ω, ω′)=

s

(~c)4

(4π)2

(2π)6

δ2
T

2

[
ω′n+1

eω′/T − 1

(
ωn+1

eω/T − 1

)
,T,T

+(ω ↔ ω′)

]
1

r2
sin(ωr) sin(ω′r), (53)

where we symmetrized. The units are restored
by the substitutions stated after (51), so that

g
(1)
n (r;ω, ω′)[eV2n−2/cm6], and δ2

T /T
2 is dimensionless,

see after (25).

The angular integrations of δG
(2)
n (r) in (44), performed

via (29) and (30), give the spectral kernel

δg(2)
n (r;ω, ω′) =

s

(~c)6

(4π)2

(2π)6

(
ωn+2

eω/T − 1

)
,T

(
ω′n+2

eω′/T − 1

)
,T

× 1

2π

∞∑
l=0

(l + 1/2)Cljl(ωr)jl(ω
′r). (54)

The units are restored as above, and the frequency
integrations factorize, cf. Section 5.

The kernel functions giso
n , δg

(1)
n and δg

(2)
n are oscillating

and slowly decaying ∼O(1/r2). giso
n and δg

(1)
n are finite

at r = 0, whereas δg
(2)
n (r;ω, ω′) ∝ C1r

2, since jl(ωr) ∝ rl
and C0 = 0, see after (24). In the opposite limit, j2l(x) ∼
(−1)l sin(x)/x and j2l+1(x) ∼ (−1)l+1 cos(x)/x. If ω = ω′

and ωr >> 1, we can average the rapidly oscillating
squared angle functions and replace j2

l (ωr) by 1/(2ω2r2),

so that δg
(2)
n (r;ω, ω) becomes a power law ∝1/r2 in this

limit, and the same holds true for the kernels δgiso
n and

δg
(1)
n in (51) and (53) by averaging the squared sine.

5 Frequency-integrated correlations

The isotropic correlation Giso
n (r) in (50) can be evaluated

in closed form,

Giso
n (r) = s

(4π)2

(2π)6
I2
0,n(r), (55)

as it is defined by the squared integral

I0,n(r) =
1

r

∫ ∞
0

sin(ωr)

eω/T − 1
ωn+1dω

=
1

2i

(kBT )n+3

(~c)3

Γ (n+ 2)

rT

×ζ(n+ 2, 1− irT ) + c.c., (56)

where ζ denotes the Hurwitz zeta function [27]. The
polarization multiplicity in (55) is s = 2. Restor-
ing units, we substitute rT → rkBT/(~c) = 8.617 ×
10−5r[cm]T [K]/(197.3 × 10−7) and kBT [eV] = 8.617 ×
10−5T [K], also see after (51). As for the CMB radia-
tion, kBT [eV] = 2.349 × 10−4 and rT = 11.90 r[cm] at
T = 2.725 K. Thus, Giso

n (r)[eV2n/cm6], where n = 0 and
n = 1 label the number density and energy density corre-
lations, respectively, cf. (37) and (38). The r = 0 limit of
integral I0,n(r) in (56) is

I0,n(r = 0) =
(kBT )n+3

(~c)3
Γ (n+ 3)ζ(n+ 3), (57)

so that Giso
n (r = 0) is finite.

Temperature fluctuations induce the correction

δG
(1)
n (r) + δG

(2)
n (r), cf. (41), to be added to the isotropic

correlation Giso
n (r), see (52)–(54). The correlation

δG
(1)
n (r) with spectral kernel (53) also admits integration

in closed form,

δG(1)
n (r) = s

(4π)2

(2π)6
δ2
T I0,n(r)I0,n,T,T (r), (58)

where δ2
T is defined by the multipole series (22) and

δ2
T /T

2 is a dimensionless constant, cf. after (25). The fac-
tor I0,n(r) in (58) is just integral (56), which admits the
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temperature derivatives

TI0,n,T (r) =
(kBT )n+3

(~c)3

Γ (n+ 3)

rT

1

2i
[ζ(n+ 2, 1− irT )

+irTζ(n+ 3, 1− irT )] + c.c., (59)

and

T 2I0,n,T,T (r) =
(kBT )n+3

(~c)3

Γ (n+ 3)

rT

1

2i

×[(n+ 1)ζ(n+ 2, 1− irT ) + 2i(n+ 2)rT

×ζ(n+ 3, 1− irT )− (n+ 3)(rT )2

×ζ(n+ 4, 1− irT )] + c.c. (60)

At r = 0, these derivatives are finite:

TI0,n,T (r = 0) =
(kBT )n+3

(~c)3
Γ (n+ 4)ζ(n+ 3),

T 2I0,n,T,T = (n+ 2)TI0,n,T . (61)

The correlation δG
(2)
n (r) with kernel (54) reads

δG(2)
n (r) = s

(4π)2

(2π)6

1

2π

∞∑
l=0

(l + 1/2)ClI
2
l,n,T (r), (62)

where

Il,n(r) =

∫ ∞
0

ωn+2

eω/T − 1
jl(ωr)dω,

Il,n,T (r) =

∫ ∞
0

(
ωn+2

eω/T − 1
),T jl(ωr)dω. (63)

Integral Il=0,n(r) coincides with I0,n(r) in (56), since

j0(x) = sinx/x. We also note that δG
(2)
n (r → 0) ∝ C1r

2,
since C0 = 0 and the spherical Bessel functions in (63)
vanish ∝rl at r = 0. The units are restored as indi-
cated after (51) and (56); Cl/T

2 is dimensionless and
TIl,n,T [eVn/cm3]. Figures 3 and 4 show plots of the CMB
number density and energy density correlations, their
isotropic equilibrium components and their fluctuation

corrections. The correlations Giso
n (r) and δG

(1)
n (r) stay

nearly constant up to a distance of ∼10−2 cm (see (64)),
and admit power-law asymptotics at large distance, cf.

Section 6. The correlation δG
(2)
n (r), defined by the Bessel

series in (62), has an extended crossover regime stretch-
ing over four decades in distance. In the case of the energy

density correlation depicted in Figure 4, δG
(2)
n=1(r) over-

powers the isotropic component Giso
n=1(r) at large distance,

see Section 6.2.
The correlation function 〈Gn(r)〉 in (41), composed of

the isotropic equilibrium component and the fluctuation

corrections, Giso
n + δG

(1)
n + δG

(2)
n , is finite at r = 0,

〈Gn(r = 0)〉 = Giso
n (r = 0)

(
1 +

δ2
T

T 2
(n+ 2)(n+ 3)

)
, (64)

and the leading order reads, cf. (55) and (57),

Giso
n (r = 0) = s

(4π)2

(2π)6

(kBT )2n+6

(~c)6
Γ 2(n+ 3)ζ2(n+ 3). (65)

The δ2
T /T

2 term in (64) stems from the δG
(1)
n (r) cor-

rection in (58) (with (57) and (61) substituted), and

δG
(2)
n (r) vanishes at r = 0, see after (63). The CMB

radiation admits δ2
T /T

2 = 1.770 × 10−9, cf. after (25).
As pointed out after (18), the fluctuation average of the
squared number count 〈〈N〉2q〉 coincides with the num-

ber density correlation sV 2〈Gn=0(r = 0)〉 and factorizes
into 〈〈N〉q〉2. The same holds true for the fluctuation-
averaged squared internal energy and the energy density
correlation, 〈〈U〉2q〉 = sV 2〈Gn=1(r = 0)〉 = 〈〈U〉q〉2.

6 Large-distance asymptotics of the number
density and energy density correlations

6.1 Isotropic power-law correlations at large distance

We use the asymptotic expansion of the Hurwitz zeta
function ζ(n + 2, 1 − irT ), cf. reference [27], to find the
rT → ∞ asymptotics of the isotropic equilibrium cor-
relation Giso

n (r) in (55) defined by integral I0,n(r) in
(56),

I0,n(r) = Γ (n+ 2)

[
TRein

(n+ 1)rn+2
− Rein+1

2rn+3

+
B2

2!

Γ (n+ 3)

Γ (n+ 2)

Rein+2

Trn+4

+
B4

4!

Γ (n+ 5)

Γ (n+ 2)

Rein+4

T 3rn+6
+ · · ·

]
. (66)

The Bk are Bernoulli numbers. By specializing this expan-
sion to n = 0, we find

I0,n=0(r) =
T

r2
− 1

6Tr4
− 1

30

1

T 3r6
+ · · · , (67)

so that the long-distance limit of the isotropic number
density correlation (55) reads

Giso
n=0(r) ∼ s (4π)2

(2π)6

(kBT )6

(~c)6

1

(rT )4
. (68)

The asymptotics of the energy density correlationGiso
n=1(r)

substantially differs from the number density counterpart
Giso
n=0(r). At n = 1, only the second term in series (66) is

non-vanishing, so that I0,n=1(r) ∼ 1/r4, up to exponen-
tially small terms O(e−2πrT ). In fact, integral I0,n=1(r) in
(56) is elementary,

I0,n=1(r) =
1

r4
− π3T

3

r

coth(πrT )

sinh2(πrT )
. (69)
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Fig. 3. Number density correlation of the CMB radiation. The red solid curve depicts the isotropic equilibrium correlation
Giso
n (r), cf. (55). (The index n = 0 labels the number density correlation and n = 1 the energy density correlation shown in

Fig. 4.) The correlation induced by temperature fluctuations consists of two components δG
(1)
n (r) + δG

(2)
n (r), cf. (41). The

component δG
(1)
n=0(r) (black solid curve, cf. (58)) becomes negative above the depicted cusp (which extends straight down to

zero in this double-logarithmic representation) and decays as ∝1/r6 at large distance, cf. (71). The second component of the

fluctuation correction is the solid blue curve δG
(2)
n (r), cf. (62). Giso

n=0(r) and δG
(2)
n=0(r) admit the same asymptotic power-law

decay ∝1/r4 (indicated by the dotted blue line in the case of δG
(2)
n=0(r)), cf. (68) and (76). At short distance, δG

(2)
n (r) ∝ r2. In

contrast to the energy density correlation in Figure 4, the isotropic correlation Giso
n=0(r) dominates the fluctuation corrections

δG
(1)
n=0(r) and δG

(2)
n=0(r) at short as well as large distance, so that the total number density correlation 〈Gn=0(r)〉 in (41) can

be approximated by Giso
n=0(r).

We thus find the long-distance limit of the energy density
correlation (55) as

Giso
n=1(r) ∼ s (4π)2

(2π)6

(kBT )8

(~c)6

1

(rT )8
, (70)

to be compared with the much stronger number density
correlation (68). Regarding units, see after (56).

6.2 Long-distance correlations generated by angular
temperature fluctuations

Temperature fluctuations add the correction δG
(1)
n (r) +

δG
(2)
n (r) to the isotropic correlation Giso

n (r), cf. Sections 4

and 5. The correlations δG
(1)
n (r) and δG

(2)
n (r) have been

assembled in (58) and (62). The subscripts n = 0 and n =
1 label the number density and energy density correlation,
respectively.

The large-distance expansion of correlation δG
(1)
n (r) in

(58) is defined by the asymptotic series I0,n(r) in (66). In
the case of number density fluctuations, I0,n=0(r) admits
the temperature derivatives TI0,n=0,T (r) ∼ T/r2 and

T 2I0,n=0,T,T (r) ∼ −1/(3Tr4). We thus obtain, cf. (58),

δG
(1)
n=0(r) ∼ −s (4π)2

(2π)6

(kBT )6

(~c)6

δ2
T

T 2

1

3(rT )6
, (71)

which anticorrelates in the long-distance limit, see
Figure 3. The units are stated after (56).

In contrast, the component δG
(1)
n=1(r) ∼ O(e−2πrT ) of

the energy density correlation is exponentially decay-
ing (and also negative) in the long-distance limit, see
Figure 4, since the temperature derivatives TI0,n=1,T (r)
and T 2I0,n=1,T,T (r) are exponentially small, cf. (69).

To obtain the rT � 1 asymptotics of the correlation

δG
(2)
n (r) in (62) determined by the Bessel integrals Il,n(r)

in (63), we expand the ratio in the integrand of Il,n(r)
into an ascending Bernoulli series and use term-by-term
integration with an exponential convergence factor (which
can subsequently be dropped) to obtain

Il,n(r) =
π

2l+1

T

rn+2

∞∑
k=0

Bk
k!

γ(l, n, k)

(rT )k
, (72)

γ(l, n, k) :=
Γ (l + n+ k + 2)

Γ ((l − n− k + 1)/2)Γ ((l + n+ k + 3)/2)
, (73)
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Fig. 4. Energy density correlation of the CMB radiation. The total correlation 〈Gn=1(r)〉 is depicted as red solid curve

and consists of three components Giso
n=1(r) + δG

(1)
n=1(r) + δG

(2)
n=1(r), cf. (41). (The subscript n = 1 labels the energy density

correlation.) The isotropic component Giso
n=1(r) is the upper extension of the red dotted line and decays ∝1/r8 at large distance,

cf. (55) and (70). Temperature fluctuations generate the corrections δG
(1)
n=1(r) (black solid curve) and δG

(2)
n=1(r) (blue solid

curve), cf. (58) and (62). The correction δG
(1)
n=1(r) becomes negative above the depicted cusp and decays exponentially at large

r, cf. after (71). The second fluctuation correction δG
(2)
n=1(r) decays ∝1/r6 (blue dotted line), cf. (77), and overpowers the

isotropic correlation Giso
n=1(r) ∝ 1/r8 (red dotted line) at large distance.

where l and n are non-negative integers. The temperature
derivative thereof reads

TIl,n,T =
π

2l+1

(kBT )n+3

(~c)3

∞∑
k=0

Bk
k!

(1− k)
γ(l, n, k)

(rT )k+n+2
. (74)

The units of TIl,n,T [eVn/cm3] can be restored as indicated

after (56). The leading order of Il,n,T is the k = 0 term

if l > n− 1 or l = n− 1− (2m+ 1), m = 0, 1 . . . . If both
of these conditions are not met (e.g., l = 0, n = 1), all
terms in series (74) vanish and the decay is exponential.
Accordingly,

TIl,n=0,T (r) ∼ π

2l+1

(kBT )3

(~c)3

γ(l, 0, 0)

(rT )2
,

T Il,n=1,T (r) ∼ π

2l+1

(kBT )4

(~c)3

γ(l, 1, 0)

(rT )3
, (75)

except for the decay of TIl=0,n=1,T (r) which is exponential
of O(e−2πrT ), cf. (69). (Since C0 = 0 in (62), this term
drops out.) The long-distance power-law asymptotics of

correlation δG
(2)
n (r) in (62) is obtained by substituting

these limits:

δG
(2)
n=0(r) ∼ s

(4π)2

(2π)6

(kBT )6

(~c)6

1

(rT )4

×
∞∑
l=1

(l + 1/2)
Cl
T 2

π

22l+3
γ2(l, 0, 0), (76)

δG
(2)
n=1(r) ∼ s

(4π)2

(2π)6

(kBT )8

(~c)6

1

(rT )6

×
∞∑
l=1

(l + 1/2)
Cl
T 2

π

22l+3
γ2(l, 1, 0), (77)

with γ(l, n, k) in (73). In the double-logarithmic plots
in Figures 3 and 4, these power laws are indicated as
dotted straight lines. As for the energy density correla-

tion (see Figure 4), the fluctuation correction δG
(2)
n=1(r) ∝

1/r6 in (77) overpowers the isotropic equilibrium cor-
relation Giso

n=1(r) ∝ 1/r8 (cf. (70)) in the long-distance

limit, whereas δG
(1)
n=1(r) decays exponentially, cf. after

(71). This is in contrast to the number density corre-
lation depicted in Figure 3, where Giso

n=0(r) in (68) and

δG
(2)
n=0(r) in (76) decay with the same power 1/r4, and

δG
(1)
n=0(r) ∝ 1/r6, cf. (71).
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7 Conclusion

We studied the effect of angular temperature fluctuations
on the thermodynamic variables and real-space correla-
tion functions of a photon gas. We considered a specific
example, the cosmic microwave background (CMB) radi-
ation, where detailed measurements of the temperature
multipole spectrum are available, which determine the
partition function of this stationary non-equilibrium sys-
tem and allowed us to quantify the fluctuation corrections
of the internal energy, entropy, heat capacity and com-
pressibility, cf. Section 2. The magnitude of the fluctuation
correction is determined by a dimensionless parameter
δ2
T /T

2, where T is the mean temperature and the constant
δ2
T is defined by the weighted series

∑∞
l=1(l+ 1/2)Cl/(2π)

of the measured multipole coefficients, cf. (22). In the
case of the CMB radiation, the fluctuation corrections are
sufficiently small to treat them perturbatively by expand-
ing the thermodynamic variables in powers of δ2

T /T
2 ∼

1.770× 10−9 around the equilibrium state.
Figures 1 and 2 depict the multipole coefficients Cl of

the temperature pair correlation 〈δT (k0)δT (k′0)〉 up to
multipoles of order l ∼ 2500, where the above series is
truncated. The low-l coefficients depicted in Figure 2 have
large error bars due to cosmic variance, taking account of
the fact that there is only one configuration of the ran-
dom field δT (k0) measured which is used in the angular
average (19) and in the calculation of the multipole coeffi-
cients (23), cf. references [3,28]. Since the low-l multipoles
significantly enter in the above series defining δ2

T /T
2, we

performed a least-squares χ2 fit of the power spectrum
depicted in Figure 1, which admits a narrow 1σ error band
at low multipoles, cf. Figure 2. To calculate the constant
δ2
T /T

2, we used the analytic representation (25) of the
Cl employed in the spectral fit, a series of eight Gaus-
sians rescaled with a power-law scale factor, cf. Table 1.
This analytic representation covers the complete multi-
pole spectrum measured by the Planck satellite [3]. In the
Planck data set, the entire dipole moment has been sub-
tracted, as it is regarded as Doppler shift generated by the
motion of the Earth in the rest frame of the background
radiation [29,30]. However, there is a small intrinsic dipole
which can be obtained by extrapolating the χ2 fit of the
Cl to l = 1, cf. Section 3.1.

In Sections 3–6, we studied the real-space counterpart
to the temperature correlation function 〈δT (k0)δT (k′0)〉
on the sphere k2

0 = 1 in momentum space. In Section 3,
we explained the angular Fourier transform which maps
the multipole expansion of 〈δT (k0)δT (k′0)〉 on the unit
sphere into a Bessel series in real space, cf. (20) and (54).
The latter defines the frequency- and distance-dependent
spectral kernels of the number density and energy den-
sity correlations induced by temperature fluctuations, cf.
Section 4.3.

In Sections 5 and 6, we discussed the frequency-
integrated density correlations of the CMB radiation.
Both the number density and energy density correla-
tions stay nearly constant at short distance, up to r ≤
10−2 cm, see the double-logarithmic plots of the correla-
tion functions in Figures 3 and 4. (The number density

of the CMB radiation is just 411 photons/cm
3

[31].) The

fluctuation-induced corrections to the number and energy
density correlations of the equilibrium state show an
extended crossover (defined by the frequency-integrated
Bessel series (54)), stretching over four orders in distance
and terminating in power-law decay. The isotropic equilib-
rium correlation of the number density and its fluctuation
correction decay with the same power law ∝1/r4, whereas
the equilibrium component of the energy density correla-
tion decays as 1/r8 and is dominated by the fluctuation-
induced component ∝ 1/r6, see Figures 3 and 4.
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