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Abstract

Empirical equations of state (EoSs) are developed for solids, applicable over extended temperature and pressure ranges. The
EoSs are modeled as multiply broken power laws, in closed form without the use of ascending series expansions; their general
analytic structure is explained and specific examples are studied. The caloric EoS is put to test with two carbon allotropes,
diamond and graphite, as well as vitreous silica. To this end, least-squares fits of broken power-law densities are performed to
heat capacity data covering several logarithmic decades in temperature, the high- and low-temperature regimes and especially
the intermediate temperature range where the Debye theory is of limited accuracy. The analytic fits of the heat capacities are
then temperature integrated to obtain the entropy and caloric EoS, i.e. the internal energy. Multiply broken power laws are
also employed to model the isothermal EoSs of metals (Al, Cu, Mo, Ta, Au, W, Pt) at ambient temperature, over a pressure
range up to several hundred GPa. In the case of copper, the empirical pressure range is extended into the TPa interval with
data points from DFT calculations. For each metal, the parameters defining the isothermal EoS (i.e. the density—pressure
relation) are inferred by nonlinear regression. The analytic pressure dependence of the compression modulus of each metal
is obtained as well, over the full data range.

Keywords Multi-parameter equation of state (EoS) - Caloric EoS of carbon allotropes - Specific heat of vitreous silica -
Thermal EoS and compression modulus of metals - High-pressure regime - Multiply broken power laws

1 Introduction capacities of diamond, graphite and vitreous silica by least-
squares regression. The isochoric heat capacities are struc-
The aim of this paper is to develop analytic equations of  tured as multiply broken power laws [6—8],
state (EoSs) for solids which can reproduce empirical data "
§ets cgvering several orders in temperature and pressur.e, C,(T) = bOTﬁO H (1 + (T/bk)ﬂk/lnk| >'7k W
including the extended crossovers between the asymptotic k=1

low and high pressure and temperature regimes. The pro-
posed EoSs are multiply broken power laws, which do not
involve truncated series expansions in density, pressure or
temperature (frequently used in empirical EoSs, cf. e.g. the

reviews [1-5]) and are, therefore, equally suitable for the

with positive amplitudes b, and b, k=1,...,n, and
b, << by, . The exponents f§;, k =1,...,n are positive,
Py is real, and the exponents 7, can be positive or nega-
tive. Cy(T) is analytic on the positive real axis and con-

mentioned asymptotic regions.

At first, we study caloric EoSs, i.e. the temperature
dependence of the internal energy, obtained by integration
of the isochoric heat capacity. We work out three specific
examples, obtaining closed analytic expressions for the heat
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sists of n+ 1 approximate power-law segments, o« T%,
Thotbrsigntn) - TP+ X ASien) in the intervals T << by,
b, << T << b,,...,b, << T, respectively. The amplitudes
b, define the break points between the power-law segments
and the exponents 7, determine the extent of the transitional
regions. Power laws in log—log plots appear as approximately
straight segments, and the exponents 7, determine the extent
of the transitional regions between the power-law segments.

The isochoric heat capacities of diamond, graphite and
vitreous SiO,, discussed in Sect. 2, are special cases of
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the broken power-law density (1). In the case of diamond,
Cy(T) interpolates between the constant Dulong—Petit high-
temperature limit and the Debye T3 low-temperature slope.
In the intermediate temperature range, the broken power
law (1) is sufficiently adaptable to model deviations from
the Debye theory such as the boson peaks of glasses. In
the case of graphite, Cy,(T) interpolates between the linear
low-temperature slope of the degenerate electron gas and
the classical Dulong—Petit regime, and in the case of the
SiO, glass, the linear low-temperature slope is replaced by
a power law with non-integer index close to one, generated
by a fermionic two-level system. In the latter two examples,
a phononic cubic temperature slope does not emerge in the
empirical data sets, as the low-temperature regime is domi-
nated by Fermi systems.

In recent years, new phenomenological EoSs have been
proposed to model density—pressure data sets obtained from
Hugoniot shock compression of, for instance, alkali metals
[9, 10], alkaline earths [11], aluminum [12—14], iron [15],
copper [16], tin [17] and tungsten [18], to mention but a few.
In the second part of this paper, multiply broken power laws
are employed as isothermal EoSs of metals, with emphasis
on the high-pressure (GPa and TPa) regime. In this case, the
pressure dependence of the mass density p has the analytic
shape

p(P)=po [ (1+P/b)™ @
k=1

with positive amplitudes py, by, b, << by, and real expo-
nents #,, k =1, ...,n. These parameters are temperature
dependent, but will be treated as constants in the examples

Fig. 1 Isochoric heat capacity 102 T T

studied here, at ambient temperature of 300 K. Density (2)
consists of n + 1 power-law segments, « 1, P, ... ,PZLI Mk,
in the intervals P << b, b; << P << b,, ..., b, << P. In
contrast to the broken power law (1), we have put , =0
and f;, = |n;|in (2), so that p(P) is analytic at P = 0, which
is essential to model the compression modulus in the low-
pressure range consistent with ultrasonic measurements.
When discussing the compression modulus in Sect. 3, we
will also need the logarithmic derivative of density (2),
p'(P)/p(P)=Y,_, m/(P+by), to show how the low-
pressure limit of EoS (2) is related to the Murnaghan EoS
[19-24].

In Sect. 3, the EoS (2) will be put to test by perform-
ing least-squares fits to high-pressure data sets of Al, Cu,
Mo, Ta, Au, W, and Pt, which cover an extended pressure
range, from ambient (zero) pressure to several hundred GPa
[25-27]. In the case of copper, the available experimental
pressure range (up to 450 GPa [26]) will be extended with
data sets obtained from DFT calculations [28]. The least-
squares fit of the EoS of copper then covers pressures reach-
ing 60 TPa. In Sect. 4, we present our conclusions.

2 Heat capacity, caloric EoS, and entropy
of diamond, graphite and vitreous silica

In this section, the modeling of empirical heat capacity
data by multiply broken power-law densities is discussed.
Two carbon allotropes, diamond and graphite, and a glass,
v - Si0,, are studied as specific examples. Explicit formu-
las for the molar isochoric heat capacities are obtained by

of diamond, cf. Sect. 2.1. Data
points from Ref. [33] (circles),
Ref. [34] (squares) and Ref.
[35] (diamonds). The y? fit
(solid red curve) is performed
with C,(T) in (3), the fit-

. 0
ting parameters are recorded 10

in Table 1. For comparison, < E
the black dashed curve is the g C
Debye approximation (4), with = 10" &
constant Debye temperature of = E
Biamond = 2186 K. The classical - -
3R Dulong—Petit limit is indi- © 10-2

cated by the black dotted line.

The green dotted straight line

depicts the tangent cT* at the

inflection point (T = 95.53K, 1072
C,, = 0.2085 J/(mol K)), with

slope k = 3.547 and amplitude

¢ =1.972 x 1078 J/(mol K!**) 10 .
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Fig.2 Isochoric heat capacity of graphite, cf. Section 2.2. Data
points from Ref. [36] (circles, Madagascar natural graphite), Ref.
[37] (squares, Canadian natural graphite), Ref. [38] (rectangles,
Acheson graphite), and Ref. [39] (diamonds, Acheson graphite).
The experimental isobaric C,, data points have been converted into
isochoric C, points, cf. (6). The y? fit (red solid curve) is performed
with the analytic broken power law C(T) in (7), the fitting param-
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eters are listed in Table 1. The dotted blue asymptote Cy, ~ byT
is the low-temperature limit of the heat capacity of the electron
plasma. The C(T) curve has an inflection point at 7 = 3.146K,
C, =7.170 x 10~*J/(mol K). The dotted green line is the tangent cT*
at the inflection point, with amplitude ¢ = 3.702 X 1075 J/(mol K'**)
and slope k = 2.586, which is the maximum slope attained. See also
Fig. 4 for the Debye approximation
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Fig. 3 Isochoric heat capacity of v-SiO,, cf. Section 2.3. Data
points from Ref. [45] (rectangles), Ref. [46] (circles), and Ref. [47]
(squares). The least-squares fit (red solid curve) is performed with the
broken power law C(T) in (8), the fitting parameters are recorded
in Table 1. The classical 9R limit is indicated by the black dot-
ted line. The dotted blue low-temperature asymptote C,, ~ byT'?
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depicts the heat capacity of the two-level Fermi system discussed
in Sect. 2.3, which dominates the phononic heat capacity at low
temperature. The tangent ¢T* at the inflection point (7' = 5.240K,
C, =2.480 % 1072J/(mol K)) has slope x =3.770 and amplitude
¢ =4.815x 107 J/(mol K'**)
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Fig.4 Comparison of the molar isochoric heat capacities C,(T)
of diamond, graphite and vitreous silica. The blue, red and black
solid curves show the broken power laws C(T) in (3), (7) and (8),
respectively, with fitting parameters in Table 1. (The fits are depicted
in Figs. 1, 2 and 3). The dashed curves are the Debye heat capaci-
ties, cf. (4). The Debye temperature of diamond is 6,,,00q = 2186 K
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(cp = by, cf. (4) and Table 1), inferred from the low-temperature limit
Cy ~ b,T? of the broken power law (3). The Debye temperatures
Ooraphice = 438.7K and 0, _gip, = 323.4K have been chosen so that
the Debye heat capacity (4) intersects the fitted C,,(T) curves at their
inflection point, since the empirical heat capacities of graphite and
v - 8i0, do not exhibit a 77 slope in any temperature range
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T)= dT and mol
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diamond, graphite and vitreous | _
silica, cf. (5). The caloric EoSs 10* |
(thermal component of the —_ |
internal energy) are depicted as x S N G~ IR
solid curves, the entropies as g v e, S e n
dashed ones. At high tempera- E o B ]
ture, U(T) « T and the entropy o 100 - ]
diverges logarithmically. The 73 — T
isochoric heat capacities in the 5 1072 -
integrands are defined in (3), (7) £ diamond: blue —
and (8), with fitting parameters E 107 graphite: red —
: e
in Table 1. The low-teirizperature = v-SiOy: black _
slopes read U(T) « T'*Fo and 106 _
S(T) T, with exponent Py in c |
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nonlinear least-squares regression, cf. Figs. 1, 2 and 3. Com-
parisons with the Debye theory are depicted in Fig. 4. The
temperature variation of the internal energy and entropy
variables obtained from the regressed heat capacities is
shown in Fig. 5. Alternative attempts to find caloric EoSs
for diamond and graphite are discussed in Refs. [29-32] and
references therein.

@ Springer

2.1 Diamond

We perform a y? fit to the available data sets [33-35] of
the diamond heat capacity, depicted in the double-loga-
rithmic plot in Fig. 1, by employing a broken power law
of type (1) as isochoric heat capacity,
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Table 1 Fitting parameters of the molar isochoric heat capacity Cy (T)
of diamond, graphite and vitreous silica, see Figs. 1, 2 and 3

Diamond Graphite v - SiO,
by 1.8605 x 1077 1.4843 x 1073 1.0618 x 1074
b,[K] 67.435 0.60277 2.6677
b,[K] 282.02 40.466 10.585
b;[K] - 562.35 247.30
i 3 1 1.22
B 1.2496 1.6796 4.3172
b bo + B 1.3235 4.0656
b5 - Bo+ b — b Bo+ b =P
m 0.30536 0.69130 2.7558
1, 2.1816 1.1347 1.7243
13 - 0.56727 0.93528
e 0.144 0.0539 0.0635
dof 117-5 114-8 78-8
SE 0.070 0.070 0.431
1 - R? 241 x 107 5.55x107° 5.16 x 10~

The listed parameters (amplitudes b;, exponents f;, ;) define the
multiply broken power laws (3) (for diamond), (7) (graphite)
and (8) (vitreous SiO,) representing the empirical heat capaci-
ties. Some of these parameters are interrelated, cf. Sect. 2. b is in
units of J/ (K" mol). Also recorded are the minimum of the least-
squares functional z> = Y (Cy(T}) — Cy)?/C2, and the degrees
of freedom (dof: number N of data points (7}, Cy;) minus number
of independent fitting parameters). The standard error of the fits,
SE = (Zf;l (Cy(T)) = C;)*/N)'/2, and the coefficient of determina-
tion, RZ2=1- Zfil (Cy(T) — C)?/(No?), with sample variance

o> =Y (Cy—Cy)*/N and mean Cy, = Y\ | Cy,/N, are listed as
well

1
(1 4 (T /by)b2/mym G)

C,(T) = boT3(1 + (T/bl)ﬂl/m yn

with amplitudes b; << b,. The exponents f;, n;,i = 1,2 are
positive, and f, = 3 + f;, so that the classical Dulong—Petit
limit Cy(T — o0) ~ 3R is recovered, with gas constant
R =8.314 J/(K mol). This limit also requires amplitudes in
(3) related by by = 3Rbf '/ bgz. The low-temperature limit
is Cy(T = 0) ~ byT?; the units used are C,[J1/(K moD)],
bo[J/(K* mol)], and b,[K].

Broken power laws composed of multiple factors
1+ (T/bl-)ﬂf/|’7f|)’7i are quite efficient for data sets stretch-
ing over several decades in temperature, as demonstrated in
the subsequent examples. In (3), we have three successive
power laws, o T3, T3/, T3+/i=P2 in the intervals T << b,
b, << T << byand b, << T, respectively, which appear as
approximately straight segments in log—log plots, and the
exponents #;, #, determine the transitional regions around
the break points b, and b,. The parameters b,, b,, 1,, 1, and
f, obtained from the least-squares fit are recorded in Table 1.
In contrast to the Debye heat capacity, cf. (4), the heat capac-
ity of diamond exhibits an inflection point in the crossover

region between the low- and high-temperature regimes, see
Fig. 1; the tangent of Cy, at the inflection point is shown as
green dotted line depicting the power law o 73347,

In Figs. 1 and 4, we have also indicated the Debye
approximation,

) 0T 1 [ Yy
Cp(T) =9n,,,R [40(0/T) by 1]7 D) 1= ;/ U
0

ey —

12 4na/mR 173

0=\ —n"—— .
5 cp

“
The asymptotic limits of the Debye function are
D@x >> 1)~ z*/(15x%) and D(x << 1)~ 1/3, so that
Cp(T - 0) ~ ¢pT?and Cpp(T — ) ~ 3n,,,,R, where n,,
denotes the number of atoms per molecule. The units are
cD[J/(K4 mol)] and C,[J/(K mol)] as above. The ampli-
tude ¢, is taken from the least-squares fit of Cy,(T) in (3),
cp = b, cf. Table 1, to recover the cubic low-temperature
slope. Accordingly, the Debye temperature (4) of diamond
is @ = 2186 K. The low-temperature amplitude c;, is the only
adjustable parameter of the Debye heat capacity, so that it is
not surprising that the Debye approximation becomes inac-
curate in the crossover region.
The temperature dependence of the caloric EoS (molar
internal energy with zero-point energy subtracted) and molar
entropy of diamond,

T T

U(T)[J/ mol] = /CVdT, S(T)J/(K mol)] = / %dT
0 0

(%)
is shown in Fig. 5, calculated by substituting Cy,(T) in (3)
with fitting parameters recorded in Table 1.

2.2 Graphite

The heat capacity data of graphite tabulated in the experi-
mental papers [36-39] refer to the isobaric heat capacity Cp.
The conversion of isobaric (at ambient pressure) to isochoric
heat capacities Cy, is done with the approximate formula
Cy ~ Cp/(14+0.526 Ta| (T)), where 0.526 is the dimension-
less Griineisen constant of graphite [40] and «, the thermal
expansion coefficient perpendicular to the basal plane, cf.
Refs. [40-42],

a, (0 <T <80)=535x 10772 - 3.755 x 1071173,

a, (80 < T <273) =2.435x107'T - 7.69 x 107197
+8.875 x 1071373,

@, (273 < T < 1100) = 2.722 x 107> + 3.05 x 107°(T - 273),

a, (1100 < T < 3000) = 2.975 x 107> + 9.604 x 10~°(T — 1100).
(6)

@ Springer
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The units are «, [1/K] and T[K]. The expansion | in
the basal plane is negligible compared with « . In the case
of diamond, cf. Sect. 2.1, the conversion to isochoric heat
capacities has already been done in the experimental papers.
In the case of vitreous silica, cf. Sect. 2.3, Cy, & Cp in the
temperature range of the available data points.

The heat capacity of graphite has an electronic and a pho-
non component, cf. Fig. 2; at low temperature, the linear
electronic heat capacity overpowers the phonon component.
For the least-squares fit depicted in Fig. 2, we use a broken
power law similarly structured as in (3):

C(T) = byT(1 + (T/b)/myn

v 1 1 (7
(1 + (T /by)b/myn: (1 4 (T /by)Ps/m)ms’

where the factors are ordered by increasing magnitude of
the amplitudes, b; << b, << b3, and the exponents f;, #;,
i=1,2,3, are positive. We put f; =1+, — f, so that
Cy(T = o) ~ 3R, which also requires amplitudes related
by bO[J/(K2 mol)] = 3Rbf '/ (bgzb§3). The fitting parameters
are b;, ;, 1 =1,2,3, and f, f,, cf. Table 1. The tangent at
the inflection point of CV(T)[J /(K mol)]is depicted as dotted
green line o« 728 in Fig. 2, and the electronic low-temper-
ature asymptote C,(T) ~ b,T is also shown in this figure.

There is no indication of a 7> slope anywhere to be seen
in the data set in Fig. 2. Therefore, we choose the amplitude
c¢p defining the Debye temperature in a way that the low-
temperature T° slope of the Debye curve Cp(T) [stated in
(4)] cuts through the inflection point of the empirical heat
capacity Cy(T), see Fig. 4. This gives a Debye temperature
of @ = 438.7 K [with ¢, = 2.303 x 1075 J /(K* mol) in (4)].
A different choice of # would just shift the 73 slope parallel
to the depicted slope. It is evident from Fig. 4 that the stand-
ard Debye approximation (4) cannot give a reasonable fit to
the heat capacity of graphite, irrespective of the choice of 8,
except at very high temperature; see also Ref. [41] and refer-
ences therein for modifications of the Debye theory regard-
ing graphite. The internal energy and entropy functions of
graphite are shown in Fig. 5, obtained by integrating the
empirical C\(T) in (7) (with fitting parameters in Table 1)
according to Eq. (5).

2.3 Vitreous SiO,

For the heat capacity of vitreous silica [43-47], we use a
broken power law similar to that of graphite:

CV(T) = bOTﬂO(l + (T/bl)ﬂl/'h)m

o 1 1 ®)
(1 + (T /by)p/myne (1 + (T /by)Ps/m)ms’

@ Springer

where the positive amplitudes b,[K] are ordered by increas-
ing magnitude, b; << b, << b;. The exponents f; and
n;, i =1,2,3, are positive, and we put f; = fy+ f, — p»
so that Cy(T - o) ~9R, which also requires
bol/(K' % mol)] = 9Rb"" /(b2b%). The data points in Fig. 3
refer to the total heat capacity of the phonons and the fer-
mionic two-level system which dominates the phonon heat
capacity of the glass at low temperature [48, 49]. The low-
temperature heat capacity of the two-level system is slightly
different from linear, with power-law exponent of f, = 1.22
for v - SiO, [43, 44]. In the least-squares fit depicted in
Fig. 3, we take this exponent f; as input parameter in (8);
the low-temperature limit of (8) is Cy,[J/(K mol)] ~ bOTﬂO.
The fitting parameters are b;, n;, i = 1,2, 3, and f,, p,, cf.
Table 1. The tangent of Cy, at the inflection point is shown
as dotted green line o« 7377 in Fig. 3.

The Debye approximation C,(T) of the v - SiO, heat
capacity is depicted in Fig. 4, cf. (4). As in the case
of graphite, there is no T3 slope visible in the meas-
ured heat capacity. The Debye temperature § = 323.4 K
[cp =1.724x 1074 J/(K4 mol)in (4)] is chosen so that C,(T)
intersects the empirical heat capacity CV(T) [in (8)] at the
inflection point. For comparison, the heat capacities C, (T)
of diamond and graphite, cf. (3), (7) and Table 1, are also
indicated in Fig. 4. The molar internal energy and entropy
of v - Si0O, are depicted in Fig. 5, calculated via (5) and (8).

To quantify the two-level system defining the heat capac-
ity at low temperature [48, 49], we use a Fermi distribution
with zero chemical potential and a power-law mode density.
The spectral density and the internal energy then read

EA-1dE
dp(E) = aom, &)

o

u) = /Edp(E) = agTPo(1 =270 (1 + Bo)¢ (1 + fy)
0

(10)
with positive exponent f, and amplitude a, to be determined
from heat capacity measurements. I'(x) and {(x) denote the
gamma function and Riemann zeta function, cf. e.g. Ref.
[50], and we have put 7 = kz = 1. The heat capacity is
Cy, =U(T)=(1+ p,)U/T. By comparing with the low-
temperature limit Cy, ~ b,T% of the empirical heat capacity
(8), we can specify the exponent f, = 1.22 and the amplitude
in (9),

(1 =27P) T2 + (1 + By)

with b, in Table 1, so that a, = 5.089 x 10-3J/(K*** mol).
The partition function is related to the internal energy by

an

ay
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(o)

logZ = a, / log(1 + e #/T)EAP~1dE = ﬁl% (12)

0
0

where we used integration by parts, and the entropy reads
S=1logZ+U/T = Cy/p,.

The spectral density dp(E) in (9) can be written in the
equivalent quasi-particle momentum representation

[~

U= / E(p)dp(p), (13)

0

o« dxs  pidp

where s = 2 is the spin degeneracy and

Ars Po isp,

Ep) = cop, ¢y 1= ((2ﬂ)3 3q,

(14)
is the power-law dispersion relation. Density (13) can be
derived by box quantization; the dispersion relation (14) is
to be regarded as the leading order of an ascending power
series, and the thermodynamic variables derived from (9) or
(13) are asymptotic low-temperature limits.

In Sects. 2.1-2.3, we have studied heat capacities and
caloric EoSs obtained by fitting broken power laws (1)
to empirical data. In the next section, we will use broken
power-law densities to model isothermal EoSs of solids at
high pressure, as indicated in (2).

3 Isothermal EoS of metals at high pressure

We start with the Murnaghan EoS
P= (KO/K(’))((p/pO)KS —1), cf. e.g. Refs. [19, 51, 52],
where K|, denotes the bulk modulus K(P) at zero pressure
and K(’) its pressure derivative at P = O (practically ambient
pressure). p(P) denotes the mass density and p, the mass
density at zero pressure. The temperature dependence of
p(P), K(P) and of the constants K, K{, p, will not be
explicitly indicated; the data sets studied here refer to a
constant ambient temperature of 300K. Inverting the
above EoS, we find p(P)/p, = (1 + PK} /K,)'/¥o and the
compressibility k. := p'(P)/p(P) = 1/(K, + K(')P), which
gives a linear pressure dependence of the compression
modulus K(P)=1/k; =Ky + K P. Accordingly,
(P(P)/P/(P))m:o = KO = K(P)|P=o a n d
(p(P)/p’(P))l’on = K{ = K'(P),p~o- This linear relation and
the Murnaghan EoS are usually applicable up to pressures
of a few GPa, cf. e.g. Ref. [53].

To obtain density—pressure relations extending into the
high-pressure range, we write the broken power-law den-
sity (2) as

A 1/K’
P KI 0 n
B _ 1+ 2P [T +p/m)™, (15)
pO KO k=2

where we have put b, = K,/ 126 andn, =1/ 126 The first fac-
tor in (15) is modeled after the inverted Murnaghan EoS. The
amplitudes in (15) are ordered according to b, << b, see
after (2). For pressures up to several hundred GPa (achiev-
able in current shock compression experiments), two factors
[n = 21in (15)] suffice to obtain an accurate density—pressure
relation. In this case, the EoS (}5) isAcomposed of three
successive power laws, « 1, P1/K;, pl/Ki+n_in the intervals
P << ko/k’,ko/ké << P << byand b, << P, respectively.
The compression modulus derived from EoS (15) reads

P k0+k6P

Kp) =Lt = 20
/()" T+AP)

o o c M 1
AP) =K, +KP)Y K ——
07 %o ; b, 1+P/b,

(16)
where we made use of the logarithmic derivative of
p(P) stated after (2). K(P) admits a Taylor expansion
K(P) = K, + K[ P + O(P?) with coefficients

2 % 2 n n
K, = Ko K’=M A= 3 B~=Zﬂ
1+kA 0 (1+KA2 “~ b, =
(17)

Accordingly, the parameters ko and IA((’) defining the first
factor of EoS (15) are related to the bulk modulus at zero
pressure, K, = K(P),p_, and to its derivative K(’) =K (P)1p=o
by

R K R K' — K*B
KO — 0 , K(’) — 0 0 ,
1 - KA (1 — KyA)?

(18)

which is the inversion of (17). We substitute these relations
for ko and ké in EoS (15), so that the first factor of EoS (15)
depends on the parameters K, K(’) and by, m, k=2,...,n.
Evidently, if |[K,A| << 1and |K§B/K(’)' << 1, then K, ~ K,
and IA((’) ~ K;. The bulk modulus K|, at zero pressure and its
derivative K(’) are taken as measured input in EoS (15),
inferred from acoustic low-pressure experiments. The ampli-
tudes and exponents by, i, k = 2, ..., nin EoS (15) are to be
determined by least-squares regression. If ultrasonic meas-
urements of K(’) are not available, we can take K(’) as addi-
tional fit parameter, and the same holds for K. As men-
tioned, the EoS (15) with two factors suffices for pressures
up to several hundred GPa, so that only two fit parameters
b,, n, are needed for data sets presently obtainable by shock
compression.

We test EoS (15) with pressure isotherms of Al (Fig. 6),
Cu (Fig. 7), Mo (Fig. 8), Ta (Fig. 9), Au (Fig. 10), W
(Fig. 11) and Pt (Fig. 12), all at ambient temperature of
300 K. The least-squares fits (red solid curves) are based
on EoS (15) (with n = 2 and relations (18) substituted)

@ Springer
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EoS and bulk modulus of Al

p(P)/po, K(P)/Ko
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Fig.6 Pressure isotherm at 300 K and compression modulus of alu-
minum. Data points up to 200 GPa (by Hugoniot shock compres-
sion) from Ref. [25]. The y? fit (solid red curve) is performed with
the isothermal EoS p(P) in (15) (n = 2), the fitting parameters b,, 1,
are recorded in Table 2. The solid blue curve depicts the compres-
sion modulus K(P) calculated from the fitted EoS, cf. (16). p, and

10" 102 10°

P [GPa]

K, denote mass density and compression modulus at zero pressure,
cf. Table 2. The dashed green lines are asymptotes to p(P)/p, and
K(P)/K,. The dotted black curves depict the Murnaghan approxima-
tions of the EoS and compression modulus, cf. after (18), calculated
with K, and its derivative K}, obtained from ultrasonic measurements,
cf. Table 2

Fig.7 Pressure isotherm and roT
compression modulus of cop-
per. Data points up to 450 GPa
(via shockless compression)
from Ref. [26]. The caption to
Fig. 6 applies. The y? fit (solid
red curve) is performed with
EoS p(P) in (15), the fitting
parameters are listed in Table 2.
The solid blue curve shows the
compression modulus K(P), cf.
(16). The dashed green lines are
asymptotes. The dotted black
curves depict the Murnaghan
approximations, cf. after (18).
See also Fig. 13 for the exten-
sion of the EoS into the TPa
range

p(P)/po, K(P)/Ko

b

10°

EoS and bulk modulus of Cu

ma e
NSSSSNSNSSENNNNSNSESNNTNN

craaaa
RAEARRARREIIS

and data sets from Refs. [25-27]. The fit parameters b,,
1, and the input parameters p, and K, K|, (the latter two
obtained from ultrasonic measurements [54—-65]) as well
as the goodness-of-fit parameters ( y2/dof, standard error,
determination coefficient) are recorded in Table 2. In the
case of Mo and Pt, Ké is treated as a third fit parameter,
for lack of ultrasonic estimates. In Fig. 13, the pressure

@ Springer

10’
P [GPa]

10°

range of copper (by shockless compression up to 450 GPa
[26], cf. Figure 7) has been extended to 60 TPa using data
points from DFT calculations [28], in which case a third
factor can be specified in EoS (15) (n = 3), depending on
two additional fit parameters b3, n; recorded in the last
column of Table 2.
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Fig.8 Pressure isotherm

and compression modulus of
molybdenum. Data points up to
1 TPa (by shock compression)
from Ref. [27]. The caption of
Fig. 6 applies. The y2 fit (solid
red curve) is performed with
EoS p(P) in (15) and fitting
parameters in Table 2. The solid
blue curve shows the compres-
sion modulus K(P), cf. (16).
The dashed green lines are
asymptotes and the dotted black
curves depict the Murnaghan
approximations

P(P)/po, K(P)/Ko

F EoS and bulk modulus of Mo

T T T T T T T T T T T

-------

-----

10° ISSTsTssssS

1 Lol 1 Lol 1 R

107" 10°

10" 102 10°
P [GPal]

Fig.9 Pressure isotherm

and compression modulus of
tantalum. Data points up to

300 GPa by shock compression
[25]. The y? fit (solid red curve)
is performed with EoS p(P) in
(15) and fitting parameters in
Table 2. The compression mod-
ulus K(P), cf. (16), is depicted
as blue solid curve. The dashed
green lines are the asymptotes
of p(P)/py and K(P)/K,. The
dotted black curves depict the
Murnaghan EoS and the linear
compression modulus derived
from it, cf. after (18)

p(P)/po, K(P)/Ko

- EoS and bulk modulus of Ta J

K(PY/Ko 7/
~ p(Plpo

10° T

|

107!

In Figs. 6,7, 8,9, 10, 11, 12 and 13, we have also depicted
the pressure dependence of the compression modulus K(P)
(solid blue curves) defined in (16), using input and fitting
parameters of the regressed EoS (15) listed in Table 2. In
these figures, we also compare the EoS (15) with the Mur-
naghan EoS py(P)/pyo = (1 + (K(’)/KO)P)I/K(/J outlined
at the beginning of this section [we write here py,(P) and
Pmo for density and density at zero pressure to distinguish
this EoS from the general EoS in (15)]. The compression
modulus K(P) in (16) is also compared with the linear rela-
tion Ky (P) = K, + K(’)P obtained from the Murnaghan EoS.
(The linearity of K,;(P) is somewhat hidden in the log-log
representation of the figures.) Actually, this linear relation,

10" 102 10°
P [GPa]

experimentally verified up to pressures of a few GPa (but
usually invalid above 10 GPa, see Figs. 6,7, 8,9, 10, 11 and
12) is the starting point when deriving the Murnaghan EoS,
by substituting Ky;(P) = p\(P)/p},(P) and integrating.

The compression modulus K(P) in (16) coincides with the
Murnaghan approximation K,;(P) in linear order, cf. (17).
The EoS (15) is analytic at P = 0 and can be expanded in an
ascending series,

P |-k
&=1+LP+—OP2+... (19)
Po Ky 2K§

@ Springer
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Fig. 10 Pressure isotherm at
300 K and compression modu-
lus of gold. Data points up to
500 GPa by shock compression
[27]. The y? fit (solid red curve)
is performed with EoS p(P) in
(15), the fitting parameters are
recorded in Table 2. The solid
blue curve shows the compres-
sion modulus K(P), cf. (16).
The dashed green lines are
asymptotes and the dotted black
curves depict the Murnaghan
approximations

Fig. 11 Pressure isotherm

at 300 K and compression
modulus of tungsten. Data
points up to 300 GPa by shock
compression [25]. The x? fit
(solid red curve) is performed
with EoS p(P) in (15) and fitting
parameters in Table 2. The solid
blue curve is the compression
modulus K(P), cf. (16). The
dotted black curves depict the
Murnaghan EoS and the linear
approximation of the compres-
sion modulus, cf. after (18).
The dashed green lines are
asymptotes

p(P)/po, K(P)/Ko

p(P)/po, K(P)/Ko

EoS and bulk modulus of Au

-
o
rraare >

with K, and K(’) in (17), by making use of the zero pressure
identities (p(P)/p'(P)) po = K, and (p(P)/p’ (P))? o = K-
The Murnaghan EoS admits the same second-order expan-
sion. As is evident from Figs. 6, 7, 8,9, 10, 11 and 12, a
linear compression modulus is quite accurate up to about 5
GPa, and the Murnaghan approximation of EoS (15) remains
valid up to about 50 GPa.

In the opposite high-pressure regime, the leading order of
EoS (15) is a power law,

@ Springer
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1 n
p(P) ~ aooPaw’ aoo = T[ + ’1](’
K, =
& K, (20)
. 0 =,
(loo = po -— H bk k,
KO k=2
and it is convenient to write A(P) in (16) as
5 ko c U
AP =K 1+ — @D

K(')P ; 1+b,/P

which converges to a constant at high pressure,
A(P) = K(’] ZZ=2 1, + O(1/P). The corresponding asymptotic
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Fig.12 Pressureisotherm T T T IIIIII T T T IIIIII T T T Ill,! I T T T T TTT
and compression modulus of :
platinum. Data points up to
660 GPa by shock compression
[27]. The #? fit (solid red curve) 3 EoS and bulk modulus of Pt 5
is performed with EoS p(P) in 7
(15), the fitting parameters are
recorded in Table 2. The solid
blue curve shows the compres-
sion modulus K(P), cf. (16).
The dashed green lines are
asymptotes and the dotted black
curves depict the Murnaghan
approximations, cf. after (18)

p(P)/po, K(P)/Ko

10° €

107" 10° 10’ 102 10°

Table 2 Fitting parameters of the pressure isotherms of Al, Cu, Mo, Ta, Au, W and Pt, at ambient temperature of 300 K. The isothermal EoS
used for the fits is defined in (15)

Al Cu Mo Ta Au w Pt Cu @ TPa
polg/cm?] 2.707 8.939 10.22 16.67 19.24 19.25 21.41 8.939
K,[GPa] 73 133.5 264.87 194 166.7 296 280.03 133.5
K 442 5.36 3.7499 3.83 6.23 43 5.0886 5.36
b,[GPa] 78.084 120.03 612.12 90.405 114.00 531.46 169.13 113.31
1, 0.13699 0.14094 0.14521 0.28648 0.17773 0.25268 0.10226 0.13916
b;[GPa] - - - - - - - 6507.1
13 - - - - - - - 0.15077
K,[GPa] 83.723 158.32 282.63 503.58 225.24 344.48 337.11 160.28
166 5.6564 7.2929 4.2386 16.918 10.680 5.7177 6.9681 7.4471
72 6.06 x 107> 2.53x 107> 1.68 x 1073 1.02x 10~ 7.75 % 107> 1.27 x 1073 5.00 x 1077 540 x 10~
dof 82 82 84 80 81 75 78 112
SE 1.04 x 1073 6.37 x 107 6.88 x 107 1.34 x 1073 1.06 x 1073 434 %1074 1.12x 107 6.57x 1073
1 - R? 2.26x 1073 8.56 x 1076 6.23x107° 5.22x 1073 2.76 x 107> 1.20 x 1073 4.21x 1077 3.57x 107

The mass density py, cf. Ref. [25], and the bulk modulus K|, at zero pressure and its pressure derivative Kj, inferred from ultrasonic measurements
[54-65] are taken as input parameters. In the case of Mo and Pt, K(’) is treated as fitting parameter, for lack of acoustic measurements. Otherwise,
there are only two fitting parameters in EoS (15) (with n = 2), the amplitude b, and exponent #, defining the second factor of the EoS. The pres-
sure isotherms are depicted in Figs. 6, 7, 8, 9, 10, 11 and 12, covering pressures up to a few hundred GPa (subject to availability of data points).
In the last column, we have indicated the parameters of the EoS of copper extended to pressures up to 60 TPa with high-pressure data points
from DFT calculations [28], see Fig. 13. In this case, a third factor in EoS (15) can be specified (n = 3), depending on two additional fitting
parameters b; and ;. Also listed are the constants K, and K| defining the first factor of the EoS (15), which are calculated from the input and
fitting parameters according to (17) and (18). The minimum of the least-squares functional 2, the degrees of freedom (dof), the standard error
SE and determination coefficient R? (see the caption to Table 1) of the least-squares fits in Figs. 6, 7, 8,9, 10, 11, 12 and 13 are recorded as well

limits of the compression modulus (16) and its derivative approximation gives Kgo =5/3[51, 66], leading to the con-
are K(P) = K! P+ O(1)and K'(P) = K + O(lA/PZ), where  dition aoo(I?(’), M) = 3/5 to be satisfied by the exponents If(’)
K! =K' (P)p_o = 1/agwitha (K}, ) = 1/K; + X/_,m  and 5 in (15) and (20). Application of this relation to the
as defined in (20). EoS of copper depicted in Fig. 13 (which is accurate up to

The EoS p(P) « P*/5 of a non-relativistic degener- 60 TPa and based on EoS (15) with n = 3 and parameters in

ate electron gas in the Thomas—Fermi free-electron  Table 2) suggests that an additional factor (1 + P/b,) ™ with

@ Springer
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Fig. 13 Pressure isotherm at T T

300 K and compression modu- 10"
lus of copper up to 60 TPa. -
Data points up to 450 GPa -
(circles) obtained by shock- -
less compression [26] and up -
to 60 TPa (squares) from DFT
calculations [28]. The y? fit
(solid red curve) is performed
with the isothermal EoS p(P)

in (15) (with n = 3), the fitting
parameters are listed in Table 2.
The solid blue curve shows the
compression modulus K(P), cf. 3
(16). The dotted black curves

depict the Murnaghan EoS and

the linear compression modulus

derived from it, cf. after (18).

The dashed green straight lines 10°
indicate the asymptotes of the

p(P)/po, K(P)/Ko

e
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EoS and bulk modulus of Cu at TPa pressure
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pressure isotherm and compres-

—1 0
sion modulus 10 10

ny =~ 0.176 will be necessary in EoS (15) (n = 4) to extend
the density—pressure curve beyond 60 TPa. (In the case of
an ultra-relativistic degenerate electron plasma, K = 5/3 s
replaced by K! = 4/3, so that a,, = 3/4.) Phenomenologi-
cal thermodynamic arguments were used in Refs. [67, 68]
to suggest the inequality K/ > 5/3 instead of K/ = 5/3.
In contrast to the positivity of the heat capacities and com-
pressibilities, this is not a necessary equilibrium condition
but presumably more realistic for planetary cores than the
Thomas—Fermi limit [5, 69]. The inequality K/ > 5/3 weak-
ens the above condition to aw(lf’, ) < 3/5 and gives the
constraint 7, < 0.176 on the exponent of the fourth factor
in the ultra-high pressure EoS of copper applicable beyond
60 TPa.

4 Conclusion

The examples discussed in Sects. 2 and 3 demonstrate
the efficiency of multiply broken power laws in modeling
empirical equations of state of solids. The heat capaci-
ties Cy,(T) and mass densities p(P) defined in Sect. 1 are
analytic functions composed of power-law segments joint
by smooth analytic transitions; they do not involve series
expansions, being assembled as products of power-law fac-
tors (1 + (/b )%/ Indyn k= 1,... n, cf. (1) and (2), where
x stands for the temperature or pressure variable. Broken
power laws are particularly suitable to model data sets
where pressure or temperature varies over several orders
of magnitude, interpolating between different asymptotic
regimes. The condition b, << b, ; on the amplitudes defin-
ing the power-law factors allows us to systematically assem-
ble caloric and isothermal EoSs over an ever increasing

@ Springer
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temperature or pressure range; since b, << b, ,, the factor
with amplitude b, ; does not significantly affect the EoS in
the range x < b;.

In Sect. 2, we discussed three examples of caloric EoSs
(of two carbon allotropes and vitreous SiO,); the corre-
sponding isochoric heat capacities exhibit very different
low-temperature power-law scaling and also deviate notice-
ably from the Debye theory in the intermediate temperature
range. The log—log plots in Figs. 1, 2 and 3 depict least-
squares fits of the heat capacities [modeled as broken power
laws, cf. (3), (7) and (8)] to the respective isochoric data
sets of diamond, graphite and v - SiO,. For these materials,
heat capacity measurements (including the conversion from
isobaric to isochoric heat capacities by way of Griineisen
parameter and thermal expansion coefficient) are available
over an extended temperature range covering the low- and
high-temperature regimes. As these examples demonstrate,
broken power laws are sufficiently adaptable to accurately
reproduce the heat capacities over the full empirical tem-
perature range, including features such as the boson peak
of the glass in Fig. 4 emerging at around 10 K or the excess
heat capacity (as compared to the Debye theory) of diamond
peaking at 200 K, cf. Figs. 1 and 4. The analytic heat capaci-
ties obtained from the least-squares fits can be temperature
integrated to obtain the caloric EoS and entropy variable,
see Fig. 5.

In Sect. 3, we discussed isothermal EoSs of specific met-
als, capable of reproducing high-pressure data sets. The
examples studied cover a wide range of mass densities (at
ambient pressure), from Al to Pt, cf. Table 2. In contrast to
the multiply broken power laws modeling the heat capacities
in Sect. 2, which are non-analytic at T = 0, we used broken
power laws analytic at zero pressure, cf. (2). The EoS can
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then be made to converge to the Murnaghan EoS in the low-
pressure regime, where the compression modulus is known
to vary linearly with pressure. The least-squares fits of the
isothermal EoS (15) to high-pressure data sets of Al, Cu,
Mo, Ta, Au, W and Pt are depicted in Figs. 6, 7, 8, 9, 10,
11 and 12. In all cases, the fits are uniformly accurate over
the full empirical pressure range, from ambient pressure to
several hundred GPa. In Fig. 13, the empirical EoS of Cu is
extended into the TPa regime, using data points from DFT
calculations for the least-squares regression. In Sect. 3, we
also explained the implementation of the ultra-high pressure
Thomas—Fermi limit into empirical isothermal EoSs defined
by multiply broken power laws.
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